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Sur une transformation de mouvements. 

Par Paul Appell. 



Un problfeme trait6 par M. Elliot (Comptes Rendus 1893 et Annales de 
PEcole Normale 1893) et une question r^solue par M. Mestschersky (Bulletin des 
Sciences math^matiques 1894) peuvent etre envisages comme des cas particuliers 
d'une meme transformation de mouvements. 



1). Soient 






les 6quations du mouvement d'un ou plusieurs points libres, X^, X^y X^, .... 
6tant des fonctions de Xi, x^, X3, . . . . et du temps t. 

D6signons par ;i et ^ deux fonctions d'une variable r et faisons 

^\ = ^Vu «s = Xy^, ^8 = ^ys. • • • • 

Appelons enfin X.', (i', X^, les deriv6es successives de X. et ^ par rapport i, r. 
Les Equations deviennent 



oil on a pos6 



Y,= 



_ X, 



H^'"" (3) 



Les quantit6s Ti, Tg, . .. . sont alors des fonctions de yi, ^i, yi, • • • • et r. 
En determinant % et ^ de fapon que I'on ait 



2 



Appbll : Sur une transformation de mouvementa. 



oii a et & designent des constantes, on voit que I'on peut d^duire du mouvement 
(1) un second mouvement (2) dans lequel, ^ la force de projections Fj, I^, Fs, . . . , 

viennent s'ajouter une resistance 2a -^ , 2a-^ , .... proportionnelle ^ la vitesse 

et une attraction d'un point fixe hyi.hy^, . . . . proportionnelle & la distance. 

La transformation inverse permettra de passer du mouvement (2) au 
mouvement (1). 

La premiere des Equations (4) donne imm^diatement 

;iV = A^^\ (5) 

A etant une coustante arbitraire. La seconde devient, par Telimination de ^i. 






2;i" 



X' 



;i^ + ^ X 



6 = 0: 



en y faisant -^ = p + « ®t posant h — a* = c*, on a une equation en p 

p'=p« + c», 
qui admet pour int^grale g6n6rale 

p = c tg (cr + (?) 

(d coustante arbitraire) et pour int6grales singulieres 

p= ± ic. 

'^~COS(CT + e)* 

ou X = 5c^*±'*>^ 



On a done pour X 



(6) 
(7) 



B d6signant une constante. Dans les Equations a et & sont des constantes 
r6elles, c est une constante r6elle ou purement imaginaire, de sorte que la solu- 
tion (7) peut-etre r6elle. Appliquons ces formules & quelques cas particulien. 



2). PrdbUme de M. Elliot. Soit 



.0 



une fonction des coordonnSes et du temps : supposons 

dU 

a^ 






/ 



Afpbll: Sur une transformation de numvements. 3 

Suppoacxis en outre 6 = 0. Alors e=±ia. On a, dans ce cas, en particu- 
larisant les constantes, la solution simple suivante des Equations (4) : 

Avec ce choix de X et ^ , on a 

J. 1 — . 5- — — C -X , • • • • 

IT dxi 

2a 
Comme »i = yi, iCj = y» , • • • . , on a, en posant, 

les nouvelles Equations 

Par le changement de variable, on a done, sans changer la forme des 
seconds membres des Equations, fait apparaitre une resistance de milieu. La 
transformation inverse la fera disparaitre et ram^nera les Equations k la forme 
primitive 

a laquelle on pent appliquer les th6oremes de Jacobi. On pourra done ram6ner 
rint6gration des Equations (8) k la m6thode de Jacobi. C'est la le th6oreme que 
M. Elliot a d6montr6 directement et dont il a fait plusieurs applications int6res- 
santes. 

3). Prohlhne de M. Meatscherahy. Supposons 

^\\^Z\ -^f) • • • • 

ind6pendants de t et homog^nes de degr6 — 3 en Xi, x^^x^, * . . . Quand on 
remplace a:^, x^^ X3, « .. . . par >lyx, Xy^, /Lyg, . • • . , la fonction 

-^1 = ^ («i » a^i > ^3» • • • •) 
est remplac^e par ^-«<^ (yi, y^, y„ ) . 

Done xr « -STi _ »i(yi)y8>y8 ) 



4 Appell: Sur v/ne tranaformaivon de maiwements. 

Particularisons encore les calculs pr6c6dents en supposant a = 0. Alors on 
pent prendre, d'apr^s (5) et (6), 

COSCT 

Les Equations du mouvement conserveront dans ce cas la meme forme sauf I'ad- 
jonction des termes byi, by^^ . . . . repr^sentant une attraction proportionnelle i 
la distance. Si done on sait trouver le mouvement d6fini par les Equations 

"^ = 4^»(^i» ^> a^a> • •• •)> 

oil 4>fe est homog^ne et de degr6 — 3 , on sait, par \k meme, trouver le mouve- 
ment d6fini par les Equations 

^ + 6yfc=4>*(yi» y»» ys, — )• 

C'est Ik le th^oreme de M. Mestscherskj qui en a fait une int^ressante applica- 
tion k un probl^me trait6 par Jacobi. 

4). Supposons, en g6n6ral, que Xi, JTg, . . . . ne contiennent pas t et soient 
des fonctions homogfenes de x^ x,, . . . . d'un degre n different de — 3. Le 
changement de variables indiquS transforme les Equations 

4 

CpXjg X X 

-^ — i>k\^ij ^f .. ..) 

^ + ^ ^ + *y* - — -j^^i^ • 

Prenons, d'apr^s (5) et (7), 
nous aurons, pour le produit fx^A^""", une constante multipli6e par I'exponentielle 



Done en faisant 
on pourra prendre 



(1 — n) a zfc i (3 + n) c = 0, (10) 
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Comme c^^^b — a*, la relation (10) donne 

(1 — 7i)V + (3 + nf{b — a^) = 
ou ,_ 8a»(n+l) ,..v 

^~ {n + sy ' ^ ^ 

Done si on sait int6grer les Equations 

-^ = 4^*(^i» ^j» ajg, . . . .) 

oii ^t est une fonction de scj, ar^, . . . . , homog^ne de degr6 n, on sait int6grer 
6galement les Equations du mouvement plus general, 

ft 6tant 116 a a par la relation (11). 

Par exemple, Tint^gration du probl^me des deux corps (n = — 2) conduit k 
r integration du meme probl^me quand s'ajoute une attraction proportionnelle 
a la distance et une r6sistance proportionnelle a la vitesse. Alors 

6=— 8a^ 

5). Une transformation de meme nature pourra etre faite sur le mouvement 
d'un syst^me dependant de k parametres g'l, ^g • • • . ^a, qu'il conviendra de dis- 
tinguer en parametres UnSaires, qi^q%, ••• •qu representant des longueurs, et 
parametres angulaires qn^i^ qn-^^i • • * • qt representant des angles. La demi- 
force vive Test alors une fonction homog^ne du second degre de 5^1, g^,, . . . . g^^ et 
de leurs deriv6es par rapport au temps t. On obtient des r6sultats qui sont la 
generalisation des precedents, en &isant, dans les equations de Lagrange, la 
transformation 

qi = Xpi, qz = '^p%, ,?* = >^1>A, 

dr =: (idt. 

On a ainsi un nouveau mode de transformation venant s'ajouter a ceux qu'on a 
employes dejJt. (Voyez Journal de Crelle, t. 110, 1892, p. 37 ; voyez egale- 
ment un Memoire de M. Painleve, Journal de M. Jordan, 1894.) 



Extrait d^une lettre adressee a M. Craig 

FAB M. HbRMITE. 



.... permetter moi de vous offrir pour VAmericain Journal de Mathematiqvee 
le r6sultat d'une recherche qui a fait le sujet d'une de mes lepons, sur la valeur 
asymptotique de log T (a) lorsque a est suppose un grand noinbre. En 6tudiant 
les diverses m6thodes par lesquelles a et6 trait6e cette question importante, 
j'avais d6jk remarqu6 que l'int6grale de Raabe, 

/ log T{a + x)dx=^a\oga — a + log V 2^, 

pent y etre introduite avec avantage, mais la consid6ration de cette quantite 
s'oflFre plus naturellement que je ne Tavais encore vu, sous le point de vue 
nouveau que je vais vous indiquer. 

Je parts de cette identity 616mentaire o\X U et V sont deux fonctions quel- 
conques de x, 

J'uV"dx= UT—YW + fyU^^dx, 

puis je fais, Z7= x — a:*, 

V=F{a + x), 

a d^signant une constante, et je prends les integrates entre les limites as = et 
a; = 1 . On obtient ainsi la relation, 

f^{x — Q?)F"{a + x)dx—F{a + 1) + F{a)—2f^F{a + x)dx. 
Cela 6tant soit F{x) = log T (x) , posons encore, 

J=£\(%gT{a + x)dx, 

J{a) = ^£(x-7?)I>!;\ogT{a + x)d^i 
au moyen de P^galit^, 

logr(a+l) + logr(a)=2logr(a) + loga, 
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on trouve Pexpression suivante, 

log r (a) = /— i loga + /(a) . 

EUe met imm6diatement en Evidence que la quantit6, 

/— i log a = (a — i) log a — a + logV 2^1, 

est la valeur approch6e du premier membre, pour a trfes grand. II est facile 
en effet d'obtenir une limite sup6rieure de /(a), si Ton remarque que la facteur 
Z>5 log r (a + sc) qui figure sous le signe d'integration est toujours positif. C'est 
ce que montre la s6rie, 

iy,iogr(a + x) = ^^^ + (^^^\ !), + ♦... 

ou encore la formule, 

i);iogr(a+x)=£i!$^. 

consequence de I'expression de Caucby, 

la quantity ^ _ ^ 6tant positive pour toutes les valeurs de y. Cette limite est 
donn6e par la relation suivante o^ ^ est compris entre zero et Funit6, 

Le maximum de i^ — ^ est i, on pent done 6crire en dfeignant par 6 un nombre 
positif, infSrieur k l'unit6, 

Nous pouvons meme aller plus loin et parvenir a la limite precise 

comme je vais le faire voir. 

Je tire pour cela de la relation g^n^rale, 

£Fix) dx =£[F{x) + ^(1 - x)] dx, 
cette Douvelle expression, 

•^(«) = *X*(«-«*)-^«P««r(a + x) + logr(a + l— x)]dx, 



8 Hbrbotb: Extrait d'ime lettre adresaSe h M. Craig. 

et je remarque que les quantit^s x — a:^ et JDi [log r{a + x) + log T (a + 1 — x)] 
Tarient en sens contraire entre les limites de Pint^grale. La premiere est crois- 
sante tandis que la seconde qui a pour valeur, 

est au contraire d6croissante, comme on le reconnait au moyen de la d6riv6e, 

p yVy [e^ — e^-*)y] dy 

En eflfet, le d6nominateur e" — 1 est negatif, et si nous supposons »<! —x, 
c'est-Sr-dire a;<Ci, on a puisque la variable y est negative, e'^'^e^^**^". Nous 
pouvons en consequence appliquer le th6oreme de M. Tchebichef qui consiste en 
ce que les fonctions ^{x) et ^'{x) 6tant Tune croissante, Tautre d^croissante, 
lorsque la variable croit de a kb, on b, 

II vient ainsi : 

J {a) <£{x — Q?) dx.j^IZ log [r (a + «) r (a + 1 — »)] dx 

et en employant la relation dont il a 6t6 d6jJl fais usage, 

£f{x) ch =X[f{x) + Fil - x)] dx, 

nous trouvons sous une forme plus simple, 

J{a).<J^{x — Q^)dx.f^Li\ogT{a + x)dx. 

On en conclut la limitation h, la quelle il s'agissait de parvenir, 

La valeur de la quantite J{a) que nous avons obtenue au moyen de Pint^grale 
d'une fonction uniforme, n'ayant que des discontinuit6s polaires, conduit k des 
consequences analytiques importantes. Ayant en effet, 

«iogr(«+.)=^^ + jj^^ + 

on voit que I'expression, 

/(x— a?)2?ilogr(a + a;)d«, 
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sera finie et d6termin6e avec un sens unique, pour toutes les valeurs r6elles ou 
imaginaires de a , a mo ins qu'on ne suppose, 

a + cc=0, — 1, — 2, .... 

La variable x croissant dans Pint^grale de z6ro a I'unit^, les valeurs n6gatives 
sont i exclure, nous excepterons par suite la partie illimit6e a gauche de I'origine, 
de I'axe des abscisses, en repr6sentant a par I'aflSxe d'un point rapport6 a des axes 
rectangulaires dans un plan. J'ajoute que le long de cette ligne la difference, 

J{a + ik) — J{a — iX) 

ne tend pas vers z6ro, pour une valeur infiniment petite de X que je supposerai 
r6elle et positive; la partie negative de I'axe des abscisses sera ainsi une coupure 
pour la fonction J {a) . 

Soit en effet a = — n — ^, n 6tant un entier quelconque et ^ une quantity 
positive moindre que Vunit^. J'envisage I'expression qu'on tire de la formule 

au moyen de la s6rie qui repr6sente Bi log r(a + x), et aprfes avoir remplac6 a 
para + i^, j'observe qu'entre les limites de I'int^grale, tons les termes seront 

finis pour ^=0, sauf un seul qui correspond k la fraction -, ; — r^ , c'est-a-dire 

^ ^ {a + n + xy 

^, . Les termes finis disparaissent dans la difference de J{a+ik) — J {a — iX) 

qui sera par consequent donn6e par rint6grale. 

On la ramene d'abord si on integre par parties h. la suivante, 
i fil — 2x)r 1— ^ i -"I dx, 

et en simplifiant, . P^ X{2x — l)dx 

Vo x*+{x—^y 

Cela 6tant faisons x — ^ = Xy , et I'on trouvera, 

1-* 



p x(2x- 



— l)dx _ r * (2^— l + 2%)(£y 



= (2^- l)(arctgl^ + arctg|-)+A.log ^'-^i^J, 



a» 



La limite pour A, infiniment petit et positif, est (2^ — !)»«; on en conclut la 
relation j-(a 4. ix^ — J(a—iX) = {2^ — 1) in , 



2 



I 
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que je me suis propose d'obtenir, elle s'6crit habituellement sous la forme, 

J(a) — J(a)=i^-l)in, 

et Ton remarquera le caract^re arithmStique de la quantity ^ qui est Texces 
de la quantity positive —a sur le nombre en tier le plus voisin par d6faut. 

C'est M. Stieltjes qui a le premier obtenu Textension de la fonction J{a) 
4 tout le plan, aflFect6 d'une coupure, dans son beau m^moire, sur le dheloppe- 
ment de log T{x) (Journal de MathSmatiques de M. Jordan, t. V, p. 428). Le 
point de vue auquel je me suis plap6 est entiferement different de celui de 
Tillustre g^ometre, et conduit en suivant une marche inverte h, conclure de la 
nouvelle expression de J (a) qui sert de base et de point de depart, les formules 
pr6c6demment obtenues par Binet et Gudermann. De I'int^grale, 

je tire d'abord la s6rie de Gudermann, 

/(a)=2[(a + n + i)log(l + ^^)-l] (n=0, 1, 2 ) 

L'expression dont j'ai fait usage plus haut, % 

donne ensuite d'une mani^re facile, en remarquent que Ton a, 

et par cons^uent, 

I la formule de Binet employee par Cauchy dans son m6moire c61^bre sur la s6rie 

I de Stirling, k savoir : 

En partant de cette expression et par diverses m6thodes on parvient enfin k 
on autre r^sultat du encore k Binet, 

^ ^ n^^o a* + a* 

qui permet comme on salt d'arriver par ime voie plus facile et plus simple que 
celle de Cauchy au reste de cette s6rie de Stirling et k Timportante conclusion 
obtenue par le grand g^ometre. 



On the First and Second Logarithmic Derivatives of 
Hyperelliptie ^-Functions. 

Bt Oseab Bolza. 



Intboduotion. 
Let 

B [x) = A^ + 4^,a» + 6A^ + AA^ + A^ 

be a quartic whose discriminaat is different from zero ; further, 

f = B{x), r^^B{^ 



and 



•'(f.i) y 



then, according to well-known theorems of the theory of elliptic functions,* 

-"t ,(^=m^^^., (b) 

J^(x, ^) being the second polar J of ^ with regard to R{x). In particular, a 
being a root oi B{x),\\ 

>('-^) = ^jy'(a)+i^, W 

• I cannot refer to a place where (a) is given precisely in this form ; it follows, however, readily 
from a formula proved by Weierstrass in one of his courses on Elliptic Functions, viz. If uzztiT', 
Mo = w**, a being a branchpoint, then |p(tt + tio) +fp (u — uo) =^00^ + 2^1 ifl; + ^s, or else it may be 
derived from (b). 

t Weierstrass, Lectures on Elliptic Functions. See Enneper-Mailer, Elliptische Functionen, p. 29. 
The covariant character of the formula was first recognized by Klein, Hyperelliptische 6-Functionen, 
Math. Ann., Bd. 27, p. 464 ; see also Halphen, Trait6 des fonctions elliptiques, 11, p. 859, and Harkness 
and Morley, Theory of Functions, p. 840. 

{That is, if we introduce homogeneous variables, «=«,/«,, f=fi/f, and put x\R{x)—ai^ 
thenJP(a?,0^i«i = a«a|. 

11 Weierstrass, Lectures on Elliptic Functions ; see Enneper-Muller, 1. c, p. 80. 
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and difiTerentiating 

1/ ,«x 1 Rid) fA\ 

lid be another root of J2(x) and 

4»(a;) = (aj- a)(a;— a'), i? («) = ^ («) 4- («) , 

(^)* denoting the second transvectant of 



4>S = ^4>(-|-) and ^, = a|^(^) 



In the following paper I propose to give an extension of these and some allied 
theorems to hyperelliptic functions. 

PART I. 

The First Logarithmio Derivatives. 

§1. — NotaMons. 

be the hyperelliptic owrve under consideration, of deficiency p ; further, 

a set of p linearly independent integrals of the first Hnd^ the flr,(a:)'s being integral 
functions of degree not higher than the (p — 1)**; and 

Klein's commutative integral of the third hind,'\ F(x, ^) being the (p + 1)"* polar 
of ^ with regard to R (x), in the same sense as above. 

* Klein, Lectures on Hyperelliptic Functions, 1887. In Math. Ann., Bd. 27, p. 459, (64), the factor 
i should be changed into — i. 

t Klein, Hjperelliptische (S-Functionen, Math. Ann., Bd. 82, p. 866. I use, however, non-homo 
geneouB notation, which is better adapted for our present purpose. 
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The ^^ normal integrals of the second kind" :* 

associated with the integrals (2) and (3), are determined by the identical relationf 
d ± y + vi V 9A«) 9,+a{^) _ l/ri + F{x,0 r.. 

which furnishes for the g^,^^ (x)'s integral functions each of degree not higher 
than the 2p*^t 

With a system of canonical periods 

of the integrals (2) and (4) as ** moduli, '^ we construct the 2^ Q-functionsl of p 
independent variables tij, t^g, . . . . Wp. They differ only by constant factors — 
which are of no consequence for our present purpose — from Klein's 6- functions :\\ 

e,*(«x,«. t.,) = ®B]^"^'"' ""^ (7) 

The correspondence between** the "transcendental characteristics" [?"] and the 

"algebraic characteristics" ^^1/ depends on the canonical dissection of the 
Riemann-surface. In order to fix the ideas we suppose the dissection so chosen 

*Weier8tra8s, Lectures on Hyperelliptic Functions. See WUtheiss, Journal ftir Math., Bd. 99, 
p. 388; Math. Ann., Bd. 81, p. 186, and Bd. 88, p. 269. I follow here the notation used by Weierstrass 
in his course of winter 1881-82, which differs slightly from Wiltheiss' notation ; accordingly I write 

g^ (x) and flFp ^ . {x) instead of Wiltheiss' ?^S^ and -^^ . 

t As in Weierstrass' lectures, t?ie letters a^p,-/ wdl always be used to denote indices running from 
Itop. 

1 The explicit expressions of these integral functions are of no consequence for our investigation ; 
they may, however, be found in my paper ^' On Weierstrass' systems of hyperelliptic integprals of the 
first and second kind," read before the Mathematical Congress in Chicago, 1898. 

2 Weierstrass, Lectures ; see Schottky, Abel'sche Functionen, 21, and Wiltheiss, 11. cc. 

II Klein, Math. Ann., Bd. 82, pp. 867, 876; Burkhardt, Math. Ann., Bd. 82, pp. 418, 427; and 
SchrOder, Ueber den Zusammenhang der hyperelliptischen 6- und ^-Functionen, Diss. G5ttingen, 1890. 

** See Prym, Functionen in einer zweibl&ttrigen Fl&che, Ztirich, 1866, Art. 6 ; Klein, Lectures on 
Hyperelliptic Functions, 1887-88, and Thomi>8on, Hyperelliptische Schnittsysteme und Zusammenord- 
nung der algebraischen und transcendentalen Thetacharacteristiken, American Jour, of Math.,YoL XV, 
p. 91. 
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that the algebraic characteristic ^^-^^ of the " fundamental" 0-function ©p....©-! is 
^{x) = const, (a?— ai)(x — a,) .... (x—a^^i), ,gv 

t^/^ (x) = const, (x — ao)(a5 — a,) .... (a; — a,p) . 

After these preliminaries we define 

?.*(«,, t^ «.;^)=S ^^"g^^^^y--'-"^^ y.(0. (9) 

t being an auxiliary independent variable. The letter ^ is chosen to indicate the 
analogy with the elliptic function ^m = -_ [u) . In fact, for p =1 and g^ (»)= 1 , 
we obtain the four functions 

-s"M, -^(t^), 5j(t^), s;^(^)- 

The introduction of the auxiliary variable t — which may at first sight seem 

rather artificial — allows to unite in a very convenient way theorems concerning 

the system of ffundions, 

d log 6 9 log (5 dlogcS 

A last remark concerning notations refers to homogeneous variables. For 
the greater part of our work it is simpler to use non-homogeneous variables, but 
sometimes homogeneous variables are preferable. In order to avoid a compli- 
cation of notations, the same functional symbol /{x) will be used to designate an 
integral function of Xj say of degree n, when non-homogeneous variables are 

used, and the binary quantic x^f(~] when homogeneous variables are used. 
Thus if (til, ... .tip; <) will occasionally stand for the homogeneous function of 

^-^?(th «p;^). 

§2. — Expression of ^ in terms of the Normal Integrals of the Second Kind, 

We now replace ini^{ui,u^^*...u^) <)* the independent variables u^ by sums 
o/v^p integrals of the first kind, 

w^ = vf^'^' -f ti?;«*« + . . . . vf^^^y. (10) 

* We suppress the characteristic ^ where no distinction between different characteristics is neces- 
sary. 



I 



Derivatives of HypereUiptic (S-Functixms. 15 

Our first problem is to express )^(wi, . . . . w^\t)m terms of the normal integrals 
of the second kind, vf^^^a- 

We begin with the following 

Lemma : If n {t) denote the product 

n{t) = Jl{t-x,), 

the index i running from 1 to v. 

Proof: Logarithmic differentiation of 6{wi, .... w^) with respect to Xi gives 

31ogg _yi aiogg g^{xi) 
dxi ^ dw^ jfi 



or, according to (9) : * 

3 log (3 y , X 

Vi 3^^ =?K, ^,) «<)• 

But since ^(t^i, ....w^] t) is an integral function of t of degree p — 1, and 
v>p, we have, by decomposition into partial fractions, 

31off S 

y^ — o — 
I^{W^, W,]t) _ Y ^K, W,\ Xj) _ Y ^^< . Q. E. D. 

7t{t) -4- ^{X,)(t-Xi) -^7t!{x,){t-X,) 

Corollary: Evidently (11) remains true if in the sum ^ and in the product 

i 
JJ the index i takes — ^not all but — at least p of the v values 1 , 2, .... v. More 

i 

generally, if h{t) denote an arbitrary polynomial whose degree is <i; — p, then 



isl 



7l!{Xi)(t — Xt)h{t)^' dXi 



Our problem is now reduced to the computation of ^ ; to this effect we 

start from Klein's explicit expression of (3^^ (t^i, • . • . ^^p) in terms of 
X\^ • • • . Xy\ ^i)**«« 5f- 

^** Xl(a,,^) = (^)ei<^, (13) 

* Klein, Hyperelliptische (S-Fonctionen, Math. Ann., Bd. 83, p. 867. 
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X and ^ denoting the points {x, — y) and (^, — »;) conjugate with the points 
x = (a!,y)and^ = (^, >?). 

Further, if p + 1 — 2/* and p + 1 + 2/ii are the respective degrees of ^ and •J/ , 
let D^ denote the determinant of order 2v : 

D,,= (14) 

\^4>(a<), Xi'>/^{xi) .... a;p^+''v'^(a;j) ; v''4'(ai), »,• V'4'(a;i) .... 



t= 1, 2, .... V, 
then 

cjf*^ is a numerical constant which has no influence upon our conclusions ; in the 
double products XIII » * ^^^ * **^^ independently the values 1 , 2, . . . . v , 

i k 

whereas the products XI extend over the ^^^~ ^ two-combinations of the 

numbers 1, 2, .... v. 

By logarithmic differentiation of (15) we get 

aiog<j _ aiog2? _v 1 , ^ dlogiljxu^k) ^y dlognjxi, xu) /.^v 
where 2^^*®^^^ ^^^^ ^^^ ^^^ values 1, 2, . . . . v, ^^ over all the values 

k k 

1 , 2, .... r with the exception of A = i. 
But from (13) and (3) follows 

3 log g (a:,, a:.) _ 1 1 R^{x,) 1 _a_ ^- 

aa:, ~x, — Xfc 4 i2(a:,) "»" 2 80:, ^K' 

and 

dm.= ryq±I^d^+ nvjy+IEdld^, 

dx, •'i. H^-^YViV •'« H^i-xfy,y ' 

and since xt = Xi, yi=z — y,, 

S&._^n yiy-F(xux) 
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But according to (5), 

yiy — F{xi,x) _ d 1 y — Vi y y.(gO ^p-t-Jg) . 
2{Xi — xfyiy dx 2 (»_»j)y. +-<i y^ y ' 

hence integrating, 
and since 

rJ- y~y « 1 _ 1. -^(^<) 

L2 (a-ar,)yJxr., 2 R{x,)' 
we get 

aiogn(gtg>) _ y, + y> I v y'("^) tc«g a?) 

Returning to (16) and writing 

«?p + a = t^it^ + K'^a +....+ <i'., (18) 

we obtain 

Substituting this value in (11) and remembering that 

we obtain the result : 

Theorem: If 

w^ = fi^»*' + i^»^» +.... + ^^»'^^ 
and w^^^^vf^'^^ + u?;f!f«. + + vf^^^, 

, then 

a 

+ 2-y(a:,)(«_a5,)P dx, - 2^ x,-^,' 2^^ x,-xj' ^"^^ 
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§3. — Invariantive Properties of ^. 

The function ^(t^i, . . . . ti?p; t) is a covariant with respect to a cogredient 
linear transformation of the variables jci, o^, . . . . x„; ^i, ^g, • • • . f„; t. In fact, 
apply to the hyperelliptic curve (1) the transformation 

a^ + P y' /oo^ 

a5 — /8y= r:|:0, 
which changes (1) into 

!/' = Iii{a/) = {y^ + Sr'^'Ii{x). (21) 

According to a fundamental theorem due to Klein,* (3 is a covariant with 
respect to this transformation ; that is to say, let 

{xi y[). {xi^ yi), .... {xl, y[); (^1, n[), .... U^, yjl) 

be the points into which the limits 

(a^i^i) , i^yi) i^.y.) ; (Eim) , — (^.>7.) 

are changed by the transformation (20); further, 

^,{x') = {r^ + 8y^'-'''^{x), 

then if we denote by (3^^^, the (5-function derived from the curve (20), the limits 
xi , ^i and the characteristic ^i^l/i precisely in the same way as (3^^ is derived from 
the curve (20), the limits Xt, f< and the characteristic ^rf 

(3,,= r-'(3;,,. (22) 

Hence by logarithmic differentiation, 



<=««' + 



and if we put 

and Mf)=Ui^-xi), 



* Math. Ann., Bd. 82, p. 870. 

t ObBerve that the expression (16) of (5^^ (u^i , . . . tOp) in terms of «i , . . . a;^ ; f i , . . . f^ is indepen- 
dent of the choice of the function (/« (x) . 



Derivatives of HyperelUptic ^-Functions. 19 

we obtain 

But according to (11) and (12) this is 

?*^K» ^pJ = (^^g)p~i ?».».K> «^p; 0» (23) 

If, finally, we introduce homogeneous variables and employ the abbreviated 
notation agreed upon at the end of §1, equation (23) takes the simple form 

^^^(w?i, w^] ^) = r-if;,^, (m?{, to;,- <), (24) 

and we may therefore say : 

The function ^ (i£?i, . . . . tOpj t) is a covariant of R {x) of weight — 1 , with the 
2i/ + 1 sets of cogredient variables ccjX, .... a,; ^i^, • • • • ^..; t. 

§4. — GeneroMzation of Theorem (a). 

Formula (A) simplifies considerably under the following two restricting 
assumptions : 

In the first place we suppose f^ = 0, and in order to fix the idejua we confine 
ourselves to the ** fundamental" c3-function whose algebraic characteristic ^q^'o 
is given by (8) ; adopting a notation occasionally used by Professor Klein in his 
lectures, we designate it by (Sq . 

In the second place we assume r = p + 1 and choose for the lower limits f» 
the roots Os^.i of ^o> ^^ ^^^^ 

w^ = K'"^ + vf^"^ +...•+ t/^fp+i^+i. (25) 

These assumptions reduce D^^ to 

2?o = const. II'^^^o (^i) n (^< — ^fc) ; 






hence 3 log Dq _ 1 4>o(g<) , y^ 1 



and ^i^^lS'gEt+S.-W'"..- W 

Substituting this value in (A), we obtain the 

Theorem : If 

w^ = vf^^""' + to;*''" +.... + t^;Jp+i'»2p+i, 

and tOp^.. = vf^'^'a + <+i + + t^'V+.^^p + 1, 
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^(0 



where 71 (<) = JJ (^ — «<), 

i 

tfie index i taking, ad libitum^ either all the valuea 1, 2, ....p + 1, or* p 0/ them^ 
while k takes all the values 1 , 2, .... p + 1 ^^<^ ^he exception o/k=^i. 

This is the extension of theorem (a) mentioned in the introduction. In fact, 
for p = 1 and g^ (a;) = 1 , the relation (5) yields for g^ (x) the value 

and (Jo) becomes, if i is allowed to take the value 1 only, 



So ^^^ 2 x, — x^ 



+ w^ 



Put ccg = xo, ys = — t/o, and let 



then 



m 






K».».) <fo; 



/»(< 
>j=/ :!::^ + 

•'(*j'.) y 



•'(•ovo) y 



On the other hand 



Thus we obtain 



■|(« + »)=|(«) + '7. 



6 






which is precisely theorem (a) . 

Prom (Ao) follows as a special case the expression of a sum of p normal 
integrals of the second kind in terms of the fundamental ©-function, given by 
Wiltheiss, Journal fur Math., Bd. 99, p. 247. 

For if we put, in ^o< sCp+i = Oj^+i and write 

^{t)={t — x,){t-x^)....{t-x,), (27) 

«. = «?:■*> + «^'"' + + wlp'^f-i, (28) 



* Compare the corollary to the lemma of {2. 
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we have 

where the index y takes the values 1 , 2 , . . , . p with the exception of y = /8 . 
On the other hand, Wiltheiss' formula, written in our notation, is 

^^2 »,-< ^V2 x,-t 2{x,-a,,^,)J^'^'>du/ 
Both formulse agree exactly if we make use of the relation 

which follows from the definition of u^ , and of the identity 

To prove the latter, observe that both sides are integral functions of t of degree 
p — 1 which coincide for the p values < = cci , 052, • . . . Xp . 

Lastly, we refer to Thomae's researches on integrals of the second kind, 
Jour, fur Math., Bd. 71, p. 213, and Bd. 93, p. 80, where an allied problem is 
treated. 

PART II. 
The Second Logarithmic Derivatives. 

§5. — The Analogue of pu for p > 1. 

Before proceeding to the generalization of theorem (b), we must agree what 
we are to consider as the analogue of fpu in the hyperelliptic case. Though 
various ways of generalization are possible, certain results obtained by Brioschi 
and Wiltheiss, combined with Klein's general theory of hyperelliptic (5-ftmctions, 
seem to leave no doubt as to the best way. 
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Brioschi* has given for p = 2 geQeralization& of the formula 

which were extended to the general hyperelliptic case by Wiltheiss.f In their 
formulas the mixed-polar-like expression 



2^^^-w^.w. 



a^, a^ being two branchpoints, takes the place of pw. 

On the other hand, WiltheissJ has given a generalization for p = 2 of the 
diflTerential equations 

In his results pu is replaced by 

^ 9^ log 



2?5?/-<"^'«' 



t being an auxiliary variable, and the same expression occurs incidentally in his 
researches on the partial differential equatipns of the hyperelliptic ©-functions. || 
These results point to the expression 

8 and t being two auxiliary variables, § as the true generalization of pi^. 
Accordingly we d^ne 



(30) 



*Rendic. delP Accademia dei Lincei, I8861, p. 199. 

t Math. Ann., Bd. 81, p. 417. 

t Jahresbericht der deutechen Mathematiker- Yereinigung, Bd. I, p. 72. 

II Math. Ann., Bd. 81, p. 158, and Bd. 88, p. 286. 

2 The introduction of two auxiliary variables was suggested to me by Professor Klein. 
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For p = 1 and gi {x) = 1 we obtain the four functions 

^'^~ dv? ' *^1^ + "a)-— ^^, , ;i-l, 2,3. 

Every p-function is reducible to the ^^ furidamentaV^ ip-function whose character- 
istic is given by (8), and which we shall denote by Po, by means of a relation of 
the form 

P«,^K + "1, .... t^p + 6>p;5, <) = Po(wi, ... .u^] 8, t), (31) 

6)i, G>2, . . • • 6)p being a certain system of simultaneous half-periods of the inte- 
grals (2). 

In the same sense as f (t/?i , . . . . t^p ; ^) in §3, also p («?i, . . . .w^] s^ t) is a 
caoariant of jB(x), but of weight — 2; this is easily seen by a repetition of the 
conclusions of §3. 

Concerning the use of the auxiliary variables 8 and <, an analogous remark 
applies as in §1 ; they serve to unite in a simple way theorems concerning the 

system of P^P — ^ functions, 

^ 9MogS 

du^ dup ' 

§6. — An Interpolation Formula. 

For our further developments we need the following Lemma: Let 0{8, t) 
he an integral symmetric function of s and t, of degree p — 1 urith respect to each of 
the two variables ; fwrther, Oi, Oa, . . . . a^ r > p + 1 distinct values, and 

n if) = (< — x^{t — iCg) .... (< — x^y 
then ^. . _ -y {xj — XuY G (a;< , Xj) n {s) n {t) ,oo\ 

the summation extending over the ^^^ ~ — I tvxx^mbinations of the numbers 

2 

Proof: The function O («<, t) is an integral function of t of degree p — 1 ; 
the function 
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is at lejuat of degree p ; hence by decomposition into partial fractions 

the index h taking the values 1, 2, • . • • i; with the exception of A; = t. But 

hence >,, ^\ _ y («> — agQ G (a;< , «>) 7t (Q 

C^(«^,«)-2, ^(«^)(^_^)(^_^^) • 

Next consider the function G{8,t) as a function of s alone; again, by decompo- 
sition into partial fractions, 

0{B,t) _^ G{x,,t) 



n{8) -^7t!{x,)(8 — x,)' 



the index i running from 1 to r. 

Substitute the above value of G(a:<, t), observe that generally 

i k (1. k) 

and make use of our hypothesis 

{Xu Xu)= G{Xj,, Xi)', 

thus we obtain 

G{s, t) _y ixjt — Xi)G{xi, Xj,)n{t) r 1 l__i 

n {s) £1^ n! (Xi) tx! {xu){t — Xi){t — Xj,) U — Xi s — xj ' 

which leads immediately to (32). 

^7. — Generalization of Theorem (b). 

As in §2, we replace the independent variables u^ of f{ui, .... u^\ ^j t) by 
sums of V integrals of the first hind, 

y>a = ^'** + ^*' +....+ vf^% (10) 

supposing^ however, v > p + 1 • 

f(wi, . . . . Wf,', 8, t) is an integral symmetric function of s and t, of degree 
p — 1 in each of the two variables. Therefore the Lemma of last section is 
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computation of the ^^^ — ^ special values 



applicable, by which the computation oi f{wi^ . . . .w^\ a^ t) is reduced to the 

—^ — '- special values 

p(wi, ... .w^; Xi, Xk) (» + «)• 

But from (27) follows 

Piw,, ... .w,', x,,x,) = -'2,^-^g,{x;)g,ix,) = -y,y,^^. (33) 

For our further developments we make again the same restricting assump- 
tions as in §4, viz. we conQne ourselves to the fundamental f^-function Pq and 
choose 

t^a = «^*'** + w??"** +....+ t£?fp+i^p + i. (25) 

Differentiating (26) with respect to »», we get 

or, according to (5), f (34) 

— yiyk—F{xi,xu) 

2{xt — x,f J 

Thus we obtain the 

Theorem: If 

'^ ,o(u>„ w,,....u,,; X.. X.) = -y%X-^^j ""'^ (B) 

and 

*^"^ ""^ " ' ^~^2,t'(a:0^(x.)(«-a:0(*-«*)(<-«-0(^-«*)' ^^^ 

<A« summation extending over the ^-^^ — ^ twO'Combinations of the numbers 

1, 2, .... p + 1. This is an extension of theorem (b). In fact, for p = 1 and 
g^ (a) = 1 , (B) reduces to 

PoK)- 2(x,-x,f ' 

where v\ = wf »"» + v:f^^\ 

But if we put again, as in §4, Xg = Xq, ^2 = — yo and 

4 
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we have Pg K) = Fo ("f*** + «) = F («t**) , 

whence "^ ^^^^ ^ ^•^2(t-y ' ^^ ^ "' 

Second proof of (B) : We add another proof of (B) which does not presup- 
pose (26), but starts directly from the well-known expression of the quotient of 
two products of @- (or 6-) functions in terms of integrals of the third kind. Let 

then* J <So((t£^^^-tiJ)go((i^-v-Hi-ti:)) y ^ . 

^(3,((ti^v+i_<))So((«^v + i-t..)) 4-^ • ^^^' 

Hence, differentiating with respect to x and x^, 

y log gp ((t£^^^ - uj) ^ d'QTxf' ^ yy, + ^(x, x, ) 

3x 3x^ 3x 9x^ 2 (x — x^)* y y^ ' 

Replacing the point x = (x, y) by x^+i = (x^+r — yp+i)» we get 

Wyj • • • » w^ having the same meaning as in (B). Hence follows by a permuta- 
tion of the letters Xi, x^, • • • • Xp+i, equation (B), which thus appears as an imme- 
diate consequence of (35). 

Other form of(&)\ Formula (B') may be thrown into another shape which 
is better adapted for applications. Add and subtract on the right-hand side 

S R (xj) n (s) n {t) 

and observe that 

JS(x,) = y;=i^(x„x,) 

22^** =2^« + 22^a, 

provided c^=-Cti. The right-hand side of (B') becomes 

_V'V' F{xt, gt)n(g)n(0 

4^ 4* 4't' (Jc*) ^ («*) (« - a^)(« — xi){t — Xi){t - a») • 

• Klein, Math. Ann., Bd. 82, p. 879. 
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But by decoinpositioD into partial fractions 

2 F{x,, xu) _ _J_ v FjXu s) _ Fix,, t) -\ 

, (» - «i)(t — X,) 7^{x,)-t — 8l n (s) n{t) J' 

likewise ^ F{xt, s) - _ 1 r F{s, a) _ Fjs, t) -i 

^7i!(xA(8 — xt)(t — Xi)~t~-8l n(«) n{t) J' 
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^7t!(Xi){8 

and remembering that 



we finally obtain the 
Theorem: If 

then 



F{8,8)=:R{8), Fit, t)=:R{t), 



W. = W^'"' + ««?"' + . . . . tt^o+l^i^ + S 



PoK. t.,, ... .tr,; ., t) = ni8)n(t)[^ 2 (.-«,)(<- x.) ^ (a^ J 






■R (<)?<(«) 



2 (< — »)« 4(< — »)«7t(») 4(» — <)'»Jl(<) 



I- m" 



(B") 



77ie special case 8=t: If we wish to apply (B") to the case « = < we must 
first perform the division by (t — «)*; to this eflFect, introduce homogeneous 
variables, multiply by «§~*^~* and use symbolical notation 

B(t) = a^+', F(8,t) = ai+^al+\ ?t(0 = ?«?+' =!>?+'. 
The last three terms of (B") become 

4{8tfn{t)ni8) ' 

now the division can be immediately performed, and if we put afterwards « = <, 
we get 



ft{iOi w, 






§8. — Generalization of (c) and (d). 

Giving special values either to the upper limits iCj, iCjj, .... a;p+ 1 or to the 
auxiliary variables s and t, we obtain a series of consequences of our last 
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theorem which are extensions of well-known properties of the elliptic func- 
tion ini. 

In the first place, put in (B') < = a^^j and observe that 

P njt) n _ fOifiand*ip+l, 
l{t-x,){t-x,)X-A ^K^i) ifA. = p+l; 
(B') reduces to 

where, as in §4, 

* (») = (« Xi)(« Xjj) ....(« — Xp). 

Now give Xp^.1 the special value Xp^.i = 02^^.1 and denote, as in §4, 

PoK,^^.•.•.^^P, ^,0^+0-2. ci>/(^j(,_^j 2K-a;^,)« 
But a being any branchpoint, we have 



(27) 
(28) 



therefore 



J^(x,a)-iiy(a)(x-a) ^ ^ , . 
2(x — af ^ ^ 



is an integral function of x of degree p — 1 , hence 

4-^(».)(*-a;.) ^^* 
On the other hand, decomposition into partial fractions of - / w v gives 

$]«) ___1 ^(g) 

^ («.)(« — a;.)(a. — a)~e — a 4> (a) (« — a) " 

These transformations lead to the following 

Theorem : If m. = vfi,'" + wf"» + . . . . vjy^-\ 



then 






II 
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Special case p = 1 , gr^ (a) = 1 : 

^"^^ J?'(«, a,) = ^B{a,){8-as) + ±i2" (a,) (*-«,)», 



hence 



Po(«^"0 = ^^"(«.):f 4- ^=^ = »'(«^'"')' 



(0) is therefore indeed an extension of the theorem (c) of the introduction. 

If Ojp+i is made infinitely great, (C) changes into a formula given by WiU 

j.a — 1 1 

theiss. In fact, choose g^{x)=> — — and put Og^^^zz — ; multiply (C) by 6^"^ 

A 
and pass to the limit 6=0, while at the same time lim — remains finite, say 

lim'A=(2p+2)^{, 
'^'^-' limi?(x)=(2P+2>j^,^,,^,^(^2p + 2>^^ 



The result of the limiting process is 

2|^«'"' = -2^W + (2p+2)^i^(.), (C) 

This is the formula given by Wiltheiss, Math. Ann., Bd. 31, p. 414, (8). 
Theorem (C) contains a solution of the inversion problem : 

For the equation of degree p, <|>(^) = 0, which determines the p values of 
jci, cc,, . . . . iCp, is, according to (C), 

(Remember that F(s, a,p + i) is divisible hjs — <hp+i)' 

The values Xi, x^, » • » • x^ being found, for every Xs the corresponding 
value y, is given by the equation 

2^^»-K..)..(av..).,W = i5|;^... (D) 
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an extension of (d) which is derived from (C) by differentiating with respect to 
a?a and putting afterwards « = Oj^^j. 

§9. — Qeneralization of (e). 

Put in (B") the p + 1 upper limits Xi, iCsBi • • • • «p+i equal to p + 1 distinct 
branchpoints, say 

6i, 6t, ... .6p+i, 

and let ^{x) = {x-\){x-h,) .... {x-b,^,), 






} 



(37) 

(38) 

(E) 



and 

(B") becomes 

4 (< — ay 
Introduce homogeneous variables* and use symbolical notation, 

B{t) = ai^*», ^{t) = ^,^\ 4'(0=^^^ 
then 

i?'(*, = ar v^^ = ^^^{^+»4j+> + (p I ^y^4{4>.^. 

and if we make use of the identity 

we obtain, after a few simplifications, the resvlt : 

f>o(oi,o„ a,; 8,t) = • \» ,\^ , 

where S^ = ^'.4'J + 4'i-'4'«4'.4'r' +....+ ^,^\-''^'r^, + ^*A\ 

and iS'o = 1 . 



(BO 



* See the agreement concerning notation at the end of Jl. 
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Porp=l, (B') gives 

»'o(o.i)=--^(<H')*, 
where. Oi = ti^'»i + v^- 

but Fo(ai) = |i>o(to?''^ + <'*') = l?(«;?''^); 

hence f (J — j — — {<p^f, which is theorem (e) of the introduction. 

For p= 2, (B') gives 

|?o(oi, oa; «, = - ;^ \{Hf^,i't + (t4')>«4'.}. (39) 

If the auxiliary variables s and t are replaced by two of the branchpoints 6, say 
hi, bj,, (B) becomes 

Po((^, %,.... 6)p; J„ J,) = 2^^z:^- (40) 



§ 10. — Generalization of fpu — e,, = 



6^u 



A first extension of this theorem is immediately derived from (0) by 
replacing « by a branchpoint diflferent from a^^^ say 

We obtain 

o(u. wan \ -^(^A, q»p.f i) _ 1 iZ^ (a»p4. i)0(«a) /..x 

But if we use Weierstrass'f index notation 



<i>(«a) _ V(— i)^iy(a.) e'(^i «,);i . 

*(aft.+i) '^^— -fi'(a»p+i) ©*(«i »p) ' 



(42) 



hence if we write jP(a,, a^.) _ ,.^y. 

2(a,-a.)''-'"' W 

•For A = 2p + 1 we get 

t WeierBtrasB, Lectures on Hjperelliptic Functions, Solution of the inversion problem. 
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we obtain the reavlt : 



4 ax— a»p+i 0*(«i, Wp) 

For p= 2 and 02^^1=00, this result was first proved by Brioschi, Rend, 
della Ace. dei Lincei, I8861, p. 199; the general formula (P) was given by 
Wiltheiss, Math. Ann., Bd. 31, p. 417. 

An analogous formula for 0-functions with two indices is obtained by put- 
ting in (B'O 

a?p+i = «a^ + i» « = aAi < = ««. 
(Bf') becomes 

/ \ ^(^A» ^u) 

FoK, w,; ax, O— 2(a; — a/y 

But according to Weierstraas, 

{au+l—ax){a^—ax){a^—at^+l)^{au + ^) iS? y± \' 

_ ^ e»(«i, — ttXQ'(«*i. — ">) (46) 
e»(t«„ — «,)x0*(t*i, — %V 

Hence we obtain the result : 



foK.Wi «p; axa^) — e, 



Am 



_ i. V(- 1)^ -g^ (ax) V(— 1)" Hf {a^) e«(«i.t%.....«X (O) 

This agrees exactly with the result given by Brioschi 1. c. for p= 2, a^^^i = oo, 
if we make use of the identity 

which follows from (6) for ^ = ax, x=:a^. 

The symmetry with respect to the branchpoints is better seen, and at the 
same time the irrational coefficients are avoided, if Klein's 6-/unction8 and alge- 
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hraic characteristics are introduced instead of Weierstrass' ©-functions and index 
notation. This may be done either by means of the relations which connect the 
0- and 6-functions (see Klein, Math. Ann., Bd. 32, p. 376, and Schroder, Ueber 
den Zusammenhang der hyperelliptischen (3- und 3-Functionen, Diss. GKittingen, 
1890), or else by using Klein's theorem* (15). The result is as follows : 
Let as before 

^o{x) = con8t.{x — a^){x — as) ... . (x — a^^i)) /gx 

•4^0 (a) = const, (x — ao)(x — Og) .... (a — a^^) J 

and So = ^«.^.. 

Two essentially different cases have to be distinguished. 

I. Case: a^, a^ belong the oxie to ^o> t^^ other to •4'o> say ;i = 2i — 1, 
(i=2k. Put 

""-"^'^ I (46) 

then 

PoCwi.t*, «,; ««-!, a^)-e^_,, ^= i- »^(a^)4/(a,,-0 ^/,^"^' "^ "f (H) 

II. Oiwc: ax, a^ belong both to the same of the two factors 4>o» '4'o» say for 
instance to ^o» '^ = 2i — 1 , f* = 2Aj — 1 . Put 

^(x)=. $!L^) ^, (47) 

(a; — a„_i)(» — a»_,)' 

aj (a) = ^0 (a!)(a: — a,, _i)(x — a«_,) , 
then 

=ii.K-w-.-o t<::::;:::^} - w 



* For the value of the constant factor c^'^^ see Burkhardt, ICath. Ann., Bd. 83, p. 418. 
6 
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Yerification for p = 1 : Choose g^ (x) = 1 and the constant factor in ^o {^) 
equal 1 ; then 

<^o(a) = (a— «i)(aJ — aj), -J/o (^) = A^{x — a^{x — a,), 

Further choose, in order to fix the ideas, in (46), 

cfji _i = as, «£* ^^ ^0 > 
so that ^(x) = (a; — ao)(a; — Oi), '4'(x) = -4o(^ — ^)(^ — ^); 

(H) and (I) become 

Po {u) -e,,= \ A, {a, - a,){a, - a,) ^^ , (h) 

Po {y) — ^18 = jg Al (ai — ao)(ai — a^{a^ — a^){a^ — a^ J^ • (i) 

But if we express F{ai, aj) in terms of the roots we obtain* 

€ik = 2(ai — aY ~~T2 ^^^* ~ ^^^^^ ~ ^"*^ "*" ^^* — «m)(^* ~ ^/)] > 
i, A, Z, m denoting the four numbers 0, 1 , 2, 3 taken in any order; therefore 

^ik — ^« = Y (^< ~ «m)(«jfc — a^ . 

Hence if we designate 

^IS ^^ ^03 ^= ^X 7 ^JO ^^ ^28 ^= ^M 5 ^18 ^^ ^03 ^^ ^f > 

and accordingly S© = S;, , S^^ = S^ , 



* Ck>mpare Weierstrass, Lectures on Elliptic Functions, and Klein, Elliptische Modulfunctionen, I, 
p. 17. 
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(h) and (i) become 

p(« + o.)-6,= (e,-e.)||^), (hO 

p(« + a,,)-e,= (e,-eJ(e,-e,)JM, (i') 

and if we apply the formula* 

f>(tt + o,)-e,= (^i:=^!iKf*n^\ (48) 

ftu — ex 

we obtain the well-known equations 

y (m) — e^ _ &^ (u) 
P(«) — ex ^(m)' 

*>(«) — ex <^(t*)' 



(h") 
(i") 



An extension of (48) may be deduced from (H) as follows : Interchange the 
two branchpoints a^^i and a^, the result is 

ip,A^ «p ; <h,c, <hi-i) - e^-i. i* = 4 ^0 («««-') ^0 M ^ ^^Z • • • • ""'l ■ (49) 

Multiply (H) and (49) and observe that (31), 

P#*(«i WpJ ». <) = Po(«i + »i. ••••w, H-w^; «,0 (50) 

if „.=/^2.M^. (51) 

therefore 

_ _i_ i>' M ^ (q«-i) »o Ki-i) ^0 M r^\ 

In concluding, I may remark that most of our developments — in particular 
the fundamental equations (A), (B), (B") — are independent of the special 
assumption which we made concerning the commutative integral of the third 
kind. We might just as well have chosen, instead of Klein's integral Q , the 
most general commutative integral of the third Tdnd^ and accordingly, instead of 
Klein's (3-functions, the most general S-functions. We would only have to replace 
in all our formulaa the p + 1** polar F{x, ^) by the most general integral sym- 

*Schwarz's Formelsammlung, Art. 19, (5). 
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m 
III 



metric function of a and ^, -F(x, f) of degree p + 1 with respect to each of the 
two variables satisfying the two conditions* 



(^^')„=fT-(«- 



Our results would thus gain in generality, but they would lose their covariant 
character. 

Fbeiburo i. B., August^ 1804. 

* Weierstrass, Lectures on Hyperelliptic Functions; Klein, Math. Ann., Bd. 27, p. 444, and Lec- 
tures on Hyperelliptic Functions, 1887-88. 
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Sur la definition de la limite d^une fonction. 
JExercice de logique mathematique. 



Par G. Pbano h Twrin, 



Selon la d6fiDition de la limite, aujourd'hui adoptee dans tous les trait^s, 
toute fonction a une limite seule, ou n'a pas de limite ; une variable ne peut 
tendre h la fois vers deux limites diflF6rentes (voir p. ex. Jordan, Gours d' Analyse, 
1892, pag. 9). 

Mais, en faisant un petit changement dans la definition commune, on 
obtient une nouvelle definition de la limite ; alors toute fonction a des limites 
finies ou infinies ; si la limite est unique, on retro uve, comme cas particulier, les 
propositions communes. 

J'ai donn6 cette nouvelle definition dans la Rivista di Matematica, 1892, 
p. 77, et je Tai adoptee dans mes Lezioni di Analisi infinitesimale (1893); mais 
on rencontre la meme id6e dans des publications ant6rieures. M. Giudice dans 
un interessant article (SuUe successioni, Rendiconti di Palermo, t. Y, a. 1891, 
pag. 280), 6nonce les propriet^s plus importantes des suites, et les decompose en 
suites convergentes. P. du Bois-Reymond a introduit les Unhestimmtheitsgrenzen 
qui sont la plus petite et la plus grande des limites que nous aliens definir. Mais 
on les trouve dans cette proposition de Abel (OEuvres, II, pag. 199) : 

"Pour qu'une s^rie 2w„ soit convergente, il faut que la plus petite des limites 
de nUn soit zero." 

Cette id6e plus g6n6rale de la limite est clairement enonc^e par Cauchy ; 
on lit en effet dans son Oours d'Analyse alg6brique, 1821, p. 13 : 

*' Quelquefois .... une expression converge Srla-fois vers plusieurs limites 
diff6rentes les unes des autres," 

et k pag. 14 il trouve que les valeurs limites de sin — , pour a;=0, con- 

^ X 

stituent I'intervalle de — 1 i + 1 . Les auteurs qui ont suivi Cauchy, en cher- 

chant de prSciser sa definition un peu vague, se sont mis dans im cas particulier. 
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L'objet de cette Note est de donner cette definition g6n6rale de la limite, et 
de demontrer ses principales propri6t6s. Nous ferons usage, dans cette 6tude, de 
la Logique math6matique. Cette science s'est rapidement d6velopp6e de nos 
jours, et on I'a appliqu6e dans plusieurs travaux. Nous aurons ^ citer le Formu- 
laire de Mathematique (abr6g6 en Form.), que publie maintenant une soci6t6 de 
professeurs, dans la Rivista di Matematica. 

L'introduction k ce formulaire explique les notations ; la premiere partie 
contient toutes les propositions ou regies de logique qu'on a jusqu'i present 
rencontr6es. Pour notre travail, nous aurons aussi occasion de citer la partie V, 
qui regarde la th^orie des ensembles de nombres, des limites Bup6rieures et inf6- 
rieures, des ensembles dfirives, etc. 

M. Burali-Forti vient de publier son trait6 "Logica matematica'' (Milano, 
Hoepli, 1894), livre d'un grand avantage pour ceux qui vourront se mettre au 
courant de cette science. On trouvera des expositions plus ou moins rapides des 
notations toutes les fois que j'en ai fait usage ; notamment dans Particle publi6 
dans les Mathematische Annalen, t. XXXVII. 

Mais, pour notre but, il suffit une connaissance sommaire des notations ; 
c'est-i-dire des signes de logique ^,^, '^,A»0»^'=»^» ^®^ points, du signe 
de fonction f, et des signes de mathematique Q, q, N, 1', li, et quelques autres 
qu'on rencontrera dans la suite. Les regies seront expliquees dans chaque cas, 
en renvoyant au Formulaire pour des plus amples explications ; ainsi cet article 
sera un exercice de Logique mathematique. 

Soit /a ime fonction r6elle de la variable r6ellesc. Cette variable aj pent 
tendre vers une valeur finie a, ou vers ± <» ; mais par le changement de variable 

a; = a + -7 , le premier cas est r6duit au deuxifeme. Si x tend vers — 00 , en 
posant a= — a/, a/ tend vers + 00. Done, sans oter k la g6n6ralit6 de la ques- 
tion, on pent supposer que la variable ind6pendante tende vers + 00. 

La fonction fx sera d6finie pour les valeurs de la variable appartenant k 
un ensemble u. Si cet ensemble coincide avec Pensemble des nombres r6els, 
c'est-a-dire si w= q, la fonction sera d6finie pour toutes les valeurs reelles de la 
variable, comme a*, sin a;, . . . . ; si t^ = Q, la fonction sera donn6e pour les valeurs 
positives, comme log a, Va:, .... 

Si u est I'ensemble des nombres entiers positifs, w = N, ont signification les 
symboles /l,/2, .... qui forment une suite. Mais la question g6n6rale de la 
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limite d'une fonction n'est pas r6ductible au cas particulier de la limite d'une 
suite, sans perdre de sa g6ii6ralit6 ; car si u est un ensemble continu, p. ex. w = q , 
on ne pent pas mettre ses individus en correspondance semblable avec les 
nombres 1, 2, 3, ... • En cons6quence les auteurs qui, en d6finissant la limite, 
parlent d'une suite Xj, a:,, .... a;„, .... se placent dans un cas trop particulier, 
duquel on ne pent tirer la d6finition de la limite d'une fonction, dont on fera 
usage dans I'analyse infinit6simale. 

Afin que la variable x puisse tendre vers + oo, il faut que la classe u de ses 
valeurs contienne des nombres aussi grands que Ton veut ; c'est-Srdire que la 
classe u soit illimit^e sup6rieurement, ou la limite superieure des u soit oo. En 
r6p6tant ces conditions, nous pouvons donner la definition de la limite : 

DSfinition. — ** Soit u une classe de quan£it6s [t/eKq] , dont la limite supe- 
rieure est infinie [Vu = <»] , et soit / le signe d'une fonction r6elle d6finie dans 
la classe u [feqfu] . Btant y une quantity finie [yeq] , nous dirons que y est 
une valeur limite de /x, lorsque x, en variant dans la classe u, tend k Too , [et 
nous 6crirons ye \im^^^^^/x']j lorsque, 6tant donn6 un nombre positif arbitraire- 
ment petit h [AeQ], quelque soit le nombre a, aussi grand que Ton veut [atq], 
il y a toujours de valeurs de a, contenues dans Tensemble ^[arew], et plus 
grandes que a [a? > a] , qui rendent la diflf6rence fx — y , en valeur absolue, plus 
petite que A [mod (/x — y) < A]." 

En liant ces conditions par les notations de logique, cette definition s'6nonce : 

1 . ueKq . I't^ = 00 ./eqfu.yeq . : : 

ye lim^^ „, «/» . = .*. AeQ . acq . Q^. a = ^^ •a^> « • ™od {/x — y) <A . ^ =xA* J^®^- 

Nous ferons quelques remarques sur cette definition. Nous avons trans- 
forme les mots '*etant donne un nombre positif, arbitrairement petit A" en 
''AeQ," car les mots "arbitrairement petit" sont im pieonasme. Analoguement 
pour a . 

Oe qui precede le signe q : : est I'hypothfese de la definition ; elle explique 
la signification des lettres u,/,ety. Ce qui suit le signe de deduction est 
regalite qui constitue la definition. Son premier membre, qui est en avant du 
signe = .'. est Texpression qu'on definit; le deuxifeme en indique la valeur. 

On dit qu'une lettre variable x est apparente dans une expression qui la 

contient, si cette expression en est independante. Ainsi dans J/xdx, la lettre 
x est apparente, car / /xda= / fzdz. L'expression que nous avons defini, 
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ye lim^p ,^ «/a?, contient la lettre apparente x; si Ton ne veut pas de lettre appa- 
rente, il suflGit de changer de notation ; on pourrait 6crire p. ex. ye lini/( <», ti), 
ou ye/{ 00, u)j ou yef^oo , etc. Mais la notation adoptee est la plus commode. 

L'expression d^finie depend effectivement des seules lettres variables y, w,/ 
contenues dans Thypoth^e, et dans le second membre de la definition. Ce second 
membre est une d6duction, dont la th^se est une in6galit6 logique. II contient 
aussi les lettres h, a, x] mais elles sont des lettres apparentes; car la th^se, oii 
figure la lettre x, a au signe = I'indice a; done cette thfese est ind6pendante 
de X. Et les lettres A et a sont des indices au signe de deduction ; done le second 
membre est aussi ind^pendant des lettres A et a (voir Intr. au Form., §14). 
Les deux membres de l'6galite contiennent les memes lettres. 

D'ordinaire on indique la limite cherch6e par lim,^o»/iCi en sousentendant 
la classe u des valeurs de x. Dans ce qui suit, pour abrSger, nous 6crirons sim- 
plement lim au lieu de lim^^, „, «. ; en revenant, lorsqu'il faut, k la notation com- 
plete, qui ne produit jamais des ambiguit68. 



Nous commenpons par transformer cette definition. Comme nous venons 
de dire, elle a la forme 



(a) 



Hypoth. . V^ membre = 2^™® membre. 



Or les deux membres de l'6galit6 sont des propositions ; et l'6galit6 entre deux 
propositions a et 6, a = 6, est identique ^ I'ensemble des propositions aQb.bQa 
(voir Form. I, §1, P3). 

Done en exprimant le signe = par le signe Q, la proposition (a) se trans- 
forme gn 

(j3) Hypoth. Q. V^ membre j3 2®"® membre. 2*™ membre q 1®' membre. 

Maintenant, 6tant a, by c des propositions, la aQbc est 6quivalente ^ I'ensemble 
aQj.aQc (Form. I, §1, P36). Nous dirons, avec M. Burali, qu'on compose les 
propositions aQb.aQCj lorsqu'on les 6crit sous la forme aQbc; et qu'on decompose 
cette ci, lorsqu'on la r6duit k la forme primitive. Decomposons done la (^3), 
dont la thfese est Pensemble de deux propositions ; on obtient {^) = (y)(5) , oxi 

(y) Hyp. Q . 1®' membre q 2^™ membre. 

(5) Hyp. Q. 2*™® membre q 1®' membre! 
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Or, 6tant a, b, c des propositions, ^expression aQ.bQc (de a on d6duit que de b 
on dgduit c) est identique k ab^c (Form. I, §1, P39, et Intr. §12, Pl3). On 
appelle importer I'hypoth^e a , la transformation de la premiere i la seconde 
forme, et exporter I'hypothfese a, la transformation inverse. Importons done 
THyp. dans les (y) et (5) ; elles se transforment en : 

(e) Hyp. V^ membre. g 2^™ membre. 

(^ Hyp. 2*™® membre. q V^ membre. 

Oette transformation de la (a) dans (6)(^) est tout-Srfait g6n6rale; si a, 6, c 
Bont des propositions, laa(3.6=c est identique k abQc.acQb, comme dit la 
P44 du §1 de la premifere partie du Form, Mais nous avons pr6fer6 de faire 
les transformations une k la fois. Substituons aux abr6viations 1®' membre 
2dme membre, ses valeurs. Bcrivons, selons les notations adoptees, HpPl pour 
indiquer Thypothfese de la proposition 1. La Pi se transforme dans Fensemble 
des prop. 2 et 3 : 

2- HpPl. ye lim/a.Q .-. AcQ.aeq.o*, a = a^€W-»>«niod(/a; — y)< /l.*^ =»A* 

3. HpPl /. AcQ.aeq . Oa. a • xeu.x > a. mod {/x — y) < A. '-- =,j^ /. Q.yelim/c. 

La P2 a encore la forme aQ.jQc; importons encore Thypothfese; elle se 
transforme en : 

4. HpPl. yelim/x.h^.a6q.Q:x€U.x^a.mod{fx — y)<A.'^ —»A 

qu'on lit "ayant w,/, y la signification expliqu6e dans les Hypoth. de la Pi, si 
y est une limite de fx, si h est une quantity positive, et si a est une quantity 
r6elle quelconque, il y a toujours de valeurs x, appartenant k I'ensemble u, plus 
grands que a , et qui rendent la diflRSrence fx — y moindre, en valeur absolue, 
que A." 

Remarquons la loi qui r^gle les indices dans la transformation de la P2 
dans la P4. Dans la P2 le signe de deduction principale, q.*. , ne porte pas 
d'indices ; ils sont sousentendus, et sont toutes les lettres variables dont depen- 
dent les deux membres. w,/, y. Le second signe de deduction q: a comme 
indices les lettres k et a. En importaiit I'hypothfese (Int. §18, P2), on mettra 
au signe unique de deduction Q : qui remplace les deux, tons les indices des deux 
signes ; dans notre cas, Ujf,y,h^a] mais puisque dans la P4 ce signe de deduc- 
tion indique la deduction principale, on les sousentend tons. 
6 
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La condition entre ti,/, y, A, a, 
(a) X6U.X ^a.mod{/x — y)<^h.^ =xAj 

contient la lettre apparente x. On pent la ^liminer, c'est-i-dire mettre cette con- 
dition dans une forme, oii ne figure plus la lettre x. A cet effet, exprimons la 
relation x^a, par le signe e, sous la forme xca + Q; I'ensemble xBU.xy^^a 
devient xeu.xea + Q, ou X6u^^{a + Q) ; car une formule de Logique (Int. §16, 
P2) dit que, 6tant a et 6 des classes, I'ensemble des propositions xea.xeb est 
identique a la prop, scea ^--^ 6 . Au lieu de mod {/x — y)<^f^i on pent 6crire 
mod {/x — y) eh — Q ; et la proposition (a) se transforme d'abord en : 

(/?) x6U^{a + Q,).mod{/x — y)€h — Cl.^=,^. 

Maintenant, 6tant u une classe, et g un signe de fonction, par gu on entend 

Tensemble des valeurs de la fonction gx, lorsque x prend toutes les valeurs dans 

la classe u ; et alors, 6tant v une autre classe, on a la formule de Logique (Int. 

§29, P5), 

xeu.gxev.'^ =^j^: = .gu^V'^ = ^, 

'' dire qu'il y a un x, appartenant k la classe u , dont le gx est un v, est identique 
k dire que les classes gu et v ont des individus communs." Appliquons cette 
transformation a notre cas. Posons done u^^{a + Q) au lieu de w, mod {/x — y) 
au lieu de gx, et h — Q au lieu de v. La {^) devient 

(y) mod{/[ti-.(a + Q)]-y}-^(A-Q)^ = A 

et ainsi on a 61imin6 la x. En substituant dans la Pi, on a: 

6. HpPl.o/.yelim/a;. = :AeQ.a6q.OA.a-mod{/[it^(a+Q)]— y}--^(A— Q)-' = A- 

On pent presenter sous une autre forme cette 61imination. Etant a et 5 
deux quantit6s, et a<C J, on d6signe par a 6 I'intervalle de a ^ 6, c'est-Jirdire 
(a + Q) '^ (^ — Q) ; doiic xea — b signifie a < x < 6. Alors la proposition 
mod {/x — y)<ih est 6quivalente i 

— Ti<fx — y<h 
ou i y — h </x < y + il 

et enfin i fxe {y — h) (y + A) , 

c'est-J^niire fx appartient k Pintervalle de y — hky + h. Alors la proposition 
(a) devient 

(3) iww^(a + Q)./xe(y — A) — (y + A).-'=.A- 
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Appliquons maintenant la transformation logique 6nonc6e, en y faisant la substi- 
tution /t.^(a + Q), /, (y_A)-(y + A)\ 

c'est-^-dire, en posant au lieu des lettres 6crites en bas les expressions sup6rieures ; 
la (5) se transforme en : 

et la definition 1 devient 

6. HpPl. o/.yflim/a:. = :AeQ.afq.OA,a-/[^'^(«+Q)]'^(y — *)""(y+*)^=A- 

*'Ayant w, / et y la signification expliqu6e, y est une valeur limite de /x, lorsque, 
en prenant un nombre positif A et un nombre a, il y a toujours des valeurs de la 
fonction /, correspondant ^ des valeurs de la variable de la classe w, et plus 
grands que a, qui appartiennent iL Tintervalle de y — A i y + A." 

On a done 61imin6 la lettre x^ et transforme la Pi dans la 6 ou la 6, par la 
convention sur la signification de fu , lorsque u est une classe. On pent substi- 
tuer h la condition (a) la (y) ou la (e) dans les propositions 2, 3, et 4. En sub- 
stituant dans la P4 on a : 

7. HpPl.y6lim/B.;i€Q.afq.o./[t^^(a + Q)]-.(y-A) — (y + A)-'=A. 

Transportons le second membre de la deduction dans le premier, et I'hyp. 
ye lim fx du premier dans le second, par la r^gle de logique que abQc est 
identique k a^cQ^b (Form. I, §2, P24); il faut nier les propositions qu'on 
transporte ; la negation du second membre s'obtient en supprimant le signe '-- 
au devant de r= ; et Ton a : 

8. HpPl. heq.ae(i./lu^{a + Q)] ^{y-h) — {y + h) = A-O-y^' li°^A- 

'' En conservant les lettres u,/, yla meme signification, si h est un nombre 
positif, et a une quantit6 quelconque, et s'il n'y a pas de valeurs de la classe 
/[w --N (a + Q)] appartenant k Pintervalle de y — hky + h, alors y n'est pas une 
limite de/a." 

Nous voulons maintenant 61iminer la lettre apparente A, qui figure au le 
second membre de P6galit6 dans la definition de la limite. Ce second membre, 
sous la forme de la P6 est 

(a) AfQ.aaq.OA, «. fliod { flu^{a + Q)] —y\^ (^ — Q) -^ = A- 
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ExporUms Phypothfese aeq, selon les rfegles d6jJb vues; il se transforme en 
(i^ a«q.Oa:A€Q.O*-mod \fiu^{a + Q)] -y} ^(A-Q) ^ = a- 

"Quelque soit a, alors, quelque soit A, on a etc." Or de la th6orie des 
limites 8up6rieure et inf^rieure d'un ensemble de nombres, on a (Form. V, §3, 
P20): 

wfKQo. /. liw = . = : AfQ. o^^.ti ^ (A — Q) -^ = A- 

" Etant u un ensemble de nombres positifs ou nuls, leur limite inftrieure 
sera z6ro, lorsque, quelque soit le nombre positif A, il y a toujours des nombres 
de I'ensemble u plus petits que A." Posons ici mod {/[ti--^(a + Q)] — y} au 
lieu de u ; I'hypoth^e ubKQ^ est satisfaite, car les modules sont des nombres 
positifs ou nuls ; et on ne T^crit plus, en vertu du principe de Logique (Form. I, 
§1, Pl2) a.aQj.Qft: **Si la proposition a est vraie, et de la a on d6duit la 6, 
alors la h est aussi vraie." Envertissons les deux membres ; nous avons : 

AfQ.o,.mod \f\u^ {a + Q)] -y}-(A~ Q) -- = A^ 

= .limod |/[t^^(a + Q)] -y} = 0. 

Substituons dans la {^) ^ la th^e sa valeur ainsi transform6e ; la prop. 5 
se transforme en : 

9. HpPl. o.-.y€lim/a;.= :a6q.o«.li mod {/[w--- (a + Q)] — y} = 0. 

*'Ayant w,/, y la signification connue, la y est une limite de fx, lorsque, 
quelque soit le nombre a, la limite inf6rieure des valeurs absolues des differences 
entre les valeurs de/[w'^ (a + Q)] et y est z6ro." 

On pent donner une autre forme au r68ultat de I'^limination de A. Etant u 
un ensemble de points (nombres), dans plusieurs questions d'analyse on a Jb con- 
sid6rer la plus petite classe ferm^e contenant u (selon la nomenclature de M. G. 
Cantor). On la d6signe par (7w, qu'on pent lire "Pensemble u rendu ferm6 
{clavsvs)f sa definition est (Form. V, §7, Pi): 

(a) wKq.Q . (7ti = q -^ ofQi mod {u — a) = 0] . Def. 

** On apjelle Gu Pensemble des nombres x tels que la limite inf^rieure des 
valeurs absolues des differences entre les nombres w et a soit nuUe." L'ensemble 
Cu contient tons les points de w, et les points limites ; il ne faut pas le confondre 
avec la classe d6riv6e de u. Commenpons par r6duire la prop, (a) i la forme 
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plus utile pour notre but ; opfirons sur les deux membres de P6galit6 par le signe 
XB, c'est-a-dire posons ce eigne en avant des deux membres. Le premier sera 
xeCu. Le second membre devient xb\(\^x6[[i mod (w — a) = 0] }; mais, 6tant 
a et 6 des classes, on a Pidentit^ logique d6ja mentionn6e xea^^h.=- .xBa.xeh 
(Intr. §16, P2) ; done cette expression se transforme en : 

arcq . xbxb \\i mod {u — x) = 0] ; 

les deux signes xb et xb, qui repr6sentent des operations inverses, se d^truisent 
(Int. §17, Pi, et §28), et il reste 

£Cf q .li mod {u — x) = . 

Done la definition (a) se transforme en : 

(/?) ubK(\.^ .\xbGu.=- .xB(i.\modi (u — aj) = 0. 

Posons ici f\u^^ (« + Q)] ^^ li^^ de i^, et-y Jb la place de x; supprimons les 
propositions /[w/^ (a + Q)]6Kq, et yeq, con tenues dans les hypotheses, et Ton 
a, en envertissant les deux membres : 

(y) \ mod {f\u ^ (a + Q)] - y } = 0'. = .yBGf\u^{a + Q)] . 

Substituons ; la P9 devient : 

10. HpPl. ^.\yB\\mfx. = \aB({.^a'y^Gf\u^{a'{-($f\. 

"La condition n6cessaire et suflSsante pour que y soit une limite de fx, est que, 
quelque soit le nombre a, y appartienne toujours S. rensemble/[w'-^(a + Q)] 
rendu ferm6." 

On a ainsi eiimin6 la lettre A, et Ton a obtenu les prop. 9 et 10, par une 
nouvelle convention, de la limite infSrieure, ou de la classe ferm6e. Maintenant 
il n'y a plus dans le second membre de la 10 que la lettre apparente a; pour la 
eiiminer il faut une nouvelle convention ; cette nouvelle convention est la defini- 
tion meme de la limite. En efifet la proposition 10 dit qu'on 6crit le premier 
membre qui ne contient pas a, au lieu du deuxi^me o^ figure cette lettre 
apparente. 

Jusqu'i present nous avons d6fini la proposition yelim/x, dans les hypo- 
theses de la Pi. On n'a pas d6fini le signe lim/x. Pour bien voir la classe qu'on 
a d^fini, prenons la definition sous la forme de la proposition 10. Etant 
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aj b, c, d des propositions, I'expression 063.0 = d est identique k aQ.bc=zbdi 
on passe de la premiere k la deuxi^me en important b] et en exportant & on a la 
transformation inverse (Form. I, §1, P45). Dans la PlO importons Phypothfese 
yeq , qu'y est contenue ; on a : 

ueKq^.Vu= (»./eqfu.Q.\yeq.ye\im/x.=^ :ye({:a^q.Oa'yBG/[u^--^{a + Q)]. 

Op6rons les deux membres de Tegalit^ par le signe ye. A gauche, par des trans- 
formations que nous avons d6ji rencontr^es, on obtient q -^lim/sc ; h droite ys yeq 
se r6duit ^ q ; et I'on a : 

11. ueKq.Vu= co./eqfu .Q.q ^lim fx = q ^ye [aeq. Qa.yeC/lu^ {a + Q)]f. 

Done la classe qu'on a d6fini est q<-Nlim/x, les nombres 6nis qui sont des 
limites de/x. 

Maintenant nous allons d6finir les propositions od e lim fx^ et — 00 ^ lim/x : 

12. HpPll. (3:: ooelim/x. =.\a, 7W6q.j3a,«:a5fw.x>a./a;>m.'^ =a,^. Def. 

**Ayant t^ et/la signification connde, nous dirons que V 00 est une valeur limite 
de/x, lorsque, quels que soient les nombres a et m, il y a toujours une valeur 
de X, appartenant k Tensemble u, plus grande que a, qui rend fx sup6- 
rieure km." 

Cette proposition se transforme comme la Pi. La condition 

X€M.x>a./x>m.'^ =,^ se transforme en a:€W^--(a + Q)./a:fm + Q.'^ =,^, 

et en elirainant la x, par I'identit^ logique d6ja rencontr^e (Int. §29, P5), en 
/[u^^{a + Q)] '^ (m + Q) -^ = ^. Done la Pl2 se transforme dans la Pi 3, 
analogue k la P6, 

13. HpPll. Q.-. oof lim/x. = :a, m£q.o„^«./[M^(a+Q)]'-s(m+Q)'- =^. 

Le second membre de cette 6galit6, en exportant Fhypoth^se wq , devient 
aeq.Oa:meq.Q^./[u^(a + Q)] ^ (m + Q) - = j^. 

Or, 6tant u une classe de q, par la d6finition de la limite sup6rieure, on a 
(Form. V, §3, P6), 

Vu=co.= :meq.0^.u^{m + Q)^=:j^^ 
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** la limite sup6rieure des u est infinie, lorsque, quel que soit le nombre m, il y a 
toujours des nombres de la classe u plus grands que mJ^ Substituons ici 
/ [w .-s (a + Q)] au lieu de u; en envertissant les deux membres, on a : 

^^q-0m./[^-(« + Q)]-(^ + Q)-=A: = .i7[^-^(« + Q)]= »• 

Substituons dans la Pi 3 ; elle se transforme en : 

14. HpPll. o.-.oo6lim/x. = :a6q.0a.r/[t*^(a + Q)] = 00. 

** L' 00 est une valeur limite de/x, si, quel que soit le nombre a, la limite sup6- 
rieure des valeurs de la fonction, lorsque la variable prend les valeurs suivantes 
a, est infinie/' On a ainsi 61imin6 la m. Gette proposition est Fanalogue de 
laP9. 

Nous voulons trouver la signification de la proposition 'T oo n'est pas 
une limite de /a." Le second membre de la Pi 3 est une deduction; trans- 
portons la th^se dans le premier membre, en la niant, en vertu de Pidentit6 
logique ao6.= .a'^b = j^ (Form. I, §3, P8). La prop. 13 devient : 

HpPll. o-*- » ulim/c. = :a, meq./{u^{a + Q)] ^ (m + Q) = A- =«. «A 

et, en niant les deux membres de r6galit6 (Form. I, §2, P6), 

15. R^Tll.Q.\(x>^e\im/x. = :a, tncq./[i^^ (a+Q)]-^(m+Q)=^.- = a,^^. 

"L'oo n'est pas une limite de la fonction, lorsqu'on pent d6terminer deux 
nombres a et m, tels que nuUe valeur de /[u^^{a + Q)] ne soit plus grande 
que m ." 

Analoguement ^ la Pi 2, on pose par definition : 

16. HpPll. q:: — oo 6lim/a;. = .\a, tii6q.0o,^:a:fw.a;>a./«<m.'^ =a.A 

et en 61iminant la sc, la m, et en niant les deux membres, on a les correspon- 
dantes des prop. 13, 14, 15 : 

17. HpPll. 0.-.— ooflim/c . = :a, W€q.o«,m./[t^'^(«+Q)]^(wi— Q)'-=a, 

18. '' .Q.-. ** . = :a6q.0a-li/[w--(a + Q)] = — 00, 

19. '' . 0.-.— oo-6lim/aj. = :a, ?weq./[w^(a+Q)]-^(m— Q)=A.'-=a,mA• 
Nous avons done d6fini (Pi) la proposition j/b lim/x, oil y est un nombre fini 

(voir la Pll). Puis nous avons d6fini (Pi 2) la proposition ooe lim/a;; c'est-Jt-dire 
la proposition ye lim/c, lorsque y=zco. Examinons bien ce passage ; on a : 

(a) y=^'0'y6 lim/a5 . = . oo e lim/x 
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par ridentit6 logique a= 5.;3:aew. = .5ew, consequence immediate de la PlO du 
§4, partie I du Form. Multiplions (logiquement) les membres des deductions 
Pl2 et (a); c'est-i-dire appliquons la formule a^h.c^iQ.acQJbd (Form. 1, §1, 
P30) ; on a : 

(/?) HpPll. y = oo.Q::yelim/a5. = . <» elim/c:: » 8lim/aj. = /. etc. 

en indiquant par etc ce qui est h, droite du signe =.*.dans la definition Pl2 ; 
de la Th&se de la (/3) on a ye Yimfx . = .*. etc (par ridentit6 a=h.h=^c,^.a=^c)\ 
done, par le syllogisme 

(y) HpPll. y= 00. Q::yglim /«. = .'. etc. 

Analoguement on a d6fini (p. 16) la proposition yclim/x, lorsque y = — oo. 
Done la proposition ye lim/a: est d6finie lorsque yeq.'^.y = oo.vw^.y = — oo. La 
proposition y = » s'6nonce au moyen du signe e et du signe t (signe qui signifie 
6gal, r<7oc, voir Intr. §31) ; et devient yet »; la proposition y = — » se transforme 
en yet — »; et Tensemble 



y6q----.y = oo.^.y= — 
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devient yeq.^^.yeioo.^^.yei — oo. Or (LntT. ^16,F3) xea.^^.xeb est identique 
kxea^^b; done on a d6fini ye lim fx lorsque yeq -^ loo-^c — oo. Maintenant 
il ne convient pas d'6tendre la signification de la proposition ye lim /x k d'autres 
cas ; et nous poserons, comme definition du signe lim/a; : 

20. HpPll. o.lim/a:= (q^-'toovw^t— oo)^lim/a;. Def. 

''Par lim/x nous en tendons les nombres finis, ou ^gaux k±cc^ qui, selon les 
definitions 1, 12, 16, sont des valeurs limites de/x." 

En developpant les definitions de la limite d'une fonction, nous avons fait 
usage des limites superieure et inferieure d'un ensemble, et des ensembles 
fermes. Ges idees sont plus simples que I'idee de la limite d'une fonction. Les 
idees des limites superieure et inferieure d'une classe, et aussi des points limites 
d'une classe, s'expriment au moyen de la seule idee logique de classe ; la limite 
d'une fonction exige encore I'idee de fonction ou de correspondance. En conse- 
quence les auteurs qui definissent les points limites d'un ensemble en se servant 
de la limite d'une fonction, expliquent une idee facile au moyen des idees plus 
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compliqu&s ; et s'ezposent encore ^ des difficult6s, sur lesquelles nous ne voulons 
pas nous arreter. 

Sont li6s ^ la limite d'une fonction deux classes, que nous indiquerons par 
11* (/, u) et (ii (/, u) , et que nous allons d6finir. 

21. HpPll. oy(/, u)_ 

= q ^ me\aBt{.f\u ^ (a + Q)] ^ (m + Q) ==a. ^ =aA- ^^^^ 

**Ayant/et u la meme signification, par f^' (/, t^) nous design ons tout nombre m 
tel qu'il y a un nombre a, de fapon que nuUe valeur de /[u/^ (a + Q)] ne soit 
plus grande que w." 
21'. HpPll. o./^i(/, ^) 

= q^ mj {acq./[w^ (a + Q)] ^ (m — Q) = A-'^ =aA}- ^®f- 

Au second membre de l'6galit6 qui figure dans la d6f. 21, la lettre a est appa- 
rente puisqu'elle figure aussi comme indice au signe '^ = . La lettre m est 
aussi apparente ; car la proposition entre ]••••[ est une condition contenant la 
lettre m, et en posant en avant le signe mp, on a une classe ind^pendante de m 
(Intr. §17). Done ce second membre d6pend des lettres /et w; et nous I'avons 
indiqu6 par fJ {f, u). Mais, puisque dans cette Note les lettres / et t* ne 
changeront jamais de signification, pour abr6ger nous 6crirons /x' au lieu de 
fi' (/, u) ; et 6crirons fii au lieu de (ii (/, u) . 

Op^rons sur les deux membres de l'6galit6 qui figure dans la P21 par le 
signe me ; en appliquant les regies que nous avons d6j^ vues, et en simplifiant 
I'expression me me on a : 

22. HpPll. .-. rnefi^ = :meq: aeq ./[u -- (a + Q)] ^(m + Q) = A-^ =aA. 

** m appartient k la classe /ti', lorsqu'il est un nombre fini, et qu'on pent deter- 
miner un nombre a tel qu'il n'y a pas de valeur de fx, pour x contenu dans la 
classe u et sup6rieur k a, qui soit plus grande que m." 
La proposition conditionnelle : 

(a) a, meq./lu^{a + Q)] ^{m + Q)= j^.^ =«, «a 

qui figure au second membre de P^galit^ dans la Pi 6, est identique k 

(/?) meq: afq./[w^ (a + Q)] ^(m + Q) = A- -^ =aA • '^ =mA- 

O'est Pintuition qui nous dit que les propositions (a) et (/?) sont 6quivalentes ; 
7 
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mais on peut eriger en r^gle g^n^rale cette transformation de la (a) dans la (/?) . 
Si o^ et h^^ y sont des propositions contenant les lettres qui figurent comme 
indices, la proposition a, 6,, y '^ =,, ^^ " il y a des valeurs de x et de y qui satis- 
fait aux conditions aj>^^y^ est identique ^ la a^.6«.y ~ =yA*'^ =»A (^^» ®^ 
adoptant les parentheses, a, (5,^ y -^ =yA) '^ =*A) ** ^^ 7 ^ ^^'^ valeurs de x qui 
satisfont ^ la condition a« et tels qu'il y a des valeurs de y qui satisfont il la 
condition h^^y. En examinant 1' Introduction au Form, on voit que cette 
transformation est la P3 du §18, dans laquelle on a pris les negatives des deux 
membres. 

Or, ce qui dans la (]3) pr^c^de le signe '^=^a> P*^' 1* 1*22, est identique 
a m%\ji. Done la (/9) se transforme en 

(y) m^i/i. - =«A 

la quelle est identique & 

par une identity logique contenue dans Form. T, §4, P6 (Intr. §16, P6). Sub- 
stituons enfin dans la Pl6 au second membre (a) sa valeur (d) ainsi trans- 
form6e ; on a 

23. HpPll. oioo-^clim/x.zz.^'-- = A- 

''L'infini n'est pas une limite de fx^ lorsque la classe yl existe, et r^ciproque- 
ment." Analoguement 

23'. HpPll. q: — a>'^6lim/c. = .jt^i'^ =A. 

Nous allons prouver que 

24. HpPll. m'6(i'.mi€(ii.Q.m!>mi. 

'' Tout nombre m' de la classe /x' est sup6rieur, ou 6gal, & tout nombre nti de la 
classe fii." En effet, substituons h m'efi'.miSfii les valeurs qu'on tire des defini- 
tions de fi' et (ii^ P22. En sousentendant toujours HpPll, qui explique la 
signification des lettres t^ et/, on a : 

(a) m'efi'. miSfii . = : m'eq : at q ./ [u^-^{a + Q)] >^ (m' + Q) 

= A-^=aA'-^i«q'«^q-/[^^(« + Q)]^(^i — Q) = A•'^=aA• 
6roupons diffi§remment les propositions du second membre de la (a), ce qui est 
permis par les propri6t6s commutative et associative de la multiplication logique. 
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Et ensuite appliquons la rfegle de logique (Int. §18, P7) qui transforme Ten- 
semble des propositions 

''il y a des x qui satisfont k la condition a«, et il y a des x qui satisfont k la 
condition 6." dans sa 6quivalente 

" il y a une valeur de y et une de z qui satisfont aux conditions ayh^y (On se 
tromperait en la transformant en aj)^ '^^•aO ^^'^^ notre cas nous avons deux 
propositions qui contiennent comme indices la meme lettre a ; nous en ferons 
une proposition seule en 6crivant deux lettres diff6rentes a! et ai dans les deux 
formules, et I'on a : 

(/?) m'eii'. micfii . = : m', mjcq : a', aieq ./ [u ^ (a' + Q)] ^ {m! + Q) 

= A-/[^^(«l+Q)]'-K — Q) = A-^=aSa,A» 

"dire que m' et wii appartiennent respectivement aux classes f^' et (i est 
identique ^ dire qu'ils sont des nombres finis, et qu'on pent determiner deux 
nombres a' et a^ tels que nuUe valeur de/[w^--v(a'+Q)] ne soit plus grande que 
7w', et nuUe valeur de/[u^--^ (oj + Q)] ne soit plus petite que mj." 

(y) m^ micq . a', ai^q ./ \u ^ {a' + Q)] ^ {m' + Q) 

= A-/[^-(«i + Q)'^K-Q) = A-0-^^^(«' + Q)-(«i+Q)-^=*A- 

**0r, 6tant m' et mi des quantit^s, et a', Oj des quantit6s qui verifient aux condi- 
tions dont on a parl6 pr6c6demment, on peut determiner un nombre x appar- 
tenant k la classe u, plus grand que a' et que ai." En efiet, puisque Vti= oo, 
il y a dans la classe u des nombres 8up6rieurs a a' et ^ a^. 

(«) Hp(y). xeu -^ (a' + Q) ^ (a, + Q) . q ./x < m'. 

'*En conservant les hypoth. de (y), et si u est un nombre dont on vient de 
parler, /x ne supfere pas w'." Si Ton desire analyser ce passage, remarquons 
que /[w-^ (a' + Q)] ^^ (m' + Q) = a, en transportant le second facteur dans le 
second membre, et en posant m' — Qq au lieu de ^ (m' + Q), se transforme en 
/ [w ^-N (a' + Q)] w' — Qo ; maintenant des hypotheses 

XBU^ (a' + Q) ./[u^ia^ + Q)] Q m' - Qo, 
'on d6duit /a « m' — Qq , 
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comme resulte de I'identite logique xeu.fuQv.^.fxev, (consequence imm6diate 
de Intr. §29, P3) et fxsm! — Qq est identique Jt la th&se fx<w!. Analoguement 

(f) Hp(5). 0,/a5>mi. 

Gimi'poaons les (5) et (e) , qui ont la meme hypoth&se : 

(0 Hp(5) . ./x < m\fx > mi . 

Or de la Th&se de {Q , par rarithm^tique on a w' > m ; 

iv) Ths(0.0..^'>^i, 

et la th^e de (>?) est la th&se du theor&me 24 k d6montrer. Dans les demonstra- 
tions qu'on fait avec le langage ordinaire, on s'arrete babituellement k ce 
point ; mais nous voulons, par des transformations successives, obtenir toute la 
P24. A cet effet, les (^) et (>;) sont les premisses d'un syllogisme (Form. I, 
§1, Pi 3), dont la conclusion est Hp(^)oThs(>7), ou, en d6veloppant: 

(6) Hp(y).xeu^(a' + Q)^(ai — Q).o.?w'>mi. 

Ici I'Hyp. contient la lettre x, qui ne figure pas dans la Th^se ; on la ^limine par 
la loi que une deduction aa,^yOa?,y^«» o^ PHp. contient la lettre y qui ne figure 
pas dans la Ths., est identique a la a^^ y -^ =y^ . qJ)^ : " S'il y a des valeurs de y 
qui satisfont k la condition a^^y, alors est vraie la 6." (Intr* §18, PlO). Par 
cette transformation la (6) devient 

(t) Hp(y) : xeu ^ (a' + Q) ^ (a^ - Q) . - =,a : • Th8P24, 

** dans les Hp. de la (y), s'il y a un nombre x tel que • . . . , alors est vraie la 
Ths. du th6orfeme." Or la (y) dit que la seconde partie de I'Hp. de la (t) est con- 
sequence de la premiere partie ; done on pent supprimer cette seconde partie, 
par ridentite logique aQb.= .a=:ab (Form. I, §1, P33). En la supprimant, 
et en d6veloppant rabr6viation Hp(y) on a : 

(x) m , m'Bq . a', Oicq ./ [u ^^ (a' + Q)] ^^ {m! + Q) 

= A-/[^^(«i + Q)] ^ (^1- Q)=A- 0-ThsP24. 

L'Hp. de cette proposition contient les lettres a' et a^ qui ne figurent pas dans la 
Ths. ; on les ^limine avec le meme proems, et I'on a : 

{X) m , m'eq : a', a,eq ./ [u ^ (a' + Q)] ^ ( w' + Q) 

= A-/[^--(«i + Q)--K-Q) = A.'-'=a',a.A = 0-Th8P24, 
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Mais par la (j9), I'Hp. de la {^) est identique k m^efi'. mieiii ; done : 

m'eii'. miefii . o . wi' > mi . c. q. f. d. 

ThSorhne. — *'Ayant t* et / la meine signification, si P oo et — oo ne sont pas 
des valeurs limites de /c, alors la limite infSrieure des nombres fi' et la limite 
sup6rieure des nombres (ii sont des nombres d6termin6s et finis, et la premiere 
n'est pas inf6rieure k la seconde" : 

26. HpPll. co^ e'^m/x. — <»^ 6lim/x.QA^',V(iieqAji^>Vfii. 

En effet la F 23 a la forme aQ.b^=c, la quelle est identique k Pensemble ab^c 
et acQb ; comme nous avons d6ja dit pour expliquer la transformation de la Pi 
dans les P2 et F3. Nous 6crirons seulement la premiere des deux proposi- 
tions, la quelle est : 
(a) HpPll. co'^ elim/x .Q.fi' ^ =^ j^. 

De la P23^ on tire analoguement 

(a') HpPl !• — 00 '^ 6 limfx • • i^i '^ = A- 

La P24, en exportant HpPll, devient : 

(/?) HpPll. : wi V- »»ie/t4i . (>,,., ^^.m'>m^. 

Multiplions logiquement membre a membre les propositions (a) (a') et (/?) 
(Form. I, §1, P30); en simplifiant, c'est-Jl-dire en 6crivant une seule fois les 
facteurs logiques r6p6t6s, comme dit Tidentit^ logique aa=^ a (Form. I, §1, P6). 
on a: 

(y) HpPll. oo'^ elim/aj. — oo^^ clim/x.Q: 

ll' -- =A-/^l '^ =A-^^V* ^l«f*l-Om',m, •^'>?Wi. 

Or dans la th^orie des limites sup^rieures et inf6rieures des ensembles, on a la 
proposition : 

(5) u, vsKq.u ^ =zj^.v^ =A'^'^^'^i^Ow', m,^'^^i-0-li^i l't;eq.liW>l't;. 

''Etant u et t; des ensembles de nombres, effectivement existantes, si chaque 
nombre de u est superieur, ou 6gal, k chaque nombre de t;, alors la limite inf6- 
rieure des u et la limite sup6rieure des v ont des valeurs finies, et la premiere 
est sup6rieure, ou egale, k la deuxi^me." Cette proposition est une consequence 
de Form. V, §3, P4, P4' ; mais elle n'est pas explicitement contenue dans le 
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formulaire publi6, et il sera bien de Fajouter. Si, dans la {h) au lieu de w et t? 

on lit f^' et fiiy elle devient 

(c) Ths(y)oThsP25. 

Mais on pent mettre la (y) sous la forme 
(0 HpP25oThs(y). 

Les {b) et (^ sont les premisses d'un syllogisme, dont la consequence est 

HpP25oThsP25. 

Thiar^me. — **Si la limite inf6rieure des nombres fi' est finie (comme cela 
arrive dans les hypotheses de la proposition pr6c6dente), elle est une valeur 
limite de la fonction/x": 
26. HpPll. li/u'eq.Q.lif^'flim/x. 

En effet, appellons I cette limite inf6rieure, c'est-i-dire posons 

(a) ^ Z=V. 

La definition de la limite inf6rieure d'une classe est (Form. V, §3, Pi'), 

(^) ueKq Jeq.Q ::l=\iU.= .\ u^{l—Q) = Ji:yel+Q.Qy.u^{y—Q) -^ =j^. 

** iitant u un ensemble de nombres, et I un nombre fini, on dit que I est la limite 
infferieure des w, lorsqu'il n'y a pas de nombre u inf6rieur a Z; mais, quel que 
soit le nombre y sup^rieur ^ /, il y a toujours des nombres u inf^rieurs Jt y." 
Posons dans la (/3) fi' au lieu de u] par HpP26, hypotheses que dans cette 
demonstration nous sousentendons toujours, I'hyp. de (/S) est vraie, et on ne 
recrit plus; et la (a) se transforme dans Tensemble des deux propositions 
(y)et.(5): 
(y) fi'^(i-Q;)=A> 

(8) y«z + Q.o„.i«'-(y-Q)~=A- 

Transformons d'abord la (y). Op6rons par le signe me; on a : 

Substituons k mei^ sa valeur donii6e par la F22; remarquons tout de suite que 
msq^.mel — Q se r^duisent d, mel — Q, car la premiere condition est con tenue 
dans la seconde ; on a : 

(0 »n6?-Q:aeq./[«->(a + Q)]-^(»i + Q) = A.~=.A— «A- 
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Or la proposition a,, b,^ '^=y A* =» A» '* ^^ ^V * P*^ ^® valeur de x qui satisfasse 
& la condition a^, et telle qu'on puisse determiner un y qui satisfasse k la condition 
bg^y^ est identique ^ la proposition a«6;ry=*, yA» **^^ ^'y ^ P^ ^® valeurs de 
X et de ^ qui satisfassent aux conditions aj)^^^ (Intr. §18, P3). Appliquons 
cette transformation k la (^), en supposant que x soit tn, y la a, que a« repr6- 
sente la mel — Q, et b^gy toute la proposition entre (:). On a: 

(>?) mel — Q,. aeq ./lu^{a + Q)] -- (w + Q) = a. =^, ^^. 

Transportons le troisi^me facteur dans le second membre, par Pidentit6 logique 
aft = A • = • «0 '^ ^ ; on a : 

(6) wiaZ— Q.a€q.Oa,«./[t*-(a + Q)]-s(m + Q)-=A. 

Posons ? — A au lieu de iw ; la mel — Q devient I — hel — Q, ou AeQ, et on a : 

(t) h^.aB<i.Oa.^'/[u^{a + q)]^{l-h + Q)^=zji. 

"Quel que soit le nombre positif ^, et quel que soit le nombre a, il y a toujours 
de valeurs de/[u^^{a + Q)] plus grandes que I — A." 

Maintenant transformons la prop. (6). Posons / + A au lieu de y ; on a : 

Op6rons la th^se par me ; substituons k me(J sa valeur donn^e par P22 ; r6dui- 
sons les deux propositions me(\ . mel + A — Q k la demi&re [cfr. la transforma- 
tion de la (y) en (^)] ; la (x) devient 

W AeQ-0*--wie?+A — Q:aeq./[w^(a+Q)]^(m+Q)=:A.'-=aA•'^=mA• 
Or une proposition de la forme a,:6y.c,^y . -^=^^1 -^ =^A 0^ y a des a; qui 
satisfont k la condition a^ et tels qu'il y a des y qui satisfont aux conditions 
by . Cx^ y) est identique k la proposition 5y : a., . c.^ ^ . -^ =ajA- '^ =yA» transforma- 
tion analogue k celles que nous avons d6ji appliquees plusieurs fois (Intr. §18). 
Appliquons cette transformation k la th^se de la (y) ; les lettres x et y sont ici 
m et a; a^, est mel+h — Q, by est aeq, et c^y est /[u^^ {a +Q)']-^{m +Q) =j^; 
la {X) se transforme en : 

{(i) AfQ . Oa .-. oeq : mel+h — Q ./[ti^(a+Q)] ^ (m-f Q) = A- -^ =mA' ^=aA' 
Or on a : 

(i;) ae(i.mel+h-q./[u^{a+q)']^{m + q)=j^.0.f[u^{a+q)]ol+h-q. 
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** Etant a un nombre, m un aombre plus petit que Z + A, s'il n'y a pas de valeur 
de /[w'^ (a + Q)] sup6rieure a ?w, alors toutes les valeurs de f\u^^{a + Q)] 
sont inf6rieures S. Z + A." En effet/[M ^-- (a+Q)] '^(^ + Q) = A ®^* identique 
^ /[w/— -(a + Q)] Qm — Qo; la classe m — QoO^ + ^ — Q> t^^* nombre non 
8up6rieur ^ m est inf6rieur a Z+A; done /[w^^(a + Q)] (3?+^ — Q. Dans 
la (r), I'Hyp. contient la lettre m, qui ne figure pas dans la Th&se ; on la 61imine, 
selon les rfegles connues (Int. §18, PlO), et Ton a : 

(f) afq:m6Z + ;i-Q./[ti-^(a + Q)]^(m + Q)=A.-=.A:0- 

Or 6tant a et 5 des propositions, de aQh on d6duit a'^ = A-0'^'^=A (Form. I, 
§3, Pi 4). Done, en operant sur les deux membres de la (^) par le signe ^ =aA^ 
on a: 
(o) T!h8{ii).o:a6q.f[u^{a + q)]ol + h-q.^=aA' 

Par le syllogisme, de {(i) et (o) on tire 

(7t) AcQ . Oa : acq ./ [w -- (a + Q)] Z + ^ — Q . - = .a- 

"Quel que soit le nombre positif A, on peut d6terminer un nombre a tel que 
toutes les valeurs de la fonction, pour a > a, soient plus petites que Z + A." 

Nous avons done d6compos6 la (a) dans Tensemble (y)(5), transform^ la {y) 
en (t) et la {S) en {n) ; nous allons recomposer les (j) et (n) . Soit h une quantit6 
positive, a une quantity choisie de fapon que toutes les valeurs de/[t^^^(a + Q)] 
soient plus petites que ? + A ; soit b une quantity quelconque, appellons c le 
plus grand des deux nombres a et & . Sera c un nombre ; done, en substituant c 
h a dans (i) on a : 

(p) A6Q.acq./[w^(a + Q)] 0? + A — Q.5fq.c = max(a, b).Q. 

*'il y a des valeurs de /[t^'^(c + Q)] plus grandes que I — A." Or, puisque 

c>aj onac + QQa + Q, tout nombre superieur k c est aussi sup6rieur ka; 

en multipliant par u : 

u^{c + q)Qu^{a + Q)] 

op6rons par le signe /(Form. I, §5, P5) ; la relation subsiste dans le meme sens : 

/[ti-(e + Q)]o/[^-(a + Q)]. 



Exerdce de logique mathematiqve. 57 

Mais par Hp(p),/[ii-^(a + Q)] qI + A — Q; done 

((x) Hp(p).o./[ti-(c + Q)]0? + ^-Q» 

**toutes les valeurs de/[w^(c + Q)] sont plus petites que ? + A." On peut 
aussi 6crire cette deduction sous la forme 

/[u^(c+Q)]=/[u^(c + Q)]^(Z + A-Q). 

par ridentit6 logique aQb. z^ .a^^ab (Form. I, §1, P33). Substituons dans le 
second membre de la (p) k/[u-^{c + Q)] sa valeur qu'on vient de trouver ; on a 

{r) Hp(p).o-/[t^-(c + Q)]-(Z + A-Q)-(/-A + Q)- = A. 

On peut remplacer {1+ h — Q)^{l—h + Q) par Tintervalle (/ — h) ~ (l + h)] 

et Ton a : 

(v) Hp(p).o./[t^-(c + Q)]^(Z-;i)-(Z + A)^=A» 

**il y a des valeurs de /[m— ^(c + Q)] apparteuant a I'intervalle de I — h k 
1 + hf d'autre cot6 on a 

d'oii . c + Qo^ + Q, 

/[u-(c + Q)]0/[t^-(6 + Q)], 
/lur^{c + q)]^{l-h)-{l + h)oflu^{b + Ql)]^{l-h)-{l + h). 

Paisons suivre les deux membres par le signe ^ znj^] la relation subsiste dans 
le meme sens (Form. I, §3, Pl4); on obtient 

(4>) Ths(l;).0./[^i'-(6 + Q)]-(^-A)-(^ + ^)-=A• 

Des premisses (i;) et (^), par le syllogisme, on a B[p(p) q Ths(^), ou, en 
d^veloppant 

{%) *eQ.afq-/[w^(a + Q)]0^+^ — Q-*^-<^= max(a, b).r^. 

/[u-(6 + Q)]-(Z-A)-(Z + A)'-=A. 

L'Hp(;^) contient les lettres aet c qui ne figurent pas dans la th^se. On 
61imine c en supprimant la proposition c=max(a, 5), car 6tant a et 5 deux 
nombres, il y a toujours le plus grand. On 61imine a par la r^gle connue 
(Int. §18, PlO), et 1-on a : 

{^) . AfQ:aFq./[f.-s(a + Q)]oZ + A-Q.^=,A:66Q.o.Ths(;c). 
8 
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Mais la deuxi^me partie de cette hypoth^se est contenue dans la premiere, 
comme dit la {n) ; on pent done la supprimer, par la r&gle aQb . = . a = a5 ; on a : 

(g)) heq.bBQ.O'/[u^{b + q)']^{l-h) — {l + h)^=j^. 

Mais, par la P6, la (a>) est identique k. 

lelimfx, 
qui est la proposition k d^monti-er. 

Analoguement on a : 
26'. HpPll. Vfjt^eq.o.Vfiielimfx. 

II suffit en effet de faire quelques changements des signes + en — et 1' en li dans 
la demonstration de la P26 pour demontrer la 26'. Mais, puisque cette demon- 
stration est assez longue, et dans cette Note nous nous proposons d'6tudier les 
diffgrentes formes de raisonnement, on pent d6duire la 26' de la 26 par la 
transformation suivante. On a (Form. V, §3, Pi 6), 

ou, en 6crivant toutes les lettres, qu'on ne peut pas ici sousentendre (voir P21 

et P21'), 

(a) lVi(/,«)=-li[-f*i(/.t*)]. 

Mais on reconnait facilement que 

'4a classe des nombres (ii^ correspondants k la fonction /, et a la classe Uy 
chang6s de signe, est identique k la classe des nombres fi', correspondants k la 
fonction — /, et h, la meme classe u." Done: 

ir) i>x(/,w) = -V(-/, «). 

Maintenant, par la F26, que nous venons de demontrer : 

(5) V (— /, «) 6 lim,, „. .— /» . 

II est aussi facile de prouver que 

(f ) lim., ,.,—/»=— lim,. ^ ./x . 

De la (y) , (5) et (e) on d6duit la P26'. 



X 
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TTieorbme. — **Ayant u et/lsL meme signification, si ni oo ni — oo ne sont des 
limites de/x, alors il y a des valeurs finies, limites de/a." 

27. HpPll. 00 ~ elim/c. — oo~ elimfx. Q.q^^limfx^ = A- 

En efFet, la P25 et la P26 sont : 

(a) HpPl 1. oo^ 6 lim/x . — oo '^ ^ \imfx . Q . V'eq , 

{(3) HpPll. Vfq.Q.iyelim/ic. 

On en deduit 

(y) HpPll. oo-^ f lim/x. — oo'^ elimfx.Q. lififeq^^lim/x. 

La forme de cette d6duction est, que si obQc.acQd.Q.abQcd, oil a = HpPll, 
6 = ( 00 '^ 6 lim fx) {— Qo ^ e lim fx) , c = (li/t^'fq) , et d = (Ij^'e lim /x) . Cette 
formule de logique n'est pas explicitement contenue dans le Form. ; mais elle est 
reductible aux formes que y sont contenues. Or, 6tant u une classe, de xeu on 
d6duit 1^ '^ = ^ , (si x est un individu de la classe u , alors la classe u n'est 
pas nuUe) ; done : 
(5) Ths(y) . . q -- lim/x -- = A- 

Les (y) et (S) sont les premisses d'un syllogisme, qui a pour conclusion la propo- 
sition a d^montrer. 

Dans la P27 transportons les Hpoo-^ £ lim /a. — oo'^^lim/a; dans le 
second membre, selon Tidentit^ logique abcQd . = . aQd ^^^b^^ '^c (Form. I, 
§2, P25). On a: 

(a) HpPll. Q.q-^\im/x^ = \.^^ . (» Blimfx.-^. — (» elim/x. 

**0u il y a des nombres finis qui sont des limites de /r, ou Too, ou — oo en 
sont des valeurs limites." La prop, oo e lim/a; est reductible a la forme 
L 00 /^lim/aj '^ = A- ®t la (a) devient : 

(/3) HpPll. Q.q-^lim/c~=A-^-^.ta>'-^lim/x'^=A-'^-(^ — co)^^\im/x^=zj^. 

La formule a ^ z=j^.^.b ~ = A- = . a ---' 6 ^ =a (Form. I, §3, P9) transforme 
la(/?)en: 

(y) HpPll. o.(q'--^lim/x)^-^(too.--.lim/a:)^-'(t — oo.--slim/x) '^ =a 

et la (a '^ c) ^--' (6 -^ c) = (a ^-' 6) ^^ c (propri6te distributive de la multiplica- 
tion, Form. I, §2, P22), transforme la (y) en : 

{S) HpPll. o.(q^-'too wt_ oo)^lim/x~ =A. 
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Celle ci, par la definition PlO, devient 

28. HpPll. . lim/x '^ = A- 

**Toute fonction /c, donn6e pour les vale urs de la variable appartenant k un 
ensemble illimite 8up6rieurement, lorsque la variable tend ii, I'oo , a des valeurs 
limites." 

TIik>rhne. — ** Si un nombre z est sup6rieur a quelque nombre m de la classe 
fii, il n'est pas une limite de/x." 

29. HpPl 1. mBfJ. zem + Q . . z ^ e lim/r . 

En efFet, posons A = « — w ; h sera une quantity positive. Toute Tintervalle de 
z — h k z-^ h sera contenue dans Tintervalle de m k oc, car 

{z — h) {z+h) = {z — h + Q)^^{z + h — Q) par la definition de Tintervalle 

(Form V, §4, P4l), 

(2 — A + Q)^(2 + A — Q)02; — A + Q, par la formule ajQa (Form. I, §1, P5), 
z — A + Q = wi + Q, puisque z — A = m . 

Done : 

(a) meq . zem + Q.A = z — m.Q. heQ ,(z — h) (z + A) Q m + Q . 

Maintenant soit a un nombre tel que/[u^^{a + Q)']^^{m +Q) = A5 ^^^^ aussi 

/[i^-(a + Q)]^(z-A)-(z + A) = A 
par la formule de logique a^b . be =A- -^^ = A (Form. I, §3, P31) ; et Ton a : 

(/?) HpPll. Hp(a).«q./[i/-.(a4-Q)]-(m + Q)=;=A-0- 

heq.aeq ./[u^{a + Q)] ^(2 — A) — (z + A) = A- 

Nous avons dans la Ths. r6p6te THp. aeq, par la formule de logique 
aQb. O-aQaft (Form. I, §1, P29). Or, par la P8 on a: 

(y) Th8(/?).o.2-elim/x, 

des premisses (^) et (y) on a, Hp(/3) 3Ths(y), ou, en d6veloppant : 

(3) HpPll. meq.zem + Q,.h = z — m .asq ./[u ^ {a + Q)] --^{m + Q) = A-0- 

z ~ elim/x. 

On 61imine la lettre h, qui ne figure pas dans la Ths., en supprimant la proposi- 
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tion A = z — m, qui est sa definition. On 61imine a par le proems bien connu 
(Int.§18, PlO), 

{b) HpPll. TWfq . Z6m + Q : aeq .f{u ^ (a + Q)] ^ (m + Q) = a- -^ =aA- • 

z ^e Wvafx. 

Or, par la P22, T/ieq :afq ./[t^^--^ (a + Q)] --^(m + Q) = A- '^ =aA ^^^ identique S. 
me//' ; en substituant, la (g) se transforme dans la proposition a demontrer. 

Dans THp. de la P29 11 y a la lettre m qui ne figure pas dans la Ths. ; 
61iminons-la ; on obtient : 

(a) HpPll. zeqimefi'.mez — Q . ^ =^^: q.z ~ glim/a:, 

Or fi! -^ {z — Q) '^ = A " i^ y ^ ^^^ nombres de Tensemble ^', plus petits que z'^ 
est identique 4 2 ]> lift!, " la 2 est plus grande que la limite inf6rieure des (I'J^ 
Sdbstituons dans la {^) ; on a le th6or^me 

30. RpVll. z€q.zy>\ifi .Q.z^ elim/x. 

*' Si z est un nombre plus grand que la limite inf6rieure des nombres (i\ il n'est 
pas une limite de /x ." Analoguement on a : 

30^ HpPll. zeq.z<i Vfii .Q.z^ e lim/a. 

On d6duit que la l^fi' et Vfii, lorsqu'elles existent, sont respectivement le maxi- 
mum et le minimum de la classe lim/x. 

II est intfiressant le cas oiH il y a une seule valeur limite de la fonction. 

Appellons-la y. Pour indiquer que y est la seule valeur limite de /», sans 

introduire des notations nouvelles, il suffit de dire que la classe lim/x est 

identique k la classe form^e de I'individu y, or cette classe est indiqu6e par 

ty ; done nous 6crirons 

lim/x = ly. 

Dans la pratique on pourra sousentendre le signe ( ; et 6crire (comme avons vu) 
yelim/x pour indiquer "y est une limite de/x,'' et (selon Thabitude) y = lim/x 
pour indiquer **y est la limite de fxJ' Mais ici nous adopterons la notation 
compile (voir Int. §31). 
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Th^hme. — "Ayant u et/la signification connue, et 6tant y un nombre fini, 
la condition n^cessaire et suffisante pour que y soit la limite de /x, est que la 
limite inferieure des nombres (i\ et la limite sup6rieure des nombres (ii coin- 
cident avec y": 
31. HpPll, yeq.Q :ty= lim/x. = . V= l'f^i = y. 

En eflFet, des HpP31, si lim/x=ty, puisque y^=zao, c'est-a-dire puisque 
oo^sty, en substituant i ty sa valeur 6gale lim/x, on a oo'^ a lim/x : 

(a) HpP31. ty = lim/x.Q. 00^ alim/c. 

Analoguement 

(/3) HpPSl. ty = lim/x,Q. — oo^alim/x, 

Composons les (a) et {(3) : 

(y) Hp(a) . . 00 '^6 lim/a; . — oo ^ e lim/x 

de la P25 on a : 

(5) Hp(a).Ths(y).o.V»lVq- 

Supprimons ici Th8(y) , qui, par la (y) est consequence de Hp(a) ; on a : 

(e) Hp(a).o. V, r^i^q. 

Or, en multipliant les propositions 26 et 26' on a : 

{0 Hp(a) , Ths(6) . . V, l%s lim/x. 

Supprimons Th8(£), qui est cons^uence de Hp(a), comme dit la prop. (£); 
d6veloppons le second membre ; on a : 

(rj) Hp(a) . . lifi' B lim fx . V(jLi € lim fx . 

Substituons k lim /a sa valeur 6gale ty, comme dit Hp(a) : 
{$) Hp(a) . . lifi'evy . VfiiSiy. 

Or le groupement des signes ft est identique au signe =; en substituant, et en 
d^veloppant Hp(a), on a : 

(i) HpPSl. lim/a; = ty.o.V = y.l>i=:y. 

B^ciproquement, de la P 26 on a: 

{x) HpPSl. y = V = l>i . . ye lim /a , 

W Hp(x).o.V, l>ifq. 
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Or si une classe a une limite mf6rieure, ou une limite sup6rieure elle eziste, 

effectivement : 

ueKq . I'wq .q.u^ =^. 

Cette formule n'est pas ^crite dans le formulaire ; on fera bien de Tajouter. 
Dans notre cas : 

ill) Hp(x).Th8(;i).o.iu'-=A-i^i'-=A- 

Supprimons Ths(;i) qu'est consequence de Hp(x) , par la prop. (X) ; on a : 
(v) Hp(;e) .Q.^' - =A-f^i - =A- 

Or (P23 et P23') , f^' ^ = A signifie oo -^ f lim fx] et f^i -^ = A sigi^ifi© 
— 00 ^ € lim fx ; done : 

(^) Hp(x).3. 00'^ e lim /a. — 00'^ 6 lim /a;. 

La P30 dit dans notre cas : 

(o) Hp(*) • 2«q . 2 >• y . Q . 2 '^ 6 lim /x. 

A zsq.z^y substituons zey + Qy transportons le deuxifeme membre, et expor- 
tons Hp(;c); la(o) devient 

{n) Hp(x) .Qizey + Q.Z6\im/x. =,a 

et, en operant la.Ths. par ze, 

(p) Hp(;e).o.(y + Q)^Um/x=A. 

Analoguement la P3(y devient 

if/) ' Hp(x). . (y - Q) - lim /a: = a- 

Or, P20, lim /x = (q^'toowi— oo).-^ lim fx. L'ensemble des nombres r6els 
q se decompose dans les nombres inferieurs, 6gaux, et sup6rieurs k y; q = (y — Q) 
^ty^(y + Q); done 

(<t) Hp(x) . . lim /a; = [t oo s^ (y + Q) s^ ly w (y _ Q) w^ t (— oo)] ^ lim/a;. 

Or la (^) dit que t oo ^-^ Km /a; = a> ^t que (t — oo) .-^ lim /a; = A 5 ^^^ (p) ®* (pO 
donnent (y + Q) ---^ lim /a; = A» ^* (y — Q) '^ lim /a; = A; ^^^^ 1* (^) se 
transforme en : 
(t) Hp(x) . . lim /a; = ly -^ lim /a?, 
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qui, par Fidentit^ logique a=:ab . =^ , aQb devient 

(v) Hp(;c).o.lim/a;oty. 

On peut 6crire la (x) sous la foriue : 

(4>) Hp(x).o.tyolim/a;. 

Composons les (v) et (4>) ; on a, en d6veloppant Hp(x) : 

ix) HpP31. y = \^'= Vfi, . . lim/x = Ly. 

Les propositions (t) et (x) ont la forme ab^c . acQb , qui est r6ductible k la forme 
aQ . 6 = c* ; en faisant cette corabinaison des (t) et (;^) on a la proposition k 
d6montrer. 

Nous voulons enfin r6duire la proposition lim/a; z= ty h, une autre forme, et 
pr6cisement a la forme qu'on prend g6n6ralement par definition : 

32. HpPll. y€q.Q.\\\im/z= cy. 

= ::fieQ . 0* /. aeq ixeu.x^a.Q^. mod {/x — yXh:^ =aA- 

**Ayant w et / la signification connue, si y est un nombre fini, la condition 
n6cessaire et suflBsante pour que la limite de fx se r6duise au nombre y, est que, 
pour toute valeur du nombre positif h, on puisse assigner un nombre a, tel que 
Ton ait mod {fx — y) <C ^ pour toutes les valeurs de x, appartenant k Tensemble 
u , et sup6rieures Ji a ." . 

En eflFet, le th6or^me precedent transforme la proposition lim/x = ty en 

(a) HpP32. V31. o:lim/x=Ly.= .y = 1^ = Vfi^. 

Supposons done y = lifx' = Vfii ; prenons un nombre positif h ; puisque y est la 
limite inf6rieure des [i', on peut determiner un nombre m', appartenant k Ten- 
semble [i', et plus petit que y + h] et puisque y est la limite sup6rieure des (ii, 
on peut determiner un nombre rrii de I'ensemble f^i, plus grand que y — h: 

(/?) HpP32. y = V = lVi.A6Q.0:^V-w'<y + /i. 

'^ =m' A • ^i«/^i • ^1 > y — * • ^ =m, A- 

Et 6tant m' et m^ les norabres dont on vient de parler, par la definition de fi' 
et (ii, on pourra determiner un nombre a' tel que nuUe valeur de/[ti.--.(a' + Q)] 
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ne soit plus grande que m\ et on pourra determiner un nombre ai analogue pour 
la classe fii : 

(y) Hp(/3).mV. ^'<y+h.m,eu,.m,>y-h.o : a'6q./[w-(a'+Q)]--(/w' + Q) 

= A- '^ =a' A-«i«q •/[w^(ai+Q)]^(»Wi — Q) = A- '^ =a.A- 

Or, 6tant a' et ai les nombres dont on vient de parler, si Ton norame a le plus 
grand des nombres a' et Ui , il est facile de voir que les valeurs de/[ti -^ («+Q)] 
sont comprises entre y — h et y + h: 

(5) Hp(y).a'6qy[t.-(a'+Q)]-K + Q)==A-«i^q-/[^-(«i+Q)]--K-Q) ' 
=A.a= max(a', aj) . o ./ [?* ^ (a + Q)] q (y — h)—{y + h). 

On prouve cette deduction par des transformations connues. Des Hp. on a a>a', 
d'ou a + Qoa' + Q,/[ii-(a + Q)]o/[ri--(a' + Q)]; mais /[w^ (a' + Q)] 
-^ (w' + Q) = A» par HyPv done /[w^ (a + Q)] -- {m' + Q) = A» P^r la 
formule de logique a^b . 6c = a • • «^ = A- 

Analoguement on a a>ai, d'oii /[w^-^(a + Q)] o/[u^^ {a^ + Q)] ; mais 
/[n- (ai + Q)] ^ K-Q) =A, donc/[u^(a + Q)] -^(Tni- Q) = a- 

On peut 6crire ces deux relations sous la forme /[u'^{a + Q)] q m' — Qo, 
/[w -^ (a + Q)] ^1 + Qo ; 6ft los composant, on a : 

/[t/-(a + Q)] 0(771' -Qo)-K + Qo); 

mais 77i' et m^ sont des nombres de Pintervalle {y — h) (y + A) ; done 
(77*' — Qo)- (77*1 + %,)o{y-h) -{y + A), d'oii la Ths. de (5). 

On peut multiplier la Ths(5) par acq , qui est une consequence des Hyp. : 

{e) Hp(5).0.a.q ./[a^{a+Q)] Q {y - h)-{y + h). 

Or de la Ths. de la (e) "a est un nombre tel que . . . . " on deduit *'on peut 
determiner un nombre a tel que ....". Nous pouvons 6noncer en g6n6ral cette 
forme de deduction. Etant a^ une proposition coutenant la lettre a, on a 
^*0-«a;'^ ^=^ajA **^^ ^« ®^* vraie, il y a des x qui satisfont k la condition a^.," 
dans notre cas : 

(0 Hp(5).o:a.q./[u-(a + Q)]o(y-A)-(y + A).-=,A- 

Dans cette thfese la lettre a est apparente ; elle ne contient que les lettres 
/i ^» y» 'm I'Hyp* contient encore les lettres a, a', ai, m^, ttIj, que nous 61imi- 
nons. On 61imine a en supprimant sa definition a = max (a', ui). On 61imine 
9 
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a' et aj , en supprimant les propositions qui les contiennent, comme dit la (y) ; 
on 6limine m! et rrii en supprimant aussi les propositions qui contiennent ces 
lettres, comme dit la (/8) ; et Ton a : 

(>7) HpP32. y = V = l'f^i.;i6Q.o:a6q./[a^(a+Q)]o(y— A)— (y+A).-=^^^ 

Exportons une partie de I'Hp. : 

(0) HpP32. y= V==l>,.o/.A6Q.O.:afqy[w-(a+Q)]o(y-A)-(2/+A).^ 

• R^ciproquement, si h est une quantit6 positive et a un nombre tel que toutes 
les valeurs de / [t^ '--' (a + Q)] appartiennent a Pintervalle dey — Aay + A, il 
n'y a pas de valeur de/[w-- (a+Q)] 8up6rieure a y+h, ni infSrieure h,y — h\ 

(0 HpP32. ;iaQ.a6q./[ti-^(a + Q)]o(y-A)-(y + ^).0./[^-(a+Q) 

Mais si / [a --^ (a + Q)] ^^ (y + A + Q) = ^ , y + A est un nombre de Tensemble 
fj ; analoguement y — A est un fi^ : 

{x) . Hp(t).o.2^ + Ae/u'.y — Ae^i. 

Done l]f^'^y + A, Viii>y — A; et en tenant compte de la P25 on a: 

{X) HpP32. A6Q.aeqy[a--(a+Q)]o(y-A)— (y+A).o.y+A>V>l>i>y-A. 

Bliminons a, qui figure seulement dans I'Hyp. : 

(^) HpP32. A6Q:a6q./[t.-(a + Q)]o(y-A) — (y + A)A=„A-0-Ths(X). 

** Si A est un nombre positif, et si Ton pent determiner un nombre a tel que . . . . , 
alors les quantit&i y + h, Ijf^', Vfii, y — A forment une* suite d^croissante." De 
la {(i) on tire 

(v) HpP32 .-. AfQ. o,:a6q./[ti-(a + Q)] o(y - h) — {y + A) . 

On pent enoncer la loi avec laquelle on passe de la (ji) k la (r). La (fi) a la 
forme abc^d, la {v) a la forme a • b^c. Q . b^ ; la loi est done : 

On ne trouve pas cette formule logique dans le Formulaire ; mais, en important 
toutes les Hyp. on la r6duit a des formes qui y sont contenues. La (y) signitie 
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**8i quelque soit le nombre positif h, on peut d6terminer un nombre a tel 
que, . . . . , alors, quelque soit le nombre positif A, on a que ... ." 

Maintenant, de la Ths. (v) , ** quelque soit 7i, on a y + A>liji£'>P|Mi>y— A," 
on d6duit y = 1^^' = I'^i ; done : 

(0 Hp(i;)0.y = V=l>,. 

Les prop. {$) et (^) ont la forme ab^c . ac^b ; leur ensemble est done r6ductible 
k la forme aQ.b=:c: 

in) HpP32. 0::y = V = l>i. 

= .\h^.Q^:aeci./lu^{a + Q)] o(y — A)" (y + A). -^ =aA- 

Substituons ici a y = li/ti' = I'/t^i sa valeur lim/c = ty, comme dit la (a). Au lieu 
de /[W'^(a+Q)] — (y — h) (y+A) on peut ecrire x€U.x'^a.Q.mod{/x—y)'^h', 
et la (n) se transforme dans la proposition a d^montrer. 

Maintenant on pourrait se proposer de developper la th6orie des limites, et 
de g^nSraliser les propositions connues, lorsqu'il y a une seule limite, en les ren- 
dant valables sans faire cette hypoth^e. Par exemple le th6or^me de Cauchy : 

/sqfN . hm.. ,. « [/{x + 1) -A] eq.o . lim ^ = lim [/(« + 1) -/x] . 

X 

'* Etant / une fonction r6elle definie pour les valeurs enti^res de la variable, 
c'est-^-dire, 6tant /l,/2,/3, . . . . une suite de nombres, si la limite de 

/{x + 1) — fx a une valeur d6termin6e et linie, alors la limite de ^ coincide 

X 

avec la limite pr^c^dente," se g^n^ralise en : 

/eqf N . . lim A Q med lim [/(a + 1) - /x] . 

X 

** Quelle que soit la suite /I, /2, .... , toute valeur limite de ^ est moyen 

entre les valeurs limites de la diflF6rence/(a; + 1) — /x." 

Mais nous arretons ici notre exercice. On remarquera que la Logique 
math6matique repr6sente avec le plus petit nombre de conventions toutes les 
propositions de math6matique, meme celles trfes compliquees, dont la traduction 
en langage ordinaire serait fatiguante. Mais elle ne se reduit pas simplement 
k une 6criture symbolique abr6g6e, k une espfece de tachygraphie ; elle permet 
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d'6tudier les lois de ces signes, et les transformations des propositions. Nous 
avons expliqu6 les lois que nous avons rencontr6es. D'abord cette analyse est 
longue ; ensuite on voit que ce sont toujours les memes regies qui se pr^sentent. 
On compose ou decompose des propositions, on importe, exporte, transporte des 
conditions, on ^limine des lettres, on forme des syllogismes, etc. Seulement le 
syllogisme a 6t6 6tudi6 par les anciens logiciens ; on n'a d6couvert les autres 
regies qu'aprfes Fintroduction des symboles. Les deux objets de la logique 
math6matique, la formation d'une 6criture symbolique, et T^tude des formes de 
transformations ou de raisonnement, sont 6troitement li6s. Nous terminerons 
avec les mots de Condillac* **Tout Fart de raisonner se r6duit ^ bien faire la 
langue de chaque science. Plus vous abr6gerez votre discours, plus vos id6e8 
se rapprocheront ; et plus elles seront rapproch6es, plus il vous sera facile de les 
saisir sous tons leurs rapports." 

*La Logique, 1780, pag. 137 et 149. 



Theorems in the Calculus of Enlargement* 

By Emort McClintock. 



In my Essay on the Gahulus of Enlargement {Am. Journal of Mathematics, 
11, 101-161), that calculus was described, from one point of view, as an exten- 
sion of the Calculus of Finite Differences, comprising, as its most important 
branch, the Differential Calculus. I argued that the operation of Enlargement, 

indicated by 

E*4>ic = 4> (x + A) , 

is simpler than that of Differentiation, 

that the two operations, e and d , are functions of each other ; that whichever is 
defined last must be expressed in terms of the other ; that d should therefore 
be defined in terms of e, namely, d = logE ; and that the theory of the functions 
of E, or Calculus of Enlargement, is a formal algebra, of which the theory of 
differentiation is that part which corresponds to the theory of logarithms in ordi- 
nary algebra. Spontaneous expressions of approval of these suggestions were 
sent to me by eminent mathematicians of different countries, and I cannot doubt 
that the ideas in question, being founded in reason, will in time find general 
acceptance. 

In that Essay I gave incidentally (p. 146) several substitutes for Taylor's 
theorem, by which the coeJQBcients were exhibited in the language of finite 
differences, or, as I prefer to say, of the calculus of enlargement, without refer- 
ence to the theory of differentiation. My present purpose is to present 
another similar series, corresponding to Taylor's theorem, with a more direct 
proof, and with suitable illustrations, and afterwards to exhibit series corres- 
ponding to Lagrange's and Laplace's theorems. In doing this, several symbolic 



*R6ad before the American liathematical Sooiet7, Aug. 14, 1894. 
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expansions of wide scope will be developed. Numbers preceded by the letter 
E will, wherever they occur, be understood to refer to the numbered equations 
of the Essay in Vol. II. 

Let B = B — z, 

so that B4>x = 4> (a; + 1) — z^x , 

and let cc"*^ z=zx(x — l){x — 2) .... (x — m + 1) , 

as in ^ 271. Then* 

_2ja:-fl-m(^ + 1 — X + m — l) x"^'^^ 

Similarly, BV-''*a;'«> =m(m — l) 2*-"^ + ^x'^'-^\ 

B V " "^x"*^ = 771" V "•" ■*■ '*a^-'»> 

It will be observed that BV""*a;*^ = when n > m. Let 4>b be any function of 
E which can be expressed in positive integral powers of b, say, 

4>B = tto + «iB + «»B*/ 2 ! + • . . . (1) 

Then <^E2f -*a;*^ = a^-'^x'^^ + ma^Tf""' +ia;~-^> + 

Let a; = ; then, since 0"*^ = for all values of m greater than , 

4>E(/-~0~> = tn'^>a^z^-"' + ~0~-~/w ! = a^. 

Hence, by substitution in (1), 

4>E = 4>Eo2^ + 4> V'Ob + ^^Eo^"^- WV/2 ! + (2) 

This theorem, doubtless new, may be illustrated in various ways. If, for 
example, it be applied to the problem of interpolation, we may take 2=1, 
^E = E**, and we have, operating on /x, the well-known formula in finite diflFer- 
ences, wherein A = e — 1 , 

/{x + n) =/x + nA/x + n^Wfx/2\ + 



* It will be understood that operations, functions of E , are indicated by symbols which in each case 
apply to all that follows in the same expression ; while functional symbols, such as ^ or/, apply only to 
the letter or bracket which they precede. For example, ^E^'/^'V'^ means that fx is operated upon by 
/b«, the result multiplied by ^, and the product operated upon by 0E^. Continuity and intelligibility 
of results (equivalent in the case of series to convergence) are always presupposed. 
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Let y = z + lc. We know, by j& 112, that 4>Bo/ = 4>y , so that Bjy® = (Ko— ^Tlf 
= (y — zY = Jd^. If now we operate with both sides of (2) upon y® with respect 
to 0, we have, writing z + Aj for y, 

4>(2 + Aj) = 4>z + <^BoZ^-iO.;fe + 4>B/-'0*\Aj*/2! + (3) 

Taylor's theorem declares the value of a,n in 4> (z + A;) = ao+ a-Jc + a^T^j 2 ! + . . • . 
to be D*^ . This series (3) expresses the value of a^ by the use of the simpler 
symbol e, without reference to the operation of differentiation * 

In the use of (3) for the expansion of ^{z-\-k)^ the interpretation of the 
coejQBcients depends of course upon the form of the function denoted by 4>. If, 
for example, ^z = «**, 

E V - '"O"*^ = z* ■" ~n'"\ 

and we obtain the binomial theorem. 

As another illustration of (3), let 4> = log, and we have for the coefficient of 

Te^lml 

log ^ - "*0~> = 0~Mog EoZ® - *" + 2^ "■ log EoO"*\ by £* 1 35, 
= log(l+A))0'*^2r"* 
= [Ao-i A5 + i A§- . . . .] 0->2-« 
= (—l)~-^(7n — l) !«-"*, 

since, by E 279, A^O**' = except when w = m, in which case A"*0*^ = m ! Then 

(3) becomes 

log (2 + Aj) = logz + ^^k — \ z''^J(? + . . . . 

To interpret a trigonometrical expression, say sin BqZ^^'^O'^^ we use the analytical 
definition, say sinB = e — 8^/3 ! + .... , and the result will vary according to 
the value of 5 in m = 4p + g'. If, for instance, wi = 1 , 

sinEo2i^-iO = (Bo — bJ/3! + ... .)z^'-'^0 
= 1 — 2*/ 2! +.... = cos z, 
and the same if ttz = 6 : 

sin Bog"-*0*» = (Bo — eJ/3 ! + ) z^" W 

= 55)/6 ! _ 2«7«V7 ! + 

= 1 — zV2 ! + .... = cosz. 

*In the earlier series, ^818, ou is represented in the form xr*^(«Eo) 0". The form in (8) is 
9Bo«^"*0*\ so that («Bo) (T* must be equivalent to 0Bo« 0*'. It is in fact easy to prove that ^ («Bo) V^ 
= ^BoJB*V^ . See ^98. 
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Again, if m = 3 , m = 7 , . . . . , we have the same result with the opposite 
sign, viz. — cos Z] if m = 2 , m = 6 , . . . . , — sinz-, and if7W = 4,7?i = 8,...., 
+ sin 25. If, therefore, we write sin for ^ in (3) we obtain 

8in{z + k) = sin 2 + cosz.A; — 8in25.A^/2!+ .... 

In more complicated cases the coefficients are to be interpreted by observing 
general rules (equivalent to the usual rules for differentiation) which may be 
derived and proved, without reference to limits or diflFerentials, by analytical 
methods alone, analogous to those laid down by Lagrange in his Galcul dee 
Fonctions. 

I would not be understood as suggesting this formula and other like formulae 
mentioned in the previous paper referred to as improvements upon Taylor's 
theorem. My object is, however, something more than the mere exhibition of 
interesting novelties. This series (3) shows at a glance, what indeed has other- 
wise been abundantly proved, that there exists no barrier, no definite boundary, 
between the branches known as the Calculus of Finite Differences and the 
Differential Calculus. The Calculus of Enlargement, or algebra of the functions 
ofE, comprises both those branches; the differential calculus, which relates to 
D = logB, being that part of the symbolic algebra of the functions of e which 
corresponds to the theory of logarithms in ordinary algebra. Nor would- 1 have 
thought it useful to present this new series (3) at this time at a]l, considering the 
other similar series given in the earlier paper, were it not that it happens to be 
naturally introductory to the presentation of wider and more important theorems. 

The symbolic series (2) is but a special case of this : 

4)E = 4>z + <^BoZ^"*0,a + 4>Eo2^-**0«^.aV2!+ (4) 

Here, as before, ^z = 4>Bo2^; and A represents (b* — 2*)/A, so that b is what a 
becomes when A = 1 ; also, 

^m] :::zx{x — h){x — 2h) . . . . (x — mh + h) , 

so that a^^ is what x"*^ becomes when A = 1 ; so that, in short, (3) is what (4) 
becomes when A = 1 . It is needless to recount the steps, exactly similar to 
those taken to prove (2), by which we may derive (4) ; we may note, however, 
that A^"*"*^'*^ = mz*"'*<*"'^>ic^-^^. 

Apart from the case (2) already considered, the most notable special case of (4) 
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is that wherein A=0. Let A = and z=ze^] then since (x* — l)/^ = loga; 
when A = , a = log e — log z = d — u, and (4) becomes 

4>E = 4>(6*) + <^Eoe^^O(D — ti) + <^V^O*(D — 1^)72 !+ (5) 

If 4>E = log B = D, this yields merely the identity d=zu + T) — u. If ^e = E*, 
and if we operate on/x and divide both sides by e'*", we derive,a curious generali- 
zation of Taylor's theorem : 

e-''''/{x + n) =/x + n{D — u)/x + n^ {d — uf/x/ 2\ + (6) 

When u = , this becomes Taylor's theorem. If in (6), for example, fx = 6***, 
we have 

If y = e*"*"*, and if we operate with (5) upon y®, remembering that ^i^ = ^y, 
we have this interesting result, 

^ (e"+ *) = <^ (6*) + i^EoC-^O .k + <^Eoe*W. i?/2l+ .... (7) 

or, substituting ^ log for 4> , 

^{u + k) = ^u + ^D^'^O.k + <^Doe'^0».ft*/2 ! + (8) 

We have here still another substitute for Taylor's theorem, wherein, as will be 

observed, d;;'<jE)w = ^^d^^^^O**, a relation otherwise derivable at once from ^ 169, 

wher^ 4)D,'4'» = '4'i>oC^4>0 . If in (7), as a special case, we put w=0, we have 

Herschel's theorem, 

4>(e*) = 4)l+4>EoO.A + 4)EoO*.4*/2! + . .. . 

A more useful form of (7), for some purposes, may be 

^(«e*) = 4)« + <^Eo2^0.A« + 4>Eo2®0».4»/2! + (9) 

If for any reason we desire to ignore the operation of differentiation, we can 
determine the successive coeflBcients of (7) by writing 4>^u for ^Eoe^^O*", and 
employing the relation 

4>^EoW«-^0 = 4)Eoe«^0'» + ^ = 4>m + iw . 

For, writing v for in 4>«w, to avoid using two kinds of zeros, we have 

^^u= 4>B,6'*''v~, and 

^^EqU^-^0 = 4>B^e'^?'*w®-^0 

= 4>E^v'*(l+t;Eo+... )w^-^0 

= ^E^v"" {v + i^u + f^u^/2 !-!-....) 

= ^Ey-^^e"^ 

10 
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That is to say, having found the value of the m^^ coefficient as a function of w, 

4>»i^> we take the same function of b as an operator upon it®~^0 to obtain the 

next coefficient. 

The general principle which I have followed, in the earlier paper and in 

this, in the development of theorems of expansion, consists in assuming that 

expansion is practicable, and therefore that the form of the coefficients is all that 

is to be sought; and in finding a series of functions, f^t^fx, . . . • , and an 

operator p, such that p/^a: = mf^_ix, Fffic = ; whence, as in the proof of (2), 

it follows that, for any function 4> which can be expressed in positive integral 

powers, 

4)P z= ^tJqO + 4)Po/iO.P + 4>Pfl/,0.pV2 ! + (10) 

For the simplest series of functions, x^, x\ sc*, . . . . , the operator is d. Another 
series of functions is x^, cr, x{x — A), x{x — h){x — 2A), . . . . , commonly called 
factorials, and represented here by x^\ x^^, x^\ . . • . The operator corresponding 
is B* — 1 , and the resulting series is well known. In the earlier paper I extended 
the then existing theory by devising the more general form of factorial shown 
in E 266 and E 267, 



X 



.w 



=:x{x + amh — A)(sc + amh — 2A) . . . . (sc + amh — mh + h) , 



with the corresponding operator (e~*"+* — w^'^)lh. The result was a very 
general operative series which included as special cases those just mentioned (in 
which respectively A = and a = 0) and others more novel, such for example as 
those in which the operators are 1 — e"*, e** — e"**, db*. In the present paper 
the theorems (2) and (4) correspond to the operators E — z and (e* — 2*)/A 
respectively, the former a special case of the latter. We have now to consider 
a still wider generalization involving the same principle of procedure. 

Let a=(e* — ^)lh, as before, and let x'~' =x(4>B,)"'a;**'"^', where 

x'»-ii = z»-^(ir — A)(a:— 2A) {x—mh-\-h). Also, x'®« = 2", Aa:'®' = 0. It 

is needed to prove that ax'~' = tw^e^"^"^'. 

We may in the first place prove that Aa;'"*' = w^Ea-a:'*"*' by analysis of 
the expression (4>e)~ contained in aj'*"', on the assumption that 4»b can be 
expressed in terms of a. Let a^A* and a^A^ be any terms of 4>b; then a.A^a^A^ 
will be a component of (4>b)'. When 4>b is used a third time as multiplier, let 
a^^ be any term of it ; then a^A^'a^A^ayA^ will be a component of {p^f. In gene- 
ral, similarly, ajip .... a^A*+^"^- • t** will be a component of (4>b)**, a^A** being 
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any term of 4)B when used as a multiplier for the m^ time. Let us denote this 
component by a,A'. The corresponding component of x''"' = x(4)E)'^a;'*""^' is 
therefore a^K'x^^^ ' . Let us denote this by comp x "" ^ Then 

A compx""' = Aa,x{m — ly^aj"*-^-'" 

=:a,(m— iy>(7w— s)a.a:"'-— 2'* 

=.w{m — l){m — 8), (11) 

where w=^a^{m — 2)*~^^x.a5'*~'-"* ' . Similarly, comp (4)e)""^ = a,a;r^ a'""'*, and 

comp wi4)Ex'~""^' =comp m4)Ex(4)E)~"^x"*~^' 
= ma^A'*xa«a7^A'~''x"*-2' 

= ma, (m— 2)— ^ (m — « + /i^ — l)'*>x.x*— +* ' 

= t^wi(wi — 8 + ft — 1). (12) 

The difference between (11) and (12) \& w(s — m(i). This shows that no compo- 
nent of AX • *" ' is necessarily equal to the corresponding component of m^Ex • '"-^ ' , 
except in the case where a = ^= . . . . =/[4, when 8 = m(i, and the difference 
vanishes. In all other cases, however, we may so group the components as to 
find the sum of any group in Ax'"*' equal to that of the corresponding group in 
7w4)Ex''*^^'. As the first of the group, take the component already con- 
sidered. As the next, take that component which is formed as first described, 
but with a cyclic interchange of factors, namely, with a^A^ in lieu of a.A', 
ttyA^ in lieu of a^A^, etc., ending with a^A* in lieu of a^A". The difference 
between the components in this case will he w{8 — ma). In the next case, pro- 
ceeding as before, the difference will be w{8 — m^), and so on, until when the 
group is completed the sum of the differences becomes w{8m — m8) = 0. Since 
the sum of each group in Ax'"*' is equal to the sum of the corresponding group 
in 7w4)Ex''""^', it follows that these two expressions are equivalent. 

Another proof that ax'"*' =/7?^b^'"*""^' depends on the assumption that 
^E can be expressed in powers of B, not necessarily positive or integral. We 

remark first that 

(^e)*x/x= 24>ex^e/x — x(<^E)Vx. ^ (13) 

For, the terms of ^e being of the form aE% 6e^, . . . . , each term of (4>b)^ will be 

of the form a^E** or 2a6E*+^. As regards each term of the form aV*, we have 

the identity 

a^^x/x= 2aE*xaByx — xa^i^fx, 

* As wiU be seen by performing the operation denoted by a. 
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because the performance of the operations indicated produces the identity 
a^ {x + 2a)f{x + 2tt) = 2a« {x + a)f{x + 2a) — a^xf{x + 2a) . 

Similarly, as regards each term of the second form, 

2a6E*+^aj/a:= 2aE"x6Eyx + 2h^^xasrfx— 2xa6E"+yx. 

By summing the terms of both forms we obtain (13). Let/a:=(4)E)'*"*'4<c; then 
(13) becomes 

{f^^fx {^i^y-^'^ = 24>Ea {f^^Y'^ — x (4)e)'^+*'4<c . (14) 

If the equation 

{i^^yx^x = m^Ex (4)E)'" -^4^x — {m — l)x {<^e)'^'4^x (15) 

be true for any value of m, it is true for the value next higher, and so on for all 
higher values; for operating on (15) by ^e, and substituting for the first term of 
the second member its value from (14), we derive at once 

(4)e)'" + ^x4^x = {m + l) ^Ex {^e)'^'4^x — mx {^e)"^ + VaJ . 

But (15) is true, by (13), when m=2, and it is therefore true for all higher 
values. To go back now to a: ' "* ' , its definition is, 

x«'"'=x(<^E.)'^z"-~*(x— A)(a:— 2/0 {x — mh + h). 

If 4^0: = 2*" ~* (a — h) .... {x — mh + 2h)y we have x^"^ ^ = x{<^e)'^{x — mh+h)'^x. 
If we operate upon this with A = (e* — ^)/hj we have 

AX ' "• ' = [(a + A)(4)E)"*a4a — X (4)e)'" {x — mh + h) '^x'] jh 
= {(^eYx'^ '\-{m—l)x (4)e)"*'4'X 
= mq^Ex (4)e)"*"^'4<c, by (15), 
= 7w4)Ex'"""^'. (16) 

Let h = a(4)e)"^ = (4)e)~^a, since all functions of e are commutative; then, 
performing the operation {^e)"^ upon both sides of (16), we find that 

Hx'"*' =inx''*~^', 

ign^\m\ _^n)^|m-n|^ 

H~+^X'~> = 0. 

Let/s be any function of e which can be expressed in positive integral powers 
of H, say 

/E = ao + aiH + a2H72! + (17) 

Then 

/Ex"^'=aox'"l +aimx"^~^> + o^w^^x ""-'»' /2! + , 
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whence, if x=0, . /EO'"*'=a^. 

Substituting this for all values of m in (17), and observing that/EO '^ ^ =/ez^=:/z^ 
we obtain finally this general symbolic theorem : 

/b=/2+/eoO'^'h+/EoO'^'hV2! + , (18) 

where h = (e*— z*)/A^e , and a; ' ~ • = x (4)E,)"'2;^'"* {x — h){x—2h) . . . (x — mh+h) . 
This comprehensive expression includes as special cases all the series already 
mentioned in this and the earlier paper as well as those yet to be given. If 
<^E = E^* and if 2= 1 , we have from (18) the ** factorial theorem" {E 291) which 
was presented and extensively discussed in the former paper, where many deduc- 
tions were made from it. A great number of special cases and applications 
might be deduced from the wider formula (18), but 1 shall confine attention at 
present to a few of the more notable cases. 

Let a: = (y*, — ^)/h^y, so that x is the same function of y as h isof e; then, 
operating with (18) upon y^ with respect to 0, and remembering that fE^^^=fi/, 
we have the following general series for the expansion of a function of y in terms 
of x, when y* = 2* + xh^y: 

/y=/z+/EoO'^'.x+/EoO'*'.a:«/2!+/EoO'»i.ar»/3! + .... (19) 

This looks like Lagrange's and Laplace's series, yet it is new, simple and useful, 

in and of itself I find no indication that any one hitherto has attempted to 

expand in terms of x, by either of the series named, a function of y, when 

i_ 
y* = 2* + xh^y. If we put y* = w, and expand /(w*) by either series, we find 

that 

/y=/2 + 2*->A.x + 2^--*-^[2^-*(<^x)y2].x^/2! 

+ (^'-' ;^)V-*(*^)y'^] .^/3! + . . . . (20) 

This series, also new, is identical with (19) except in form, and may be preferred 
by those who are not acquainted with, or who find a diflSculty in the use of, the 
notation of the calculus of finite differences. If /y = y, we have as special cases 
of (19) and (20) the following new and highly important developments, identical 
except in form : 

yz=2 + z^-*4ws.x + Eo(<?)Ko)V-^(0~-A).x*/2!+ , (21) 

y = z + zi-*<^z.x + z^-*-^[2^-*(<^2)«].xV2! + (22) 
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The manner of employing this biform expression in, determining approximately 
the roots of any equation, y*=:z* + hx^y, is shown in the succeeding paper, ** On 
a Method for Calculating Simultaneously all the Roots of an Equation." 

If, in (20), A=l, we have Lagrange's well-known theorem, where 

fy^fz + <pzfz.x + -A {{^zrfz-l .c^/2 !...., (23) 

corresponding to which we have, from (19), 

fy=fz +/EoO<^ez<^-\ X +/BoO (4)Eo)V-«(0 — l).x^/2 ! + , (24) 

in which the coeflScients have the same value as in (23), but are expressed with- 
out reference to the operation of diflTerentiation. If ^e ^e'^= 1, y = 2 + a, and 
(24) becomes reduced, as a special case, to (3), in which Taylor's theorem is 
replaced by one in which the coefficients are expressed without reference to dif- 
ferentiation. To obtain a corresponding expression in lieu of Laplace's theorem, 
which expands /ha in terms of a, where t« = i//(z + a^w), let ^ = 4'^, and from 
(24) we have 

fu=f^+f'^^Of^Yz'-\x +/i//BoO(4)i/.Eo)V-»(0— l).a:»/2! . . . . , (25) 
Laplace's theorem being 

>=/^ + <^^ ^f^^^+ ^- ii^^r ^/^2] .x^/2 ! + . . . . 

Another new series, akin to (24), may be derived from (19) by putting 

A = , in which case x^y = ^—^ — [^=0] = log y — log z. That is to say, assuming 

z = e", the relation involved is log y = w 4- x^y ; and the series is 

fy =:f{f) +/Eo04)EoC««.x+/EoO (4)Eo)»6««0. a;V2 ! + ...., (26) 

the general term being /EqO (^Eo)'"e^O"'~\ic'*/m!. If, as a very simple special 
case, we put t^ = and 4)y = 1 , we have Herschel's theorem. If log y = t? , and 
if 4)y = '4'logy = ^, we derive from (26), writing /log for /, still another 
important result, 

/i;=/tA+/D^04.D^««.a:+/DoO(^Do)«e««0.a:«/2t+ .... (27) 

Here v = u + x^ , and d© = log Eq = ■^c»=o] • Comparing this with Lagrange's 
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theorem (23) and the corresponding series (24), we see that the coeflScients of 
all three must be identical in value. We have here, in fact, another form for the 
expansion effected by Lagrange's theorem, a form which will be found entirely 
analogous in principle to the ** secondary form of Maclaurin's theorem" given by 
Boole in the second chapter of his Finite Differences : 

/v=/0 +/DoO,t;+/DOlvV2! + 

To reduce (27) to this form we have merely to put w = 0, 4^:= 1, and therefore 
a: = 17. If, without going so far, we put 4^=i 1, the general series (27) assumes 
the restricted form given above in (8). 

Lest the reader suppose that the theorems here developed are not practi- 
cally available, in comparison with those of Lagrange and Laplace, I add one or 
two examples. Let it be required to expand y^ in terms of x when y=^z^^\ 
Referring to (26), we have ^y = y*, so that the general (m*^) term of the expan- 
sion desired is 

Again, to expand y** when y = «+ ay* logy, we shall have from 1(24), as the 
m^ term, 

eJOd^JV~"(0 — 1)(0 — 2) (0 — m + l).x'*/m ! 

=:n (^^ W+*~-~+«(0 + n + km — 1) (0 + n + km—m +1) oT/ml. 

Apart from that in which A= 1, the chief symbolic special case of (18) is 

that in which A = 0. In this case h = (d — w)/4)E, where D = logE=-=- 

(assuming the operations to be with respect to y), and w = l6g2; also 
x'"*' =a; (<^E,)'*e***a;"'~^ But in fact (18) is so sweepingly comprehensive that to 
dwell longer on special cases would only weary any reader not suflSciently inter- 
ested to seek out the cases for himself 

It has been remarked that the coefficients of (24) and (27) must have the 
same value as those of Lagrange's theorem (23) ; that is, that 

ay~' K*')'"-^''^ =-^^^ (*Eo)V-"- (0 - 1)(0 _ 2) . . . . (0 - ^ + 1) (28) 
= /boO(<^Do)~e^O"-^ (29) 
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These relations may, assuming / and ^ developable by Maclaurin's theorem, be 

proved independently as follows. Since /Eoa:®=/a:, and -=-/2;=/Eo2®"^0, 

dz 

{^zYfz = (/EoZ« ->0) . (^Eo) V 

=/EoO(<?>Eo)V-^ (30) 

for, if the general term in /b is aE* and that in (^e)"* is 6e^, the general term of 
the second member is (aE"z^~^0).6EV = a6az*~^''"^ and this is the general term 
of the final form. If we differentiate both sides of (30; m — 1 times with respect 
to z, we obtain (28). Again, the general term of /DqO (4)Do)'*e'® is aDjOftDje*® 
= aaD;~^6Dge^ = aa6e'®2r+^"~^ = aafo8*+^~\ so that (29) may be proved simi- 
larly. 



On FoucauWs Pendulum. 

By a. S. Chessin. 



In this paper we shall consider the motion of a physical pendulum on the 
surface of the earth, taking ipto account the rotation of the earth about its axis. 
The initial velocity of the pendulum relatively to the earth will be supposed 
equal to zero, as in the famous experiment of Foucault with his practically 
mathematical pendulum. The name of ** Foucault's pendulum " is therefore 
retained, although oscillations of any finite amplitude will be considered.* 

(East) Let be a point 

on the surface of the 



( Worth) JT 



(West) Y' 




X (South) 



<ju (South) 



earth ; OXZ the meri- 
dian of this point ; Ckd 
the direction of the axis 
of the earth towards the 
south. Then Z XOo is 
the latitude X of the 
place, QX being the in- 
tersection of the meri- 
dian plane with the 
horizon XOY, directed 
again towards the south ; F in the plane of the horizon 90° from OX and 
towards the east ; OZ in the direction of the force of gravity. Farther, let 
ON be a physical pendulum, Q the angle its axis makes with OZ, the pen- 
dulum being a body of rotation. Let OP, OQ, ON be a system of three 
principal axes of inertia about the point , the axis ON coinciding with the 
geometrical axis of the pendulum, OQ under 90° to ON in the plane OANZ 



* As is weU known, only very small oscillations were given to Foucault 's pendulum. 
11 
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(the plane which would be the plane of oscillations of the pendulum but 
for the disturbance due to the rotation of the earth); OP, perpendicular 
to this plane in the sense shown on the figure. Let farther G be the centre of 
inertia of the pendulum and OG=l] M he the mass of the body; A, A, G he 
the three principal moments of inertia of the pendulum about the point 0; 
yij y2) Yz ^^^ angles which the axes OP, OQ, ON make with the direction of 
the axis (a>) of the earth. Finally, let 6,4), '4' be the three Eulerian angles 
which define the position of the pendulum relative to the earth, i. e. 6 = LNOZ\ 
^=1 Z^ POX; '4' = angle of a determinate plane passing through OiV'and fixed 
in the body, with the plane OZN. Then we shall have 

cos yi = cos Jl cos ^ , 

cos yg = sin Jl sin 6 — cos X cos 6 sin 4) , 

cos y, = sin ;i cos 6 + cos X sin 6 sin ^. (1) 

We shall make use of Bour's differential equations for the relative motion 

dt\dq!,J a^»- dq, ' 

where TJ is the kinetic energy of the absolute rotation, CT + -ff' is the potential of 
the force oi gravity (and not of attraction)* in the case of the earth. Hence 

U+K=MglcoB9, (2) 

7; = i { ^ [(d' + (J cos Y^f + (4)' sin e + (J cos y^f] + O (r + (j cos y,) » } , (3) 

where r = i//' + 4>' cos 6, 

and o is the angular velocity of the rotation of the earth. Bour's equation 
gives first (j^ = '4') , 

WV547y 

as neither T^ nor {7+ ^contains the variable -^^ and thus we have a first integral 

r + (J cosyg = 4^ + 4>' cos 6 + o cos y, = Cj. 

We have supposed the initial velocity of the pendulum equal to zero, hence 
Ci = o cos ^80 ^^^ 



'm)-"' 



r + o cos ^8 = <d cos yaoi (6) 



* rJifl the potential of the force of attraction. 
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where cosyjo means the substitution of the initial values Aqj 4>o i^to the expres- 
sion of cos y,. 



Next take j* = <^ : d^ (^\ _ ?^ — o 



or 



-^ [j1 (^ sin d + (J cos y,) sin 6 + Cb cos y,o cos d] 

= — A(d cos ;i sin 6 [fl' + ^' cos cos ^] , 

leaving oflF the terms of the order of c?* After a slight transformation this 
equation becomes 

-^ [j1 sin* 6 (<^' + o sin X) + Oco cos y^ cos 6] = — 2^0) cos a sin^ 9 sin <^0'. (6) 

If we neglect terms of the order of a>' and higher^ we may substitute in the 
right-hand member of (6) the value of sin*d sin ^.d' calculated in the supposition 
of the immobility of the earth, because this expression has the factor o. Let ^ 
be the angle formed by the axis of the pendulum with OZ in this hypothesis. 
Then we may instead of sin*6sin^.0' in (6) substitute sin^osii^*^-^'- Inte- 
grating the equation after that and putting for brevity 

/i {&) = sin« flo— sin* 6 + -^ cos ^o (cos ^o — cos 6) , (7)i 

/, (0) = ^ sin flo (cos flo — cos «) , (7), 

/j (^) = 0^ — sin 6o cos 6o — (^ — sin ^ cos ^) (7)8 

we shall find 

sin e^'-o ^' ^^) ^^^ ^ + ^^' ^^) +-^» ^^)^ ^^^ ^ ^^^ »^ (8) 

'^ sin 6 ' ^ ^ 

This value of sin0.4>' we now substitute in the third and last integral, that of 
the kinetic energy in the relative motion : 

A {r + sin* e . <^'') = 2Mgl (cos 6 — cos ^o) . (9) 

Now, the expression (8) shows that sin*^.^'' involves the factored*. But this term 
cannot be neglected. This exception is due to the fact that in the right-hand 

*In this problem, like in aU other problems of motions on the surface of the earth, it is useless to 
keep terms of the order of »', if the force of gravity is considered as constant 
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member of (8) sin 6 appears in the denominator. We do not know a priori what 
the minimum vahie of may be. It may perhaps be zero, like the minimum 
value of ^ (i. e. like in the ordinary pendulum), in which case the right-hand 
member of (8) would become infinite ; or it may be of the order of o, in which case 
the same expression would have a finite value. It follows from this remark that 

the term . ^^ \/i {0) sin X + [/» {&) + A (^)] cos X sin ^o[* cannot be neglected 
sin u 

a priori whatever he tlie desired approximation. There are, however, some terms 

in the expression (8) which may be dropped, namely, — sin* 6 in (7)i, 

(^ — sin ^ cos ^) in (7)3. This is obvious. Hence, we must substitute for 

sin*6.<^'' into the left-hand member of (9) the expi-ession *: ^y , where 
/{$) = sin a [sin^^o + -^ cos ^o (cos ^o — cos 6)] 

+ cos a sin 4)0 ["x ^^^ ^0 (cos Oq — cos 6) + do — sin ^o cos Oq] . (10) 
We then obtain the equation 

(imiy=^sm*d{cose-cosdo)-<^'ne), (11) 

the integration of which gives 

co8d = cos6o8nV(<-h T)+ (1 — i6»)cnV(< + T), 
where /Mai 



^^ MglJn V 1 — A* sin* 4» 



' Mgl 
*=8in-|, 

e — ui TT-i • 

2kfi 



(12) 



(13) 



We may write cos e instead of (1 — ie*), then 

cos e = cos ^0 snV {t+ T) + cos e cn^fi {t+ T). (14) 

To determine ^, the equation (8) gives 

^/ • n . f(d) ^ . ^ ^ — sin ^cos^ .--X 

d>' = —QsmX + o ^^A — 0) cos ;i sm Aq =-^-s . (15) 



Ohbssin: On FoucatM^s Pendulum. " 85 



The expression of ^ in function of time is found from (14), where we only need 

4 = sin ^sn ;[£ (< + T) and cos -|^ 
2 2 2 



to put e=0. Then sin ^ = sin ^ sn (m (< + 7*) and cob -|^ = dn ^ (< + ?*) . 



Thus j-j-g is readily obtained in function of t. Let us put 

^ (<) = ^~;^y^^^ andjTi (<) eft = * (0 . (16) 

Then, as easily seen, <t>(<) is a periodical function of the period 2T. We have 
furthermore 

AO) _ i/(0) . i/{n) 

sin»e"~l — cosd l+cos6' 

1 — cos 6 = — 2A? (snV — snV {t+ T)), 
1 + cob6= 2dn*ii{t+T), 

where we have put ri = -^'f and very simple integrations give 

A transformation, which will be easily verified by the reader, gives 

2i ^« 0, iid + ^») ™ L*' e« (|M<) J 

In these formulas, as is usual, 

Substituting the above formulas into (15), integrating and putting for the sake 
of brevity 

iy=-einX + i['^ir+-CW(i_j)], (18) 



86 Chbssin: On FoucauU's Pendulum. 

we shall find 

<^ = <^o + <^^i! + tn-i [n ^M"" + i^F{t) . (20) 

If we put furthermore 



e,o«)- 



►V) 



tg[,.-„F«)] = ,^, (21) 

the motion of the axis of the pendulum may be represented in the following way : 

1. Equation (14) shows that the axis of the pendulum oscillates between the 
positions 6 = 0© ^^^ 6 = e , never passing through the vertical. 

2. The equations (14) and (21) represent a closed cane vnth a plane of symmetry 
which would he the plane of oscillations hut for the disturbance due to the rotation of 
the earth. 

Z. If we rotate the cone just defined, about the vertical OZ with the constant 
angular velocity oN; the combined motion : of the cone about OZ, and of the axis of 
the pendulum on this cone, vnll represent the motion of the axis of the pendulum 
relatively to the earth. 

4. The rotaiion of the cone defined above may take place toioards the west or 
towards the^eaet, or the cone may be fixed relatively to the earth, according to whether 
N is less than, greater than, or equal to zero.* 

In fact, formula (18) can be written in the following way : 

N= — ni sin ;i + w, cos ;i sin ^o> (22) 

* „,=:i:A» + (l-OA!"-^(l-2f)cos6„. (23) 

and it is easily verified that both ni and n^ have always positive values. Hence 

JV^ is = according as 

Wjsin ^0^^ tgX. (25) 

It follows from this discussion that the rotation of the cone defined above, at the 
same latitude, depends 1) on the amplitude of the oscillations ; 2) on the construction 

*Se6 Gomte de Sparre : Sur le mouvement du pendule conique A la surface de la terre. (Thdse de 
Dootorat) 
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of the pendulum, and 3) on its initial orientation. The dependence on the ampli- 
tude and the orientation has been indicated first by Count de Sparre in his doctor 
thesis, in which, however, only the motion of a mathematical pendulum was con- 
sidered. The influence of the construction of the pendulum on the results, as seen 
from the formulas developed in this paper, offers a greater field for experi- 
ments which would be very interesting. 

Formula (22) shows that, ceteris paribus, the absolute value of N is maximum 
or minimum, if the pendulum is started in the plane of the meridian ; maximum if 
initially deviated towards, the north ; minimum if towards the sovih. 

|-^|max.= Wisina + Wjcosa, 
l-^lmiD. = |n, sin;i — w,cosX|. 

In order to complete the solution it remains to deteri6ine the angle '^ in function 
oit. This is done very easily, but the limits of this paper do not allow the 
reproduction of the calculation here. 

To conclude, let us see what the above formulas become in the case of 
very small amplitudes of oscillations, neglecting powers of % higher than the 
second. 

Formula (21) becomes 

and instead of the equation (14) we may write 

e« = 0? cosy + ^ siny . (ny 

The elimination of t between the equations (21)' and (14)' gives the elliptic cone 

h + i!^ . (26) 



1 _ cos^ ^i , sin^^i 



The intersection of this cone with a horizontal plane at the distance ^ A from 
the point and fixed with regard to the cone (26), gives an ellipse with the 
semiaxes 

a = vrZ6o, 
, ^r-T ^A—GJ'^ . ^ 
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2-4 — (7 

A first approximation gives for N the value — — --^ — sin X. These results are 

in perfect accordance with those of Mr. Kamerlingh Onnes.* 

A more accurate value of N is obtained by retaining second powers of Oq. 
Formula (22) then gives 

2^ GO o A G 

JV= — — r-j — sin A, + —J Oq cos X sin <?>o + -g- — i — ^ sin A,, 

which differs from the result obtained by Mr. Kamerlingh Onnes, who gives 
the value 

N= 2J~"®^^ A, + 2^; ^0 cos A, sm<^o + T — 2T 



6S8inX. 



t Over de betrekkelijke Beweging. Nieuw Archief voor Wiskunde, Deel V, p. 163. 
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A Method for Calculating Simultaneously all the 
Boots of an Equation.* 

By Emory McClintock. 



The comprehensive method which forms the subject of this paper may be 
introduced best by practical illustrations, beginning with trinomials and proceed- 
ing later to equations in general. Let it be desired to learn approximately all 
the roots of the equation »•= — 1 — x. In this case we may use the formula 

a? = 6) — o^a — f 6)V — |(i)V — (1) 

where a = — i, and o is any one of the sixth-roots of — 1 , viz. 

f» or ^ «r «r ^? ^r 

1 v^=I -^^=i iV3+iV=i iV^-iV=i -iV3+iV^ -iV?-iV=i 

2 -1 -1 i+iv-3 i-iv^ i-iVj^ i+iV2:3 

3 — /=T V— 1 V— 1 — V— 1 V— 1 — V— 1 

4 _j 1 -i+iv^ -i-iv=3- _i_^vf3; _i+iV^ 

6 —1 —1 —1 —1 —1 —1 

By inserting in (1) the numerical value of a we have 

05 = G) + io* — Ar«' + lAro* — • • • • 

For the several pairs of roots, or values of jc, we have therefore, taking the 
values of G) as stated, and remembering that >v/3= 1.732 nearly, 

x=—i +ii4-— d:>v/^="l(l+A- )= — iWitf'v/^^, nearly; 

x= iVS + iV — rff ±V^^l(i + TV>v/3 — A + t*tV3...0_ 

= .94 ± .eW^—i , nearly ; 

«=— *V3 + iV — xir ±\^=l(i — tVV3 — A — T*iV3-.-^ 

= — .79 i: .30V— 1, nearly .f 

*Read before the Amerioan Mathematical Society on August 14 and October 27, 1894. The portion 
read on August 14 is indicated in the Society's BuUetin for October, 1804. 

t This example has been employed by Spitzer (Allgemeine Auflosung der Zahlengleichungen, Wiefa, 
1851) and by Jelinek (Die AuflOsung der hdheren numerischen Gleichungen, Leipzig, 1865), to illustrate 
12 
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The formula (1) made use of is valid only for equations of the form 
x* = — 1 + 6ax, where a is numerically less than the sixth-root of 6""^. The 
same formula may be used, with the same restriction upon the value of a, for 
equations of the form »• = 1 — 6ax, by taking o for any sixth-root of 1 . It is a 
special case of a more general formula, applicable to all equations of the form 
z^=^o^ + nax^''^ (that is to say, all trinomial equations) for which the series is 
convergent : 

x=:(i> + G)i-*a + a)^-»(l — 2A;+n)aV2! 

+ G)i-»(1 — U + n)(l — Sk+ 2n) a'/S ! 

+ 0)1-^* (1 — 4k + n)(l —4k+ 2n)(l — 4* + 3n)a^/4 1+ (2) 

Here o may have any value, but a** must for convergency be smaller numerically 
than A;'"*(n — &)*'""(i>"* when n is positive. If n is negative, a""" must for con- 
vergency be smaller numerically than ( — ky{k — ny^^cT^. Nothing is gained 
by having n negative, since in that event we have only to multiply a5'* = a)'*-f-wax**^ 
by a:""**(i>""* to produce the positive form »""** = o"* — nbx"^, where b = acr\ 

In the interpretation of the trinomial formula (2), it is usually most conve- 
nient to reduce the given trinomial jc" = q*' -f- naa?*""* to that form in which q'* is 
1 or — 1, in which case o means „nie rely any n*^ root of 1 or — 1, as the case 
may be. If that is not done, we must interpret q as equivalent to c^, where c is 
the n*^ root of the numerical value of o*, and ^ is any w*^ root of 1 or — 1, 
according as (S^ is positive or negative. This remark will apply to other equa- 
tions as well as to trinomials. For uniformity of illustration, the examples 
adduced will be of the form o** = 1 or q* = — 1 , to which form any equation 
sc" = ± c* +/{x) is at once reduced by writing ex for a. 

Since its first use by Newton, if Newton was its author, no discussion of 
numerical equations can be considered complete without introducing the cele- 
brated equation x' — 2x — 6=0.* To this as it stands we can apply the 
trinomial formula (2) at once, but a more convergent series may be had by 
suppressing the term next to the last, by the transformation x"^ = y — 2/15, 
so that the equation to be solved becomes 3375 ^ — 180 y — 659 = 0. In this 

the changes made by them in Horner's method to make it serve in the computation of imaginary roots. 
Such a calculation as theirs can only be done for one pair at a time, and that with considerable difficulty, 
after first assigning approximate locations. 

• Employed after Newton for successiye new methods by Lagrange, Fourier, Sturm, and Murphy, 
not to speak of other writers. 



Simultaneously all the Roots of an Equation. 91 

let y= (669/3375)* 2 = . 580146 2,* so that z«=l + 3a2;, where a =,0528 206. 
Here o)' = 1 , and by (2) we have 

25 = G) + G?a — \ (da' + . . . . 
= + .05282(0*— .00005 G) +.... = .99995cj + .05282(0* .... 

The cube roots of 1 being 1 and —\±,\^/ZIIz, the three values of z are there- 
fore 1.05277 and —.52639^.47356^/^^, whence those of y are .60176 and 
— .30088 ± .47585^/ — !, all correct to the last place. The real root only has 
heretofore been sought by the various writers who have dealt with this equation, 
so far as appears, except Murphy, who finds approximate values of the imaginary 
roots by two methods, both tedious.f 

Murphy adds another example, occupying two or three pages, concerning 
which, writing in 1838, he says : **.... as this method may be said to be the 
only direct one known for obtaining a first notion of the magnitudes of the real 
and imaginary parts of the roots of equations, we have, therefore, developed it 
at length . • . •; we may add that the research of the impossible roots of equa- 
tions has been generally overlooked in modern treatises of algebra."J The 
equation which he employs is a^ + cc+10=0, and he finds eventually, for 
the four roots, 1.251 ±l 1.348\/'="i and —1.251 ± 1.282>v/^^. If we take 
a;= 10*y = 1.77828y,. the equation to be solved becomes y^ + 10""*y + 1 = 0, 
or y*= — 1 + 4ay, where a = — .044457. Applying (2), and observing that 
G)*= — 1, n=4, k= 3, 

y = (0 + a)"*a — J(i>""V+ • • • . =o — G)*a — \Qp(jf + • . • . 
= (J + .044457(0* — .000988 a)» + 

The first term neglected is — i(*)a^, so that the terms taken should be good to 
five places. When (o* = — 1, we have either a)=Vi(l iV — 1), (o' = ±V' — 1, 
(o»=Vi(-ld:V=T); or, (o = Vi(— li:>v/=l), (0»==FV^=i, (0»=Vi(l =hV^. 
Also, Vi= .707107. Taking the first pair of values of o, we have 

y = .707107 (1 + .000988) zfc .044457>v/'=l ± .707107 (1 — .000988)V^=T 
= .70781 db .75086\/^=T, 

* Decimal fractions which are only approximately true will be stated, for oonyenience, without any 
such qualifying phrase as '^ nearly." 

t Theory of Equations^ p. 124 ; pp. 185-188. 

X Todhunter remarks that ^* there is no easy practical method of calculating the imaginary roots of 
equations at present known. " Cayley, 1878, in the article ^' Equation '' in the Encyclopssdia Britannica, 
says : ^^ Very little has been done in regard to the calculation of the imaginary roots of an equation by 
approximation ; and the question is not here considered." 
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and similarly for the second pair, 



y=— .70781 db .66196^/ — 1 • 



The four values of a = 1.778 28 y are therefore «= 1.2587 it J. 3352V — 1 
and x = — 1.2587 i: 1.1771V — 1. These values are very closely correct, so 
that Murphy may possibly have made some error, though he says distinctly that 
his results must be taken as only a first approximation. 

Enough has been said to illustrate the use of (2) when the given trinomial 
is fit — a phrase which will be used to express readiness for the application of the 
methods now brought forward so as to yield a convergent series. Murphy's 
quartic was found fit at once, as was the sextic first discussed. Newton's cubic 
was improved by a linear transformation ; a process not usually available, 
when a trinomial is desired, for degrees above the third. Two questions there- 
fore arise : what shall be done to improve a given cubic, and what shall be done 
when the degree is higher and the trinomial is unfit ? 

If the cubic cc^= i 1 + Sax has a'< i,* it is fit, though a transformation 
may secure greater convergency . If a' = i , a being positive, there are two 
equal roots, and no transformation will avail. If a'>i, and if a is negative, 
the transformation a"* = y qp a will serve, though some other may serve better. 
If a'>i, and if a is positive, the roots of the cubic are all real, and the exhibi- 
tion of all of them at once is impossible, since the formula (2) expressly contem- 
plates, for cubics, two imaginary roots, corresponding to the two imaginary cube 
roots of unity employed. In this latter case the trinomial is radically unfit, and 
the disposition to be made of it may be considered along with that of unfit 
trinomials of higher degrees, as part of the second question. 

Except for improvable cubics, as just explained, there is usually nothing 
better to be done with an unfit trinomial, as a trinomial, than to apply the trino- 
mial formula (2) twice, securing n — k roots by one operation, and the remain- 
ing k roots by the second ; though sometimes the trinomial form may be aban- 
doned advantageously. The original trinomial being a* = q* + nax^"^, we 
now regard it, for the first operation, as x*~* = o*'* -f (w — k)aiz^f where 
6iJ~* = — cf'/na, and Oj is the reciprocal of {n — k)na. More simply, if 
X* = db 1 + nax^~^, jc**"* = (q= 1 + x^)Jna. That n — k roots can now be pro- 
duced by a convergent series is readily proved. By the supposition of unfitness, 

* Numerical yalues always understood. 
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a">A5"*(n — A;)*"~*(i>'**, and we have also a = n"^(n — A;)"^af ^ 0** = — nax^i"'' 
= ar^ii)?-V(Jfc— w). Hence n-«(n — A;)-"ar'*>Aj-*(n — Aj)*-~ar*iaJ^-"*^(A;— n)-^ 
whence ai~*<n~^( — fe)*of*'^^"*\ which Batisfies the criterion of convergency 
first stated, it being observed that n — k now takes the place of w, n that of 
n — A, and — k that of k . 
For example, let 

4y8_ 243y + 166 = 0. (3) 

Here y* = — 165/4 + 3(81/4) y, and the numerical value of (81/4)' is not less 
than that of 2~*1'"* (165/4)*= (165/8)*. We must therefore, since a is positive, 
employ two operations: one upon the equation y= 165/243 + 4y*/ 243, and 
the second upon the equation y*= 243/4 — 165y~'V*» the first yielding one real 
root, the second yielding the two remaining real roots. For the first, let 
y=65w/81, so that the equation reduces to w= 1 + 4.56*.3"^81"V 
= 1 + . 00759 w*. Here a = .00759, n= 1, A5 = — 2, and from (2) we have 

t4=l+a + 3a*+.... = l + -00769 + .00017 = 1.00776. 

Hence y = .684. For the second, let y = i243*t;, so that the equation reduces 
to t;» = l— 330(243)'-«i;~i=l— .08712t?-\ or f^=l + 2av-\ where a=— .04366. 
By (2), taking n = 2, * = 3 , . 

v = ci — cr\04S56—cr\00286 .... =. 997(0 — .044. 

As 6) may be 1 or — 1 , t? is .953 or — 1.041 ; and as ^ = 7.794t?, the remaining 
values of y are 7.43 and — 8.11 . 

In this example we have illustrated not only the first operation, securing 
n — Aj(= 1) root, but also the second operation, securing the remaining A;(= 2) 
roots. For the latter the formula used is equivalent to x*= na + 0*05*""**, obtained 
by multiplying both sides of the original trinomial x'* = o** + nax*"* by a*'"^ 
For the simpler form «**= i 1 + wax""*, we have a^=:na ± a*"**. That this 
transformation necessarily yields a convergent series when the original trinomial 
is unfit may be seen upon due substitution. For, putting G)'* = faii and a = n'^oj, 
we have, as the criterion of convergency of the derived equation a*={i)J-|-^i^*"'**i 
the requirement a\<in''^{k — n)'*^*©?*, and this is satisfied by substituting for 
G)* and a their values in the known numerical inequality a* >A5~*(n — A5)*~"w**. 
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Referring to the last example (3), we took first n = 1 . Whenever n = 1 
the trinomial equation x'* = G)**+waa5**""* becomes a = (j + «x**i putting A5=l — m. 
Then (2) becomes, for this special case, 

x = o + Gra + Q^-^ma^ + o»~-*in (m— 1) a^/2l + (4) 

a series known to Euler and Lagrange, and immediately derivable from 
Lagrange's theorem, 

/(x)=/(a) + 4»(co)/'(6.).a + ^{[4»(a)]»/(«»)}.aV2! + (4*) 

where the relation is a; = {i) + a<^(a;). The trinomial series (2) may be derived 
at once, as will be seen, from Lagrange's theorem (4*), by putting aj* = w, so 
that the relation is w = q" + nau*""*/^ and expanding /(w) = w^'"* by means 
of (4*), This is however an afterthought, the series (2) having been discovered, 
without employing Lagrange's theorem, in the course of writing the preceding 
paper (" Theorems in the Calculus of Enlargement ") together with and as a case 
of a more general series which applies to other as well as to trinomial equations. 
The new theorems numbered (21) and (22) in the paper just referred to are, 
when jc* = G)* + na^ (a), 

x = o + G)^-~4x.).a + BoO (^Eo)*o®-^ (0 — n).aV2 ! 

+ BoO (^Bo)' 6)®-** (0 — n)(0 — 2n) • aV3 ! -^ . . . . , (5) 



do 



+ (oi-n A)V-« (4»o)«.aV3 ! + ..•. (6) 



Here the brackets about the letter following the functional sign ^ are omitted 
for convenience. The two theorems (5) and (6) are of course identical, except 
as to the form of the coefficients, which have the same real value, each to each. 
The symbol is equivalent to t , when < = , and the symbol of operation Bq is 
to be interpreted as that by which, when applied to any function of , say fO , 
the latter becomes the same function of + 1 , say /(O + 1) • Similarly, this 
operation being subject to the law of indices, eJ/O =/(0 + h) ; and more gen- 
erally, if^Eo = aEj+6Ey*"^ + . .. ., 4>Eo/D = aBj/D + 6Ej-yo+ .... = a/(0 + n) 
+ 6/(0 +n — 1) + ••*•. So also with powers of ^ ; if for instance ^Eq = eJ +eJ*, 
(^Eo)!/D =(£?*+ 2E?+'» + e5«)/0 =/(0 + 2n) + 2/(0 + n + m') +/(0 + 2m). 

If, for example, in (5), ^x = a**"*, so that ^Eq = eJ""*, the coefficient of a is 
^1 -n^n -» = cji - », as in ( 2) . Again, the coefficient of a*/ 2 ! is BoOeJ* ~ *o® ~ *** (0— n) 
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= EoOo^-*(0 + n — 2Aj) = (0+1)o« + i-»*(0 + 1+w — 2A;) = a)^-**(l — 2A; + n), 
as in (2) ; and the other coefficients of (2) will be confirmed in like manner, so 
that (2) is a special case of (6). It is likewise a special case of the conjugate 
expression (6), which is derived from Lagrange's theorem (4*) by writing a", (S\ 

and nxi, for a, q, and a respectively, and taking x =/(»*) = (»**)«. This use of 
Lagrange's theorem has escaped notice since 1768, when that theorem was pub- 
lished, and might have escaped notice much longer had it not been for the 
circumstance that the relation underlying (6), from the nature of its origin, is 
jc** = o* + noj^x instead of a? = o + a^x. Given this relation and this series (5), 
it is most natural to remark that q must have n values, determined by the n^^ 
roots of 1 or of — 1 . 

The theorem (5) is itself a special case of the more general theorem, num- 
bered (19) in the preceding paper, 

fx=f(^ +/EoO^EoG)«-^a -h/BoO(^Eo)*(i>^-»'*(0 — n),aV2! + , (7) 

from which 

x* = G)« + WG)~-«<^,a*+ m (^Eo)V+"*-«« (0 + m — n) .aV2 ! + , (8) 

the given relation being still 05** = q" -^-noj^x. By means of this equation we 
can find approximations, in convergent cases, to the m^ powers of the several 
roots of a given equation af* = q* + na^x , by employment of the n^^ roots of 1 
or of — 1 . Apart from the case m = 1 , however, I see no practical use for any 
other case than m = — 1 . In this case (8) becomes 

x-^ = G)-^ — G)-^-'*<?>Q.a— (^Bo)»G)'-^"-**(0 — 1— n).aV2!— .... (9) 

For the trinomial case x* = g)" + waa*""*, this becomes 

x-^ = G)-^ — o-*-*-a — (i>-*-«*^(— 1 — 2A; + n).aV2!— (10) 

Before proceeding to discuss the principal series (6), it will be well to con- 
sider finally the reciprocal series (9) and (10). It is obvious that in any of the 
trinomial examples already brought forward we might, with little additional 
difficulty, by the use of (10), obtain different approximations to the roots 
by means of their reciprocals. Take, for instance, the equation numbered (3), 
where w = 1 + .00769 w*. Here n=l,A; = 2,a= .00759 , and from (10) 

t*-^= 1 - a — 2a» . . . . = 1 — .00759 — .00012 = .99229. 
*Here m^Bo«*+"'""* = «i«i^"""fEo"*i and ^Bp«* = ^, by a known theorem. 
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This differs but 1 in the last place from the reciprocal of the value found for 
Uy 1.00776, a matter of no importance considering that the result is desired to 
three places only. Cases may arise in which these reciprocal formulae will be 
found valuable ; and they will certainly be found of the highest value if and 
when means are discovered for distinguishing those cases in which the reciprocal 
approximation is the more correct. Little appears to be gained, on the average, 
by taking a mean between the values ascertained by the direct and reciprocal 
approximations ; yet in half of all cases the reciprocal approximation must be 
the closer of the two. Probably in most cases both the direct and the reciprocal 
approximations will err on the same side of the true value ; and as regards the 
contrary chance, it seems better to continue one approximation further than 
to go to the labor of computing both. At present, therefore, no practical advan- 
tage appears to be derived from the use of these reciprocal theorems, though 
further investigation may enable them to take the place, in suitable cases, of the 
direct. It will be found, on examination, and may readily be proved, that the 
same series is obtained by (5) or (6) for a, from x" = o* -{-na^Xj as by (9) for 
a; = y~* from y^ = Gr^ — naoT^y^^ (y""*) • The differential formulae which cor- 
respond to (7), (8), and (9) as (6) corresponds to (5) are, respectively, 

fx =/g) + G)i-*^/o-a + (qI-^ A) [a)*""(<^^)y'«]-«V2!+ (H) 

a-^=6)-^ — G)-*-'*<^.a — ^oi-«^) [(d-*-"(<^)T .aV2! — (13) 

Returning to the general solution (6), for which hereafter the reader may 
at his option substitute (6) as equivalent, we have seen that when ^x = a:**"*, 
that is, when the given equation x^ = o** + napx is a trinomial, the general solu- 
tion takes the form of (2). For all cases in which (2) is not available, and in 
fact for all cases whether (2) is available or not, the solution is equally general 
if a = 1 • Again, since EqO = 1 , the first zero in each term of (5) may be omitted. 
We shall therefore, now that we are passing beyond the consideration of trino- 
mials as such, write the general solution of x** = w** -f- npx thus : 

X = G) + oi-«4« + i (^Eo)»o^ + *-** (0 + 1 — n) 

+ *(^Eo)'«*"*"^'"'**(0 + 1— n)(0 + 1 — 2n) + (14) 
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Knowing this formula, we are usually enabled, almost at a glance, to determine 
the number of imaginary roots, the signs of the real roots, and often the signs 
of the real parts of the imaginary roots, of any given equation ; and applying it, 
we can obtain with little difficulty approximations more or less exact to the 
values of all the roots. This mefans that Sturm's theorem, acknowledged hitherto 
to be the only complete solution of the problem of separation of roots, is no 
longer essential in the examination of numerical equations. To make this clear, 
and also to avoid the charge, brought by Fourier against Euler, of selecting easy 
examples, I shall shortly take up in order all of the illustrations, eleven in 
number, employed in Burnside and Panton's Theory of Equations in the section 
devoted to the application of Sturm's theorem. 

Having an equation presented for solution, the first step is to inspect it, to 
see whether it is fit. If not, some linear transformation must be sought to 
render it fit If that prove impracticable, the inventor of the equation may be 
suspected of introducing equal roots and known tests may be applied. (With 
coefficients taken at random, equal roots are not likely to appear.) If no 
equal roots are found, a suitable transformation is possible. No equation is cer- 
tainly fit, however,, unless all the roots can be found by convergent series. 

I shall use the word '* span " for the degree of an operation, represented by 
the letter n in x" = o* + n^x. Thus, for Jelinek's equation, x* + a; + 1 = 0, 
the span is sextic, and the equation is solved with one span. For Newton's equa- 
tion, sc' — 2x — 5 = 0, there is but a single span, a cubic; and for Murphy's 
equation, a* + as +10 = 0, likewise but one, a quartic. For the equation 
numbered (3), however, 4^* — 243 y + 165 = 0, two spans are needed, namely, 
from left to right, a quadratic and a linear span. Examining these trinomials, 
we see that in the first three the middle coefficient is small enough to permit a 
single span, while in the last it is too large. I say therefore that in the first 
three cases the ''dominant" coefficients are the first and last, while in the last 
case all three coefficients are ''dominant." A span stretches from one dominant 
to the next. There is therefore but one span for each of the first three equa- 
tions, while two are indicated for the last. If the dominants which define any 
span have like signs, it is a "like span"; otherwise an "unlike span." The 
recognition of dominants is not always easy, but is often facilitated by some 
simple transformation. Once recognized, they disclose the nature of all the roots 
at a glance. If exceptions exist to this statement, they have yet to be discov- 
ered. Each span represents n roots. It will be remembered that o** is positive 
13 
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for a span whose dominants have unlike signs, and vice versa. The following 
table, showing the number of different kinds of roots covered by each span, is 
based on the characteristics of the n*^ roots of 1 or of — 1 : 



Description of Span. 


Real Roots. 




Imaginary Boote. 


Poeitive. 


Negatiye. 


PoeitiTe. Negative. 
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Uncertain. 


« = 1 , unlike signs : 












like 














n= 2, unlike 














like 
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n = 3 , unlike 










2 




like 
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n= 4, unlike: 
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like: 
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n = 5 , unlike , 
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like: 








2 
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n = 6 , unlike . 
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2 




like: 
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2 



Recurring to the examples given, we find for «• + sc + 1 = 1 n = 6 , signs 
like, therefore six imaginary roots, two of them at least with real parts positive, 
two at least negative ; for »• — 2x — 5 = 0, n = 3, signs unlike, one real posi- 
tive, two imaginary with real parts negative ; for a* + a + 10 = 0, n = 4, like 
signs, two pairs of imaginary roots, the real parts having opposite signs ; and for 
that numbered (3), 4^* — 243y + 165 = 0, first span, n = 2, signs unlike, there- 
fore two real roots of opposite signs, to which the second span, n = 1 , again 
unlike, adds another real positive. 

A recognition of the dominants of any equation not only indicates the nature 
of the roots, but shows how, if desired, we can proceed first to the computation 
of the greatest or least root. It will be found that the first span of rii terms 
yields not only n^ roots, but the rii greatest of the roots ; that the next span of 
Wj5 terms yields the n^ roots next greater in size, and so on, till the last span of n^ 
terms, which must yield the Uj, roots of smallest size. In this statement imagi- 
nary roots rank according to their moduli. For, let a, 6, o be the numerical 
values of successive dominants, always counting from left to right, with the 
highest power of the unknown quantity, as usual, on the left. The point to be 
shown is that the roots covered by the span from a to 6, of A; degrees, are 
all larger than the largest of those covered by the span from 6 to o, of Z degrees. 
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That b shall be a dominant requires that 6*+' shall be decidedly larger than a^(^; 
let this be assumed. To put these spans successively in the form v^=^ db 1+ ^^» 
we first put n=^k, x=: {b/ay^\y and afterwards n = Z, x^=: [clhf^\. As 
regards the first span, the series is convergent for the h values of v^ which are 
nearest to unity ; and as regards the second span, the series is convergent for the I 
values of v^ which are nearest to unity. Since {b/ay^^ is decidedly larger than 
{c/by^^, the values of x corresponding to the k values of Vi must be larger than 
the largest of those which correspond to the I values of t;^. That any one root is 
not presented in each of two adjacent spans, is immediately assented to when we 
reflect that if it were, some other root must fail of presentation at all. That this 
intuitive assent is correct may readily be seen. Let us first suppose the n-equa- 
tion to be a trinomial of one span. Let a root or pair of roots change continu- 
ously so that the span becomes less and less convergent, and finally not conver- 
gent but divergent: a new dominant has arisen, dividing the roots into two 
classes, k and n — A; in number respectively. Let now the latter span be again 
subdivided without destroying the dominant in question : the k roots of the other 
series remain together. As another supposition, let us for the sake of argument, 
imagine one and the same root to be in two adjacent spans, on both sides of a 
given dominant. Let all the other middle dominants gradually subside by 
changes of other roots until we have a new trinomial with the given root still 
on both sides of the middle dominant : the situation is absurd, and it is equally 
absurd to suppose any root to be either annihilated or created by gradual con- 
tinuous change of other roots. 

It is to be observed that coefficients are not to be counted as " dominant," 
in the sense here employed, imless they are relatively of larger size. It is pos- 
sible that of three coefficients, a, b, c, we may find b relatively small, and that 
we may also find a convergent series for the span from 6 to c : if so, the order of 
magnitude will be disarranged. Cases of that sort are seldom likely to be 
observed, however, unless specially invented. Lagrange laid it down that the 
single root of the equation a: = «-h4>x developed by his method of 1768 (a 
method equivalent to that special case of the present general method in which 
n = 1) is always the smallest root ; but his statement is not always correct unless 
the coefficient of a is a dominant, in the sense here used.* 

*That Lagrange's proof concerning the smallest root is incomplete was shown by Chio, in a memoir 
presented to the Institute of France in 1846. Chio had however apparently no idea of " dominants." 
That the smaUest root can easily be found when the coefficient of a; is relatively very large is of course 
familiar. 
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Bach of the paragraphs which follow, having attached to them numbers, 
from 1 to 11, relates to the example having the same number in the work on 
equations already mentioned. 

[1], x^ + Sx^ +7a^ + lOx + 1 = 0. The dominants here are uncertain. 
It cannot be claimed, as obvious, either that they are 1, 10, 1 ; 1, 7, 10, 1 ; or 
1, 3, 10, 1. In these cases respectively the spans would be either a like cubic 
and a like linear ; a like quadratic and two like linears ; or a linear, a quadratic, 
and a linear, all with like signs. But any one of these combinations would 
indicate two real negative roots and two imaginary, one of the real roots being 
the smallest of the four. When the dominants are at all doubtful the equation 
is unfit and must be transformed. Let aj = y — 1 ; then y* — y*+4y*+y — 4 = 0. 
Spans, two quadratics, respectively like and unlike ; whence y has two (larger) 
imaginary values and two (smaller) real values of opposite signs. From this 
equation in y we find approximately that the four values of x are, — .4± 2.2\/ — 1 
and — Id: .9, showing that the largest values are imaginary, which rules out 
1, 3, 10, 1 as the dominants, and that the real parts are negative, which rules 
out 1, 10, 1 ; leaving 1, 7, 10, 1 as correct For the details, beginning with the 
first y-span, let y=2tt; then w* = — 1+Jw — |-W"^ + it^'"*= — 1 + 24>w, 
where o* = — 1 , ^m = (4w — vT^ + 2tt"*)/16 , and by (14) 

w = G) -f- GT^^ + . • . . = 6) + o^* (4cj — G)-* + 2g)-^)/16 
= 5/16+ I80/I6. 



Hence, for a rough approximation, w = .3 dbl.lV — 1 , so that y = .6 ± 2.2^/ — 1 
or thereabouts, and x = — A±:2.2^/ — 1. To approximate to the real values, 
by operating upon the second ispan, we have y* = 1 +i(y*— y — y*) = 1 + 2^y , 
where ^y = J(y^ — y — y*). Hence y = + 61'"*^+ . . . . , where o=i:l, 
or y = w + i((ii>* — 1 — w") +...., whence y=db.9, and ^=±.9 — 1. A 
better transformation, if close results were desired, could be got by putting 
y-i = v + l/16. 

[2]. X* — 4a^— 3a5 -f- 23 = . Dominants, 1 , — 4 , 23 ; indicating a linear 
span, unlike, and a cubic, also unlike ; largest root real positive, another real 
positive, two imaginary. For a fitter equation, take a= 2(1 +tt)/(l — w), so 
that 77t4* + 24w^ + 234w* — 80u + 1 = 0. Here the spans are, quadratic with 
like signs, and two linear, each unlike; hence two larger roots imaginary, 
two smaller real and positive. If M = (234/77)*y = 1.74y, we shall have 
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y*+ .ISy + 1 — •20y"* = 0, neglecting the term in y""*, whence y*= — 1 
+ 2(— .09y+.102r^). Here o = ±V^^, and y = — .19 + o = — .19±V^^, 
so that u=— .33± 1.75^ — 1 or thereabouts. For the larger real root, let 
u = 4O2/II 7 , whence z = 1 — .Oi^ — .032* — .042"^ In the second member we 
may replace z by 0=1, whence 2 = . 8 9, w=.31. For the smallest root, let 
u = i?/80, and we find similarly v = 1.04, u = .013. 

[3]. 2a^ — 13a* + 10a— 19 = 0. Dominants, 2, — 13, —19 : two quad- 
ratic spans, unlike and like respectively ; hence two larger roots real with oppo- 
site signs, two smaller imaginary. Take x"^ = 1 — y, and again y'^=z.lv + .9 , 
whence x={v + 9)/{v — 1). Then v^ — t^— 402 1? — 598 =0, which is to be 
solved. Here the spans are an unlike cubic and a like linear. The smallest root 
is real negative, the others are one real positive, two imaginary. For the 
cubic span, let v = (402)* 2= 7.38 2, so that 2*— .0182^ — 2 — .198 = 0, and 
2* = 1 + 3 (.OO62 + .O662-*). The values of o are 1 and — i± .866V^=a , and 
the corresponding values of o* are 1 and — iq=.866V— 1. We have here 
2 = + (d"**(.006o + .0660"^) = .066 + Gi + .0066)*, and the values of 2 are 1.07 
and — .44 ± .86 V^, whence those of v are 7.9 and — 3.2 dc 6.3^ — 1. For 
the smallest root, let t? = 2991^/201, whence by the usual linear process 
u= — l — 3/640 nearly, v = — 1.6 . 

[4]. a* + 2a;* -f a* — 4a* — 3a — 5 = 0. A quintic equation with a full 
quintic span, two terminal dominants only, with unlike signs : one real positive 
root, four imaginary. To secure a fitter equation for solution, let us try a= y — 1 , 
and again y"^ = w+1/6, giving 3888 w*+ 2160ti' — 684u* + 1521 w— 365 = 0. 
Here the dominants are 3888 , 1521 , — 365, so that the spans are a like quartic 
and an unlike linear ; whence the smallest root is real positive, and the other 
four imaginary. For the imaginary roots let u = (1521/3888)* 2 = ,79 2, giving 
2* + .892* — .362* + z — .30 = . Then 2* = — 1 + 4 (— .222*+ .092 + .08 2-*), 
and 2 = + cr^{ — .22(0*+ .09gi + .08w""^) = — .08 + o — .096)*+ .22g)*. Here 
either (o = .707(1 ±V^^), o*=±V^^, 01* = •707(— 1 ±\/^^) ; or else 
(ii = .707(— 1 ±V^=n^), w*==fV^^, gi*=.707(1±V^^). For the first pair, 
2 = .47 ± .8\/ — 1, and for the second, 2 = — .63^1.9^—1. The corresponding 
values of w are .37 ± .6\/— 1 and — .49 ± .7V — 1. For the smallest root, let 
u = 365t?/1521 = .24 1;, whence .01 v^ + .08 »*— .11 v*+ 1; — 1 = , and t? = 1.02, 
w=.24. 
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[5]. x^—2sx?—7a?+ lOa + 10 = 0. Dominants, 1,-7, final 10 : two 
quadratics, each with unlike signs, hence two pairs of real roots, larger and 
smaller, the roots of each pair having opposite signs. If we put a; = ^ + ^, so 
that ^ — 17^/2 + 2y + 209/16 = 0, the same characteristics appear. Even 
this will not give close approximations without going further in the series than 
we have hitherto done. We have in fact not yet had occasion to take more 
than the first term beyond a>, a term which I shall hereafter, overlooking the a>, 
speak of as the '' first term," so as to speak of the term containing (^Eo)"" ^^ the 
m^^ term. If for another trial, we take » = « + !, and then «""* = <+ 1/8, 
clearing of fractions by < = y/8, so that a = (y + 9)/(y + 1), we have 
3y* — 130y^ + By + 1159 = 0. Let us take this as the equation to be solved, 
though it is really not much fitter than the one before. The characteristics are 
the same as for the original equation. For the larger pair, let y = (130/3)* w 
= 6.58 u , and let us carry the work to two places. We have u^ — w* + .0093 u 
+ .2057=0, whence w*= 1 + 24>m= 1 + 2 (— ,0047 W^ — .1029u-*). Then 
(^m)* = .001 tr • + ,01 1 vr *, {^uY = — .001 vr\ To the first term inclusive, the 
formula (14) is o+o""^^ = (i> + 6)"^( — .005 o"* — .103o"*) = — .005 +.897o, 
where w = db 1 , w* = 1 . The second term is i (4)Eo)^6)®"' (0 — 1) = i (.001 ^^ 
+ . 01 lEJ-*) 0^-^(0— l) = .0005o-«(— 4) + .0055o-''(— 5) = — .002— .028(0. 
The third term is i{ipEofo^-^ (0 — i)(0 — 3) = i(— .001 i^*)o«-*(0 — 1)(0 — 3) 
= — . 001/6 o""^^-(—7)(— 9) = — .Olio. The second term gave us .0280, and 
the third now gives us .Olio, both with the same negative sign, which must 
aflFect all further terms. As the convergency is not rapid, we may add — .02o 
as probably covering the succeeding terms. Summing, w= — .01 + .84o, the 
two values of w being .83 and — .85, and from these the values of y are 5.5 and —5.6. 
For the remaining values of y, which must be smaller, let y = (1159/130)*t? 
= 2.986 1;, so that the equation becomes .206 v^ — v^ + .0206 1; + 1 = 0, whence 
v>=l +2(.010t; + .103t;*). Then {ipvy = .002v^ + .0llv\ and {^vy = .001v^\ 
The formula (14) gives t?=o+o"^(.010o+.103o*)+.004o*+.028o'+.011o'^+. . . 
Making as before a slight allowance for the terms neglected, again all of the 
same sign, say H-.02o, we have t; = .014 + 1.16o = .014 ± 1.16, and y = 3v 
= .05 ±z 3.5, so that there is a positive root somewhat greater than 3.5 and a 
negative root somewhat less. This equation, 3y* — 130y* + 8y + 1159 = 0, 
may be resolved into the factors 3y* + 6y — 61 = and y^— 2t/ — 19 = 0. 

[6] . a? + 3x* + 2a;' — 3x* — 2;c — 2 = . Nothing here is obviously domi- 
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nant Let x = y — 1, so that y* — 2y*— y* + 3y — 3 = 0, For a fitter equa- 
tion, let us take y~^=t; +1/5; then 375r®—25t;^+15t;2+256t;— 1862/26 = 0. 
This shows a like quartic and an unlike linear: smallest root real positive, 
the rest imaginary. For the imaginary roots, take t; = |(|)*w = .91w; then 
u^ — ay u^l 16 + 3(|)*w/64 + 1 — 931 (l)-iw-V 2560 = 0, and w*= — 1 
+ 4 (.0201*2— .015 w + . 080 u-'). Hence w=6) + o-' (.020 gi^ — . 015 o+. 0800"^) 
=Gi— .080 + .016(0* — .020 w^ where 61* = — 1, and the values of o and its 
powers are the same as in the paragraph numbered 4. Hence the imaginary 
values of w are approximately .64^1.71^ — 1 and — .80^.68^ — 1, and those of 
V are .58^1.64^^—1 and — .73 ± .62V''^^1. For the small real root, take 
t?= 9312/3200 = .291«, so that z=l — .0172;* + .00825* — .0102;*^. Hence 
« = .98 and i? = .29. 

[7]. 0*+ 11a:*— 102a; + 18i=0. Dominants, 1, — 102, 181: spans 
quadratic and linear, both unlike, hence three real roots, one of them negative, 
the smallest being positive. This is merely a form of the more celebrated equa- 
tion a* — 7a: + 7 = 0, to which it is reduced by writing (a: + 3)"^ + 3 for x. The 
latter has the same characteristics, but may be made fitter by putting a:= 3y/2, 
and y"i=l — i2;~\ so that a:=3z/(22; — 1) and s? — 2l2j + 7 = 0, again with 
the smallest root positive. To find the two larger roots, let z= 21*v = 4.583 v, 
whence v^ — v + .07274 = , and t;* = 1 + 2 (— .036) v"^. Taking up to the second 
term from the trinomial formula (2), we have t? = o — .0S6cr^ — .002o= — .036 
+ .998 o. As a>= ±: 1, the values of v are — 1.034 and + .962, whence the 
two larger values of z are — 4.74 and +4.41. For the smallest root, let z = ^ii,* 
whence u=l + wVl96, and w= 1.005, 25 = . 335. 

[8]. x^+x^+a? — 2a:^+2a: — 1 = 0, This may be a quintic with a 
quintic span, hence one real positive root, four imaginary. It is proper at this 
point to explain why there may be a dominant between the two at the ends. 
There are several considerations involved. As a rule, a variation of signs among 
the larger coefficients is favorable, because an accumulation of terms having the 
same sign is unfavorable to convergence. The most important point to examine, 
of course, is the absolute size of any doubtful coefficient. Other things equal, it 
is an unfavorable circumstance if any such coeflScient is so large that it would 
be a dominant were the equation a trinomial ; and we may therefore make a 
tentative use of the criterion of convergency for trinomials. To examine this 
case, let us suppose it reduced first to a?^ — 2a:* — 1 = 0. Here a = + f , and the 
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case as a trinomial is convergent if, numerically, a*<A:""* (w — A;)*~", where n=5, 
A:= 3. We see that 2*5"'^ is not less, but greater than 3""'2"*. Next, suppose it 
reduced too^H- 2x — 1=0. Here a — — f , A: = 4 , and we see that 2*6"*>4'"*. 
Both tests are contrary to convergence, and, notwithstanding the favorable 
unlikeness of the signs of — 2 and 2, we may therefore suspect that the given 
equation contains two spans, a like quartic and an unlike linear. It may, how- 
ever, be mentioned that a first approximation attempted from the quintic span 
gives cc = .68 , not far from exact. To obtain a fitter equation, take aj""^= ti + 2/5, 
so that 3126 w*H- 1250 u' + 375 1** — 3825 w — 4603 = 0, this time undoubtedly 
a quintic span. Let u = (4603/31 25)^/*t; = 1 .08 1; nearly, so that t;* = 1 

^ 5(.18 — .02t;» — .07t;«). Then v = (^ + q-^ {.18 — .02q^ — .01 o^) + , 

where o*=l. Employing the powers of o listed at the end of this paper, we 
find, for the real root, t;=l.09, whence w=1.17; for one pair of imaginary 
roots, v=^.Z6 ± 1.2^ — 1, and for the other pair, t; = — .91 ± .7V — 1, whence 
w=.39±: 1.3\/"^, u= — .98=b.8V^. 

[9]. X* — 6a* — 30a:* + 12a;— 9 = 0. Dominants, 1, —6, —30, —9; 
spans, an unlike linear, a like cubic, and a like quadratic. The largest root 
is real positive ; the three next in size include one real negative and two imagi- 
nary having their real parts positive ; the smallest pair is imaginary. For the 
large positive root, let a;= 6u, so that w= 1 + 5w""'/216 — W^/QAS+vr^/blSA, 
whence without further approximation t^=1.02, a;=6.12. For the next three 
roots, let a;=5^/»t?=1.71t;, so that t;»= — 1 + 3(.10t;* + ,08t?"-^— .03^-*), 
•whence v = w+o-»(.10g)*+ .086)-^— .03(d"*) = — .08 + 6)+.07(i>l For(i> = — 1, 
this gives v = — l.Ol for the real root, and » = — 1.72. For 6) = idc: .866\/^^, 
o*= — ii:.866\/^, it gives t;=.38 ±: .92V^=^, a;=.6db 1.6V^^. For the 
two smaller imaginary roots, let aj=(3/10y/^z=.548 2, so that 2* = — 1 
+ 2(.365a + .0162* — .0012*) or say 2* = — 1 + 2(.42), whence 2 = o + o-^(.4o) 
= .4 -h 6)= .4 ±^/^—^, and a; = .2 db .5V^^ . 

[10]. 2x»— 18x*+ 60a^ — 120a«— 30a«+18a5— 5 = 0. Dominants, 2, 
— 18, — 120, — 5: spans, an unlike linear, a like quadratic, and a like cubic. 
The largest root is therefore real positive, the next two in size are imaginary, 
and of the remaining three smaller roots, one is real negative and the other two 
imaginary with real parts positive. For the large positive root, let a;=9y, so 
that y=l — .37y"\ the rest being unimportant, whence y = .63, a;=5.6 +• 
For the next pair, let a; = (20/3)^'^*u= 2.58 1«, so that, disregarding the two final 
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terms, we have ii^= — 1 + 2(.l?i^+ .7w — .Iw"^), ti = o+o""^ (.lca'+.7(d — .IcT^) 
= .7 + o = .7 iV — 1, giving ajzrl.S ± 3\/ — 1 . For the three smaller roots, 
let aj = 24"^^^v = .347v, so that, neglecting the two first terms, v^= — 1 
+ 3 {Av — .2v^ + .Iv*) , V = o + G)-* (.4o — .2g)2 + .W) = — .2 + o — .3o*. For 
the real root, o= — 1, v= — 1.5, a:=— .5. For the imaginary, o=.5db.866V — 1, 
(0* = — .5db.866V^^, and t;=.5=h .6V^^, x=.2db .2\/^^. 

[11]. 2a;^+ 15a;* — 84x — 190=0. Dominants, 2,-84, —190: a quadratic 
span, with unlike signs, and a linear, with like signs. There are therefore three 
real roots, two of them negative and one of these the smallest, the third positive. 
If a = y — 5/2, we have the equation heretofore fully discussed as (3). 

Lest the reader may suppose that, in the examples above illustrated, 
unusual means have been employed to secure specially favorable transforma- 
tions, it is proper to remark that, while such unusual means ought to be discov- 
ered for- the most perfect working of the method, none worth mentioning has 
yet been devised. The transformations used have, with one exception, been of 
the simplest, as the following list will show. In this list the word *' direct '' 
means ** direct suppression " of the second term, and "reverse " means *' reverse 
suppression " of the term next to the last. Newton's equation, reverse ; Murphy ^s, 
none; Jelinek's, none; equation (3), none; No. 1, aj = y— 1; No. 2, a;=2y, 
y = (1 -f u)l (1 — u)\ No. 3, a;""^ = 1 — y , and reverse ; No. 4, x = y — 1 , and 
reverse ; No. 5, first transformation, direct ; second, a: = « + l , and reverse ; 
No. 6, aj=:y — 1, and reverse; No. 7, from the usual form, a:=|y, and reverse; 
No. 8, reverse; No. 9, none; No. 10, none; No. 11, direct. I am able to make 
only one suggestion, illustrated by No. 2. If an equation /(a;) = can be 
brought to the form in which /(I) = ±: 1 , the transformation a;= (1 + ti)/(l — u) 
may be valuable. No. 2 is a* — 435^ — 3a5 + 23 = , and it is put into the 
form in question by taking a: = 2y , whence 16y* — 32^^ — 6y + 23 = . 

The present method applies equally well to the computation of the roots of 
equations with imaginary coe£Bcients, coefficients which are regarded as having 
respectively the size of their moduli. Such equations are of greater generality 
than the ordinary, in which the imaginary roots are restricted to going in pairs. 
For a simple example, take t? — ajV — 1 — 1 = 0. Here the span is cubic, 
o'*=l, a = iv'— 1, and the formula from (2) isx = 6)+G)*a — i(da^+ ^oV-f-. • . . 
Here a*= — a/9, a*=l/81, so that a; = 6) + oV243 + a ((o* + o/27), disre- 
garding the subsequent terms. As either w = 1 , o^ = 1 , or else g) = — i di V— 3, 
14 
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61* = — i=F\/— 3, we find directly the three values of x, namely, 1.004 
+ ,346\/^=T, —.225 + .690\/^^, and — .779 — l-036\/^^, which vary but 
slightly, if at all, from the accurate values. When the independent term 6)** is 
imaginary, the values of o may be found by the usual method for computing the 
n*^ roots of an imaginary quantity by the aid of De Moivre's theorem. 

That diflSculties will arise when we attempt to apply the formula to cases 
in which there are no obvious dominants is certain. The case of equal roots has 
already been mentioned as of that nature. Equal roots may be regarded as on 
the line between the real and the imaginary, and so we may suppose that an 
equation containing them may, as to its characteristics, be exactly on the 
dividing line between one set of dominants and another. Even a probably con- 
vergent case may present diflficulties when two roots are equal: for example, 
of + x^ — X — 1 = 0. Treating this as a quintic span, we must accept the sum 
of two of the four imaginary series produced (if they can be summed, as seems 
probable), as equal to zero. To illustrate another class of doubtful cases, in 
which one or more of the series is divergent, let us take a;*+ 7? — 5c*+ a; +1 = 0. 
If we treat this as a quartic span we shall derive for the imaginary roots 
.65 db .76\/ — 1, but for the real roots we shall obtain, instead of — 1.15 ±.57 , the 
unintelligible result — 1.15 — ooV — 1. If the sign of as be changed and 1 
substituted for x we have as the sum of the terms — 1 , and we may put 
5c = — (1 + w)/(l — ti) = (u + l)/(ix — 1), producing 3w* + 14w^ — 1 = 0, an 
equation eminently fit. In treating this equation as a quartic span we were in 
fact assuming it to have four imaginary roots. The result shows that we should 
look upon it as having spans either linear and cubic ; linear, quadratic and linear, 
or cubic and linear. 

Having thus a method for the easy determination of the values of the roots, 
real and imaginary, not to speak of the preliminary recognition of their nature 
by inspection, there seems to be no further need of those various methods for 
distinguishing the real roots and assigning limits to their values, of which 
Sturm's was the latest and best. Are we then to say that for computing more 
closely the value of a single real root we may also dispense with the orderly and 
satisfactory method which we owe to Horner ? The answer may eventually be 
both yes and no. As the culmination of arithmetical processes, based on the 
pame principles as other well-known and less general rules of procedure, such 
for instance as the extraction of the square root of a given number, it is not 
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supposable that Homer's method can ever be allowed to subside into obscurity. 
On the other hand, apart from the orderly and luminous character of the process 
itself, it has never been really proved to be intrinsically easier in actual work 
than that by series, due to Euler and Lagrange, a process which, as we have 
seen, is only a special case of the present general method, that case in which 
w = 1 . It may be seriously questioned whether, for practical purposes, any one 
employing the present method for first acquaintance with the several roots will, 
unless for special reasons in special cases, abandon it for Homer's method when 
it comes to securing a closer approximation to the value of any one of them. To 
use the present method in such a case, having an approximate value a, it is only 
necessary to transform the equation by a; = y + a, and then, having thus secured 
a linear span for the smallest root, make another application of the method by 
the use of formula (14). De Morgan once deprecated a suggested improvement 
of Horner's method, ** considering that the process is one which no person will 
very often perform," since variations of knovra rules infrequently applied '*aflFord 
greater assistance in forgetting the method than in abbreviating it." For a 
similar reason it may not unreasonably be assumed that the present method may 
probably, in practice, be followed in most cases to the end.* 

Sometimes, indeed, the examples employed for illustrating Horner's method 
are such as the present method meets at once most satisfactorily, without requir- 
ing further treatment at all. For example, Todhunter's chief example, rimning 
over many pages, iso*— Sx* — 2a; + 5 = 0, which, if a; = y + 1 (direct suppres- 
sion), isy* — 5y+l = 0,a quadratic and a linear span yielding for all the roots 
very convergent results by the use of (2). Again, the last example given by 
Burnside and Pan ton is x^ — 3x* + 75a; — 10000 = 0, as to which it is required 
to **find to three places of decimals the root situated between 9 and 10." The 
result is 9.886. If we put a5=10y, we have a quartic span, ^=l + 44>yi 
where 4>y=. 0075 y* — .01875 y. Taking nothing beyond the second term of 

*It will of course have been observed that, at least for determining the numerical value of a when 
c^ is not =hl , or (what is the same) for transforming the equation to the form 6>* = db 1 , the present 
method is much facilitated by the use of logarithms. It is not inappropriate to quote from Burnside 
and Panton the quasi-prediction with which they close their book, at the end of a historical note on 
numerical equations : ^^ Mathematicians may also invent, in process of time, some mode of calculation 
applicable to numerical equations analogous to the logarithmic calculation of simple roots. But at the 
present time the most perfect solution of Lagrange's problem is to be sought in a combination of the 
methods of Sturm and Horner.'' 
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the general series (14), we have readily, for the four values of y, .9886, —1.0261, 
and .01875 =b .9927 V^=^ . 

For the elementary instruction of students it may be well to afford a first 
glimpse of the method of dominants by taking some simple case in which there 
are only two or three large coeflScients, with the other coefficients relatively 
much smaller. For instance, the cubic 1000 ar^ + x — 1000 = will be admitted 
by any one to have three roots not very far in value from the three cube roots 
of unity ; or if it be disputed, the discrepancy can be increased till it be admitted. 
Then qi? + 7? + 10000 a; — 1 = may be used in like manner. Any one can easily 
be made to see that this resembles, first, a quadratic, and secondly, a linear 
equation. For, if a; = 100 y, we have y* + y/100 + 1 — yV 1000000 = 0, in 
which the last term is plainly of little importance; and similarly, if aj = w/ 10000, 
we have u=l — w*/ 100000000 — w'/ 1000000000000, which cannot differ much 
from w = 1 . 

A simple proof of the convergency-criterion stated for trinomials is had by 
regarding the quotient formed by dividing the general {m + rif^ term by the m***, 
and considering m increased indefinitely. This supplies the criterion for a series 
comprised of the terms numbered m, m + n, m + 2n, and so on, and the general 
series comprises n series of that nature, all having the same criterion. We have 
seen, as regards trinomials in which the middle term is not a dominant, that all 
the roots can be found by a single convergent series ; and when the middle term 
is a dominant, which means, when the middle term has any value other than 
those included in the first case, the n roots are broken up into two classes, h roots 
of the first class being found by one convergent series, and n — h roots of the 
second class being found by a second convergent series. All this is proved by 
the aid of the criterion of convergency. That similar facts are true concerning 
equations having more than three terms is also reasonably clear, yet in the 
absence of a general convergency-criterion we have not the same sort of proof 
for such equations as we have for trinomials, that every equation must be com- 
posed of mutually exclusive spans for each of which the series is convergent. 

That the nature of the roots, as to reality and relative size, is disclosed when 
fitness is established and the spans recognized, is sufficiently proved. Our infer- 
ences as to the signs of the roots depend on an assumption not yet proved, viz. 
that the sign of the sum of the series is the same as that of the o with which the 
series begins. No such doubt exists concerning the distinction between real and 



Simultaneously all ihe Roots of an Equation. 109 

imaginary roots. The imaginary series always occur in pairs of equal value and 
of opposite signs. If, in any case wherein o is imaginary, the sum of the imagi- 
nary terms is not zero, there are two imaginary roots, while if it is zero there 
are two equal roots. Notwithstanding the defect of proof as yet existing con- 
cerning the signs of the roots, the inferences derivable from recognized spans are 
most of them certain and all of them tentatively useful. When we subsequently 
ascertain by convergent series all the roots of the equation, the proof that the 
values so found are really the roots is absolute, and the correctness of the pre- 
liminary inferences made as to their nature is determined. 

The following table shows the maximum value of a^ consistent with con- 
vergency for any trinomial coming within the limits of the table, and may be 



extended by 


reference to the criterion a" •< A 


-"{n — ky 


'-"o"*. When 0)" has any 


other value than ± 1 , 


the factor 


tt»' must be 


supplied. 






n — k. 


n=l. 


n = a. 


n = 8. 


n = 4. 


n = 6. 


n = 6. 


8 


T'.S-" 


6*.8-* 


5».8-« 


4*.8-» 


3«.8-« 


2».8-« 


7 


6«.7-^ 


5».7-' 


4*. 7-' 


3«.7-' 


2».7-' 


7-' 


6 


5».6-« 


4^6-« 


3».6-« 


2».6-» 


g-. 




6 


4*.5-» 


3».6-» 


2».5-» 


5-» 




5-» 


4 


3».4-* 


2».4-* 


4-' 




4-* 


4-*.2-» 


3 


2».3-'' 


3-8 




3-» 


3-».2-» 


3-83-8 


2 


2-» 




2-» ! 


r».2-» 


2-».3-'' 


2-».4-* 


1 



—1 




1 


2-» 


3-« 


4-* 


5-» 


2-» 


3-» 


4-* 


5-» 


6-« 


7-7 


— 2. 


2».3-» 


2».4-* 


2».5-» 


2».6-« 


28.7-7 


2».8-» 


—3 


3».4-' 


3».5-» 


3».6-« 


3».7-' 


3«.8-» 


3».9-» 


—4 


4*.6-» 


4*.6-« 


4*.7-' 


4*.8-» 


4\9-» 


4M0-"' 


—5 


5\6-» 


5».7-» 


5».8-8 


5».9-» 


5M0-1' 


6MI-" 


The following list of certain roots of 1 


and of - 


-1 , and of the powers of 


these roots, will be found useful for reference 


!. Ifu» = 


1, t»=zbl, 


. If6)» = — 1, 


o=±V— 1. 


If6)'=l 


, 0=1 , 6)'= 


:1 , or else o 


=— id=iv^-3,o»= 


-i=FiV-3. 


If a''=-l, 


o=-l, 


c»*=l, or 


else o^idciV — 3, 


, «» = — i=biV— 3. If 



6)*=1, either 0=1, <a*=l, t»'=l; or 0= — 1, 0*=!, 0'= — 1; or ossiV — 1, 
o)»= — 1, (o«=:t:v'^^. If o*=— 1, either 0=\^{l±:'»/—i), (^=±:'>/'—i, 
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(/=s^i{—l±»/—l)', or o=Vi(— IdrV^^T), o«==fV^^, o»=Vi(l± V=r). 
If o"'=l, either 0=1, a* = l, o»=l, o*=l; or tt = .309 ±.95lV — 1, 
tt» = — .809±.587V^^, <»»= — .809 =F. 587V— 1, o*=.309 q= .95lV^^; or 
tt = _.809zt .SSTV'^^^, o» = .309 =F.95lV^^, o« = .309 ± .951 V^^, 
«»*= — .809 T .587^—1. (The fractions .309, .809, .687, .951, are given merely 
as approximations to the values of the exact expressions i(V5 — 1), i(V5 + 1), 
W{10 — 2V^), and ^^(10 + 2V¥) respectively.) If 0"=— 1, either o=— 1 , 
tt»=l,o)» = — l,o*=l; ortt= — .309 ±.95lV^=l, o»=: — .809 ^F .587\/^=T, 
o«=.809 =F.587\/"^, o*=.309 zb .95lV^^ ; or = .809 zb .587\/"=^, 
6)» = .309±.961\/^^,«»= — .309zb.95lV^^, a*= — .809± .587V^^. If 
u*= — 1, see the example at the beginning. The list may readily be extended 
by the rules given in the text-books. 



»ur le logarithme de la fonction gamma. 

Par Ch. Hermite. 



Je vais revenir encore a Pint^grale de Raabe pour presenter son role sous 
un nouveau jour, en consid6rant Pexpression plu^ gen6rale, 

ilog[r(a + f)r(a + l-0], 

et montrant qu'elle en donue la valeur asymptotique sous la condition que ^ soit 
positif et moindre que I'unite. Ce r&ultat a 6t6 d6ja 6tabli dans un article sur 
I'extension de la formule de Stirling (Mathematischen Annalen, T. 41, p. 681), 
on va voir qu'on y parvient plus facilement par la nouvelle m6thode que je vais 
indiquer. 

Soit F{x) une fonction qui ne change pas lorsqu'on y remplace x par 1 — x, 
je partirai de r6galit6 suivante, 

fxF' {x) dx + Hxh {x) dx = FUi) — rF(x)dx, 

qui se v6rifie immMiatement en observant que I'on a, 

pxF {x) dx = |2^(|) — rF{x)dx, 

sous la condition admise h. I'^gard de F{x) . 
Prenons maintenant, 

F{x) = log [r(a + a;)r(a + 1 -«)], 
en d^signant par / l'int6grale de Raabe, on aura, 6yidemment, 

2/= r log [T (a + as) r (a + 1 — x)] da. 
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Soit ensuite, 

J, (a) = ifxD, log [r(a + x)r{a+ l — x)]dx 

+ kCxb^ log [T (a + SB) r (a + 1 - »)] <fo;, 

nous en conclurons cette relation, 

ilog[r(a + a:)r(a+ !-«;)] = /+ Ji(a), 

et le r6sultat annonc6 sera mis en Evidence au moyen d'une expression de Ji (a) 
que je vais obtenir. 

J'observe a cet eflFet que de la formule, 

i).iogr(x)=X'.[^-f]%, 

on tire aisement, 

D. log [r (a + x) r (a + 1 - xy\ dx =f y ~fZ'P ^' ^y > 

il en r6sulte qu'on peut 6crire en d6signant par y^ une certaine valeur de la vari- 
able qui depend de a, 

Oela po86, cherchons une limite sup6rieure de la fonction , et dans ce 

but, mettons la sous la forme, 

e^ — e « 
En developpant en s^rie, elle devient, 

y + 2i:2»y'+ 2.3.4.5.2* ^+ •••• 

c'est-Jirdire, 

(2, _ 1) i + 2i:^[(^-i)yr+ 2.3.4\5> C(2^-^)y3^ + --'- 

^ + 2-i:?y'+ 2.3.4.6.2« ^+---- 
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On voit que si Ton suppose x compris entre z6ro et Funit^ le num6rateur de 
la quantity qui multiplie 2x — 1 , est toujours moindre que le d6nominateur ; il 
en r6sulte qu'en faisant, 

e>-l =(2^-l)»(^). 

la fonction ^ (ar) sera positive, moindre que l'unit6 pour toutes les valeurs reelles de 
la variable y et par consequent de a; on aura aussi la condition ^ (a) = ^ (1 — a:)- 
Cela 6tant I'expression de Ji{a) prend cette nouvelle forme, 

M 

ou bien, «7i (a) = — - qui suffit £l notre objet, la quantite, 

MIL 

M=J x{2x — \)q>{x)dx +J xlix— l)^{x)dx, 

etant finie 6videmment quel que soit a. Mais nous irons plus loin en obtenant 
les limites ind6pendantes de a entre lesquelles elle reste toujours comprise. 
J'employe pour cela la relation g6n6rale, 

f/{x) dx +ff\x) cUc =ri/{x) -/(I - x)] d<c +fAx)dx, 

■'0 ■'0 •'0 

qui se v6rifie en remarquant que par le changement de a; en 1 — a, on trouve, 

J^%)dx=J^'/ix)dx-fj(l-x)dx, 

ou plutot encore celle-ci, 
//(«) dx +//(») = f\/ix) -/(I -x)-]dx + \f\f{x) +/(1 -x)-\dx. 

Cela Stant, soit, 

/{x) = x{2x-l)<l>(x); 

de la propri6t6 qui a 6t6 in.diqu6e tout-^l'heure de la fonction ^(x), on tire, 

/(x) -/(I -x) = -{l-2x)^{x), 
/(x)+/il-x)= {l-2xy^ix) 

et nous avons en consequence : 

M—\f^{l — 2xf^{x)dx—f^{l-~2x)^{x)dx. 
15 
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I 
La premiere int6grale en se rappelant qu'on a ^ (a?) < 1 s'exprime par 

f (1 — 2x)^dx.O = -— , etant moindre que Tunitfe, la seconde si Ton suppose 

corame on pent le faire, ^<i, aura pour valeur / (1 — 2x)dx.d=^ {^ — ^*)^, 

ff 6tant aussi compris entre z6ro et un, nous avons done ce r6sultat qu'il s'agissait 
d'obtenir, 

Soit en particulier f = 1, ce qui donne M= —- , on trouve alors la relation, 

6 

ilog[r(a+l)r(a)]=/+ A, 

d'oii Ton conclut, 

logr{a) = J—^\oga + Y^. 

O'est Pexpression asymptotique k laquelJe j'6tais parvenu pr6c6deinment par une 
autre m6thode. La quantity Ji (a) representee par Tint^grale 

if^xD^ log {T{a + x)T{a+l—x)] dx, 

coincide dans ce cas avec J (a) = i f {x — a^) Di, logF (a + x) dx, void comment 

on passe de la premiere forme h la seconde. Changeons a; en 1 — cc, nous aurons 
d'abord, 

Ji(a) = —if{i—x)D, log [r{a + x)T{a +l—x)] dx, 
en ajoutant membre ^ membre avec la valeur pr6c6dente il vient 

Ji (a) = iy*\2a; — 1) D, log [F (a + a) T (a + 1 —a)] dx. 

Le facteur 2x — 1 6tant la d6riv6e de x* — x, une integration par parties donne 
facilement, si I'on observe que x — a;' ne change pas lorsqu'on remplace x par 
l-x, 

2Ji(a) = \f\x - «*)/?* log [r(a + x)V{a-\- l—x)'\dx 

=J{x — a?)JDi\ogT{a + x)dx. 
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Soit ensuite ^ = i, on trouve M= — — ; il est n6cessaire alors pour avoir 

6 4 

une limite plus precise, de recourir h, Texpression g6n6rale, 

M=J x{2x— \)q>{x)dx + f x{2x— l)^{x)dx, 
d'oii Ton tire, 

M—2j x{2x—l)^{x)dx 

= — 2 J cc (1 — 2x) ^{x)dx. 

Le facteur x{\ — 2x) 6tant positif entre les limites de Tint^grale et ^{x) 6taiit 
moindre que l'unit6, nous avons cette valeur, 

M= — 2j^x{l — 2x)dx.e 

__± 
~ 12 

et Ton en conclut Texpression asymptotique, 

iogr(a+4) = /-2^. . 

Je reviens maintenaDt h. la formule g6n6rale, 

Ji (a) = i /* xZ). log [r (a + a) r (a + 1 — x)] dx 
+ i /*'xA log [r (a + x) r (a + 1 — x)] dx, 



afin d'en tirer une autre expression de Ji{a) qui permet d'obtenir son d6veloppe- 
ment en s6rie suivant les puissances descendantes de a. Ce r6sultat important 
se d^duit ais6ment de l'6galit6, 

au moyen des int^grales suivantes, 
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En les ajoutant on trouve la quantity — — 2 — -g — ce qui donne 

imm6diatement, 

Supposons ^ = 1 , on en tire la formule de Stirling, 

oil J?i, J?j|, etc., d^signent suivant I'usage les nombres de Bernouilli. En faisant 
^ = ^ on en conclut la s^rie de Gauss, 



./iW- — 1,2.2a ^ 3.4.2».a» ~ 5.6.2».a» ^ 



ce second d^veloppement pouvant se deduire du premier au moyen de la relation, 

J,{a) = J{<ia)-J{a), 
qui d^coule facilement des expressions, 

Remplapons en eflFet dans la seconde y par -^ et retranchons membre a membre, 
il vient apr^s une reduction 6yidente, 

c'est-Jt-dire la valeur de Ji (a) pour f = i . Dans le cas g6n6ral oil f est quel- 
conque, je rappelle en terminant que si Ton d^signe par «n(0> 1® polynome 
de degr6 n + 1 de Jacob Bernouilli, 6gal lorsque ^ est entier ^ la somme, 
1** + 2~ + . . . . + (^ — 1)* on a la s6rie suivante, 

«^iW-2-Ln(2n-l) + 2n-l Ja^^* ^""-^^ 2,3,....) 

On trouvera dans Particle des Mathematischen Annalen qui a 6t6 cit6 plus haut, 
la demonstration de cette formule et les conditions de son emploi. 



8ur la pression dans les milieux dielectriques ou 

magnetiques. 

Par p. Duhem, Pro/esseur h la Faculte des Sciences de Bordeaux. 



Introduction. 



Tous les physiciens connaissent la tb^orie des pressions dans les milieux 
polarises qu'a imaginee Maxwell ; perfectionn^e par H. voa Helmholtz, par 
G. Kirchhoff, par M. B. Lorberg, cette th6orie ne peut 6viter des diflBcult6s et 
des contradictions qui ont 6t6 signal^es par M. Beltrami, par E. Mathieu, par 
M. M. Brillonin. 

Nous avons tent6, dans nos Legons sur V Electricity et le Magn^tisme, de donner 
une th6orie des pressions dans les milieux magn6tiques ou dielectriques, distincte 
de celle que Maxwell a indiquee et exempte des difficult^s que cette derniSre 
presente ; la m6thode que nous avons suivie, fondle sur Temploi du principe des 
vitesses virtuelles, parait hors de contestation; malheureusement, une erreur 
s'est gliss6e dans nos calculs; en estimant la variation virtuelle du potentiel 
magn6tique d'un syst^me, nous avons neglig6, comme infiniment petit du second 
ordre, une quantity qui 6tait en r6alit^ un infiniment petit du premier ordre ; il 
r6sulte de cette erreur que les conditions d'6quilibre qui se r6f&rent aux divers 
points de la surface limite d'un milieu polaris6 ont 6t6 donn6es par nous d'une 
manifere inexacte; au contraire, les conditions d'6quilibre qui se r^fferent aux 
points situ6s a Pint^rieur de la masse magn6tique ou di61ectrique ont 6t6 exacte- 
ment donn^es. La meme erreur entache les conditions aux limites que nous 
avons Stablies en 6tudiant les solutions d'un sel magnStique.* 

Cette erreur a 6t6 signal6e par M. LiSnard.f M. Li6nard a donn6 une Evalu- 
ation du terme n6glig6 par nous ; cette Evaluation le conduit k une consequence 

*Sur les dissolutions d'un sel magn6tique (Annales de TEoole Normale Sup®. 8® s6rie, t VII, 
p. 289. 1890). 

t Li6nard, Pressions d VintMsur des almants et des diilectrigues. (La lumidre ^lectrique. Tome LII, 
p. 7etp. 67, 1894.) 
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remarquable : pour maintenir en 6quilibre un fluide polaris6, il faut appliquer a 
chacun des elements de la surface qui le limite une pression dont la direction est 
norinale a r616ment, mais dont la grandeur depend de Vorientation de VeUment ; la 
grandeur de cette pression en un point de T^lement est 2neM^co^^{M^ iVj), e 6tant 
la constante des lois de Coulomb et Jf Tintensite de polarisation. 

Lorsque le corps est assez faiblement polaris6 pour que Pon puisse n^gliger 
son potentiel sur lui meme, cette pression introduite par M. Lienard devient 
proportionnelle au carr6 de Tintensit^ du champ et au carre du coefficient de 
polarisation du corps; au contraire, tons les autres termes que la polarisation 
conduit a introduire dans I'etude des pressions sont proportionnels au carr6 de 
Pintensit6 du champ ei a la premiere puissance du coefficient de polarisation ; le 
terme compl6mentaire introduit par M. Li6nard peut done etre neglig6 lorsque 
Ton consid^re des corps faiblement dielectriques ou faiblement magn6tique8 ; 
pour de tels corps, la th6orie que nous avons donn^e subsiste en entier. Au 
contraire, pour les corps fortement magnetiques tels que le fer doux, le terme 
complementaire a une grande valeur. 

Les belles recherches de M. Li6nard nous ont amen6 ^ reprendre, a notre 
tour, Fetude des pressions dans les milieux polarises ; cette etude repose, comme 
du reste la mise en 6quation de tous les probl^mes relatifs aux corps magnetiques 
ou dielectriques, sur Fexpression de la variation infiniment petite qu'eprouve le 
potentiel d'un syst&me polaris6 sur lui meme, lorsque ce syst^me 6prouve une 
modification infiniment petite; cette expression, qui etait incomplete dans nos 
Legons sur V Electricity et le MagnStisme, nous avons cherche a Petablir avec rigueur. 

La m^thode qui sert a traiter avec precision les questions relatives a la 
fonction potentiel ou au potentiel d'un syst^me polarise, oil A, B, (7, sont les 
composantes de la polarisation au point (x, y, z), est bien connue ; elle consiste k 
ramener, au moyen d'int6grations par parties, la question proposee h, une ques- 
tion analogue relative a un sysi^me elecfrisCy portant, en chaque point de sa 
masse, une density 61ectrique solide, 

_ • /dA , dB , dG\ ,-x 

et, en chaque point de sa surface, une density 61ectrique superficielle, 

a = -lA cos (iV;, x) + B cos {N^, y) + (7 cos (iV;, 2)] . (2) 

Cette m6thode ramSne la question que nous nous 6tions propos6e a celle-ci: 
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trouver I'expression de la variation infiniment petite qu'6prouve le potentiel 
61ectrostatique d'un syst&me lorsque la forme, la position et r61ectrisation de ce 
systfeme 6prouvent des modifications infiniment petites. Ce dernier probl^me 
pent, d^ailleurs, etre regard^ comme le probl^me fondamental de r6lectrostatique ; 
il serait done d&irable que la solution en soit donn6e avec la rigueur que Gauss, 
Bouquet et M. 0. Holder ont apport6 dans les d6monstrations relatives k la fonc- 
tion potentielle; cette solution, qui n'avait jamais 6t6 donnee h notre connais- 
sance, est Pobjet du Chapitre I du present M6moire. 

Au Chapitre II, nous avons rnontr^ brifevement comment on pouvait d6duire 
de la formule trouv6e quelques unes des lois fondamentales de TBlectrostatique. 

Repasser, au moyen des formules (1) et (2), de Texpression de la variation 
infiniment petite d'un potentiel 61ectrostatique k ^expression de la variation du 
potentiel d'un syst^me polaris6 sur lui meme, c'est Pobjet du Chapitre III. 

Au Chapitre IV, nous faisons usage des r6sultats obtenus pour traiter le 
problfeme de r6quilibre d'un fluide incompressible dou6 de force coercitive ; dans 
nos Legons sur PElectridtS et la Magnkisme, nous avions d6ja obtenu les conditions 
de cet. equilibre ; mais Tune de ces conditions etait faussee par Pomission du 
terme compl6mentaire introduit par M. Lienard, et la demonstration des autres 
laissait a desirer au point de vue de la rigueur. 

Enfin, au Chapitre Y, nous 6tablissons les conditions g6n6rales de P^quilibre 
d'un fluide compressible denu6 de force coercitive. 

Dans les deux premiers Chapitres de ce M6mpire, nous avons evit6 d 'exa- 
miner le cas oii la surface de contact de deux corps porte une couche ^lectrique 
double ; P6tude des couches 61ectriques doubles pr^sente des difficult6s sp6ciale8 
que nous examinerons dans un travail special. 

Dans les deux derniers Chapitres, nous avons borne notre expos6 aux fluides 
polarises; P6quilibre des solides elastiques polaris^ se traitera sans peine en 
suivant les m6thodes indiquees dans nos Legons sur V Electricity et le MagnHisme 
et en corrigeant, au moyen des calculs donnes ici, la forme des conditions aux 
limites. 

Nous n'avons pas repris, non plus, Petude de Pinfluence que le magnetisme 
exerce sur une dissolution d'un sel magnetique dans un liquide non magn6tique ; 
le lecteur trouvera sans peine de quelle manifere les conditions aux limites 
doiyent etre corrigees par Pintroduction du terme compl6mentaire de M. Li6nard ; 
dans le cas, seul realisable pratiquement, ou le sel est pen magnetique, ce terme 



120 DuHEM : Sur la pression dans les milieux dielectriques ou magnkiqties. 

est n6gligeable ; dans ce cas, les rSsultats que nous avons donnas autrefois devien- 
nent tous exacts. 

Chapitrb I. 

Variation du Potentiel 6lectro8tatiqve d^wi Systhme. 

Consid6rons un syst^me 61ectris6 portant k la fois une distribution ^lectrique 
solide k Pint^rieur des masses continues qui le forment et une distribution super- 
ficielle sur les surfaces de discontinuity qui limitent ces masses ; nous laisserons 
de cot^, dans le present travail, le cas oh ces surfaces porteraient une couche 
Uectriqtie dovhle ; nous nous proposons de consacrer ^ ce cas un memoire special. 

Soient : Mi un point situ6 a I'int^rieur de I'une des masses continues qui 
forment le sjst^me : 

dvi, un 616ment de volume entourant le point Mi ; 

pi, la density 61ectrique solide au point Mi] 

(ii, un point situ6 sur une surface de discontinuity; 
dSi, une aire 616mentaire d6coup6e sur cette surface, autour du point [ii ; 

01 , la density 61ectrique superficielle au point (ii . 

Au point M{x, y^ z), la distribution 61ectrique solide aura pour fonction poten- 
tielle, 

U{M)=U{x,y,z)=r£Ldvi, (1) 

•/ Ti 



ri 6tant la distance MMi et Tintegrale s'Stendant i tout espace rempli par une 
masse continue dlectrisee. 

Au point M{x, y, z), la distribution 61ectrique superficielle aura pour fonc- 
tion potentielle, 

W(M)= W{x,y,z)=^^dS„ (2) 

Ti d6signant la distance Mfii et Pint^grale s'6tendant k toutes les surfaces de dis- 
continuity 61ectri86es. 

La fonction potentielle totale aura pour valeur, au point M{x, y^z), 

7(x, y , z) = V{M) = U{M) + W{M) 
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Le Potentiel 61ectro8tatique du systfeme a pour valeur, 

Y = -^ff Udv + B^a UdS + ^^a WdS, (4) 

6 Stant la constante fondamentale de T^lectrostatique. 
II est la somme de trois termes : 

l^ Le Potentiel de la distribution solide sur elle meme : -|- Jp Udv ; 

2**. Le Potentiel de la distribution solide sur la distribution superficielle : e^a UdS ; 

3**. Le Potentiel de la distribution superficielle sur elle meme : -s"^^^'^^' • 

Prenons maintenant deux 6tats du systSme infiniment voisins Tun de Fautre. 

Entre chaque point g^mkrique M du syst^me dans le premier 6tat et chaque 
point g^mkrique M' dans le second 6tat, ^tablissons une correspondance univoque 
assujettie aux conditions suivantes : 

l"". Deux points correspondants J/, if, sont toujours infiniment voisins I'un 
de Tautre. 

2**. A tout volume v du premier syst^me, tout entier compris ^ Tint^rieur 
d'une meme masse continue, correspond un volume vf du second syst^me, tout 
entier compris ^ I'int^rieur d'une meme masse continue, et r6ciproquement. 

3**. A toute aire S du premier systfeme, tout entifere trac6e sur une meme 
surface de discontinuity, correspond une aire 8' du second syst^me, tout enti^re 
trac6e sur une meme surface de discontinuity, et rSciproquement. 

(Ces deux conditions excluent la possibility de toute scission, de toute 
d^chirure, durant la deformation,) 

4^ En tout point d'un volume tel que t?, la deformation fait naitre des dila- 
tations et des glissements qui sont infiniment petits. 

5°. En tout point d'lme aire telle que S, qui se transforme en sa correspon- 
dante 8\ les deformations sont infiniment petites. 

6°. Les densit6s 61ectriques solides p, f\ en deux points correspondants 
Jf, if, diflfferent infiniment peu Tune de I'autre. 

7**. Les densit6s eiectriques superficielles a,<f, en deux points correspon- 
dants liy iji!j difi^ferent infiniment peu Pune de Tautre.* 

*DanB un grand nombre de oas, les hypotheses pr^cMentes seront v6rifi6es, si Ton fait oorrespondre 
entre eux les deux points glonUtriques M, M*^ positions initiale et finale d'un mdme point matMA; on 
pourra alors, si on le juge utile, adopter ce mode de correspondance, mais on ne sera jamais tenu de la 
faire ; on pourra toujours, si I'on j trouYe ayantage, en 6tablir un autr^. 

16 
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Soient T la valeur du potentiel electrostatique dii systferae dans le preraier 
6tat et F' la valeur du potentiel 61ectrostatique du systfeme dans le second 6tat. 
Nous allons chercher a calculer Tinfiniment petit principal de la difiF6rence 
(F' — F), infiniment petit principal que nous designerons par 5F. 

r. Galcul du terme principal de [^U^ {M) — U{M)'\ . 

En un point M du systfeme, pris dans le premier etat, la distribution 61ec- 
trique solide que porte le syst&me dans cet 6tat admet une fonction potentielle 
U{M) ; au point correspondant M' du systeme pris dans le second 6tat, la distri- 
bution electrique solide que porte le systfeme dans cet etat admet une fonction 
potentielle U' {M'). La difference [?7'(if) — Tj{M^ est infiniment petite; cette 
proposition est 6vidente lorsque le point M et, par consequent, le point M', sont 
ext^rieurs aux masses electrisees ; une demonstration est n6cessaire dans le cas 
oil le point if, et, partant, le point Jlf' , appartiennent k une masse 61ectris6e. 

Soit P la limite sup6rieure des valeurs absolues que pent prendre la density 
61ectrique solide p en un point quelconque du systeme et en I'un quelconque des 
6tat8 compris dans I'ensemble d'etats que Ton veut consid6rer. 

Soit m un point quelconque du systeme en Pun de ses 6tat8. Du point m 
comme centre, decrivons une sphere 2 de rayon jB ; la fonction potentielle au 
point m de la distribution electrique solide r6pandue k rint6rieur de cette sphere 
sera inf6rieure, en valeur absolue, k 2nPB?. On pent done prendre B assez 
petit pour que cette fonction potentielle soit inf6rieure en valeur absolue k une 
quantity donn6e d'avance^. B 6tant ainsi determine, prenons le second 6tat 
du systfeme assez voisin du premier pour que MW soit infSrieur k B. Posons : 

u (M) 6tai^t, au point if, la fonction potentielle de la distribution solide que 
renferme, dans le premier 6tat du systeme, une sphere de rayon B ayant le point 
M pour centre et U (M) 6tant la fonction potentielle de la distribution solide qui 
demeure ext6rieure a cette sphere. Posons de meme 

Z7'(if)=t*'(ifO+U'(ifO, 

u^ {M^) 6tant, au point if, la fonction potentielle de la distribution solide que 
renferme, dans le second 6tat du systeme, une sphere de rayon B ayant le point 
M^ pour centre et U' (M*) 6tant la fonction potentielle de la distribution super- 
ficielle qui demeure ext6rieure k cette sphere. Nous aurons surement 

\u{M)\<r,, |«'(if)|<^. 
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D'autre part, le point Jf est int6rieur h la sphere de rayon JB ayant le point M' 
pour centre et le point M' est int6rieur h, la sphere de rayon R ayant le point M 
pour centre ; il est alors Evident que U' (M^) tend d'une manifere continue vers 
U(if), lorsque le second 6tat du syst^me tend vers le premier; on pent par con- 
sequent prendre le second 6tat assez voisin du premier pour que Ton ait 

\W{M')-H{M)\<y!. 
On aura, alors 

\U'{M')-U{M)\<Syi. 

On peut done prendre le second 6tat du systfeme assez voisin du premier pour 
que la diflF6rence [Z7'(if') — U{M)'] soit inf6rieure en valeur absolue k une 
quantity donn6e d'avance; cette difference est done infiniment petite, comme 
nous I'avions annonc6. 

Nous sommes assures que la difference [?7' (if) — U{M)'] peut etre regard6e 
comme un infiniment petit du premier ordre ; nous allons maintenant 6valuer le 
terme principal de cette quantit6. 

Nous avons 



la seconde int6grale 8'6tendant S. tous les elements dvy du premier 6tat, et la pre- 
miere h. tous les Elements correspondants dv[ du second etat. 

Nous pouvons exprimer cette difference au moyen d'int6grales toutes 6ten- 
dues aux Elements (fei du premier 6tat, et 6crire : 

u' {m - u{M) = r4^- ^1 

^rji^M-dvr^ ^^ (5) 

J MM, dmi '^ ' ^ ^ 

avec j^ ^ rr=£L - JiJ) ^''--^ dv, 

J \M'Mi MMJ dvi 

POSODS ^ _ /^ M \ — ^^''l • (7\ 
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X(ifi) sera, d'aprfes nos conventions, une fonction du point M^ qui gardera, pour 
tous les points M^ une valeur intiniment voisine de 1 . 
Nos conventions nous permettent 6galement d'6crire 

^!i^ = e.{M,) = eu.,, (8) 

pi-pi = ^i>W=^2>i, (9) 

9 et 3 6tant deux facteurs infiniment petits ind6pendants du point Mi, tandis que 
iir(Jfi) et^(ifi) sont deux fonctions finies du point Mi. 
Nous pouvons alors 6crire r6galit6 (6) sous la forme 



La difference 



J M'M'i ' •f MMi ^ 



est ce que deviendrait la diff6rence [?7' {M^) — U{A[)'\ si, au point Mi du syst^me 

pris dans le premier 6tat, la density 61ectrique solide avait la valeur finie mjpi et 
si, au point correspondant ifi du syst^me pris dans le second 6tat, la density 
61ectrique solide avait la valeur, infiniment voisine de la pr6c6dente, Xitvipi ; d^s 
lors, nous savons que cette difference est infiniment petite. 
La difference 

•f M'Mi ' J MM, ' 

est ce que deviendrait la difference [?7' {M') — U{M)] , si, au point Mi du systfeme 
pris dans le premier etat, la density 61ectrique solide avait la valeur finie pi et si, 
au point correspondant M[ du systeme pris dans le second 6tat, la densit6 61ec- 
trique solide avait la valeur, infiniment voisine de la prec6dente, "kiPi ; dfes lors, 
nous savons que cette difference est infiniment petite. 

Comme ^ et Q sont deux facteurs infiniment petits, r6galit6 (10) nous 
apprend que K est un mfiniment petit Wordre supkrieur au premier. 

Le terme principal de [ Z7' (wif ) — TJ{M)\ est done form6 par Pensemble des 
termes explicitement Merits au second membre de r6galit6 (5). 
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2°. Variation du poterdiel de la distribution Hectrique sdide sur eHe-meme. 

Nous aarons 

Sf Updo =f Wf'dv' —f U^v 

=J*{U'— U)pdo 
+SW - 9) ^^ 

avec 

B=S{U'- U){^drf-^)+fu{p'-p)^^^^dv. (12) 

Eq vertu des 6galit6s (8) et (9), nous pourrons ^cijire 

H= df{U' — U)wpdv + ^fiU' - U)ydv 

+ e^fu'pwdv. (13) 

La difference 

U'—U= U'{M)—U{M) 

6tant infiniment petite, ainsi que les deux facteurs $ et ^, cette 6galit6 (13) 
montre que totis les termes qui eomposent la quantU& H sont infiniment petite d'ordre 

sup6rieur au premier, Le terme principal de 3 / Updv est done repr68ent6 par 
I'ensemble des termes ezplicitement ^rits au second membre de l'6gaUt6 (11). 
On pent d'ailleurs, dans le premier de ces termes, remplacer la difference 
(W — U) par son infiniment petit principal, c'est-^dire par I'ensemble des 
termes explicitement Merits au second membre de r6galit6 (6). On obtient ainsi 
l'6galit6 suivante : 

SC Updo =y (p' — p) Udo 

^•^ •' MM, dv, ^ ' 
Transformons c^tte 6galit6 (14), 
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Plapons, au point Jfj, une density electrique solide JBi = pi — pi; soit 

la valeur, au point M, de la distribution ainsi obtenue. Une identity bien 
connue, due k Gauss, nous donnera 

jnpdv=JUBdv, 

oubieo //egp.p*,<fo=/(^-p)Er<fo. (16) 

Nous aurons identiquement 

Enfin nous pouvons 6crire 
Nous avons 

= r n^^ - ^^(^ ^m -a± "^ - ^) ..,dv dv, 

J9iK^ ""^ilJ MM,.M<Mi{MM^ + M'Miy J ' 

= 2/,(=.-.)[/_^^?L^a_^^<foJ*,. (,8) 

Mais il resulte des hypoth^es faites que les rapports ^ > "^S^ » different 
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infiniment peu de 1, meme lorsque {x — Xj) et MMi sont infiDiment petits; on 
peut done 6crire 

/xf — Xi + X — Xi 
1 



•^ mm' ^ •^ MMi ^ 



(19) 



^ 6tant infiniment petit. Au second membre de cette 6galit6 (19), le premier 
terme est 6videmment fini et le second infiniment petit. Cette 6galit6, jointe k 
r6galit6 (18), montre alors qu'en n6gligeant les infiniment petits d'ordre sup6- 
rieur au premier, on peut 6crire la premiere des 6galit6s 



les deux autres s'^tablisent d'une mani^re analogue. 
Posons 

^ (x, y , 2) = ^ (Jf) = «y^^^ Pi*'! 

;{x,y,z) = ^iM) = Br-^f>,dv, 

^ MMi 



(20) 



(21) 



et les 6galit68 (17) et (20) nous permettront d'6crire, en n6gligeant les infiniment 
petits d'ordre sup6rieur, 

'fff^' {wWi ~ m) '^*^^i=-2/p K(«^^)+»7(2/-y)+?(^-2)] dv. (22) 
Les 6galit6s (14), (15), (16) et (22) donnent, en dernifere analyse, 



|a/l7pdr = ./(p'-p) 



Udo 



dv 



+ efpU 



cM — dv 
dv 



(23) 
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Nous avons eu sola, au cours des raisonaemeiits qu'on vient de lire, d'invoquer 
seulement des propri6tes communes aux distributions 61ectriques solides et aux 
distributions 61ectriques superficielles ; nous pourrons alors nous abstenir de 
d^velopper de nouveau ces raisonnements dans les deux cas qui nous restent h 
traiter. 

3^ Variation du potentiel de la distribution sdide sur la distHhution superfideUe. 



En posant 






<24) 



nous trouverous pour expressioD de la variation de la distribution solide sur la 
distribution superficielle : 



ea §(rCWiS= e g (o' — (r) UdS 



^.^U.i^^dS 

+ efWp^!^d. 

— ^<yU(«f-x)+yiiy' — y) + ^{;/-z)-]dS 

-/pl^(a^-«)+l(y~y) + g(«'-2)]efo. (25) 

4°. Variation du poteniiel de la distribution superficielle sur die m^e. 
Nous aurons de meme 

-|- ag(yFaiS'= e§ (o' - a) WdS 

- ^<riS{^-x) + %{tf'—y) + %{,f—z)]dS. (26) 
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5**. Variation du potentiel ^lectrostaiique d^xm aystime. 
Posons 

•^ MM, ^ Vi 

Y{M) = ,7 (i/) + i (i/) = 4'^^ P^^*'^ + ^ S^^^' ""^^^^^ \ (27) 

MMx Mfii 

Z{M)=^{M) + %{M) = Bp-^^^dv, +,^.^^a,dS,. 

Posons, en outre, 

p' — p = 5p, a^ — x = Sxy i/ — y=8y, 2^ — z = 8z. 

Une formule connue nous donnera 

dv^ — dv dhx dhy dSz 

dv 3a 3y 925 ' 

Les 6galitees (4), (23), (25) et (26) nous donneront Texpression suivante pour la 
variation du potentiel 61ectro8tatique d'un systfeme 

6Y=efvSpdv + 6^VSadS 

— fp{XSx+ YSy + Z8z)dv — ^a{X8x+ Y8y + Z8z)dS 

Dans certains cas, it y a avantage h transformer cette 6galit6 au moyen de rela- 
tions que nous allons ecrire. 

En tout point interi^ur k une masse continue electrisee, on a 

^--'d^^ ^--'dy' ^=-^a^- (2^) 

Ces egalites perdent tout sens en un point pris sur une surface de discontinuity 
electrisee. 

Soient 1 et 2 les deux r6gions de Tespace qui sont situees de part et d'autre 
de la surface S] soient JVi la demi-norraale men6e vers I'interieur de la region 1 
et Ni la demi-normale men6e vers Finterieur de la region 2. La surface S est 
une surface de discontinuite pour les derivees partielles du premier ordre de la 
fonction potentielle. Si Jf est le point de la surface S auquel se rapportent les 
17 
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quantit^s X, Y, Z] si Mi{xi, y^, z^ et M^ipc^, y%, z^ sont deux points infiniment 
voisins du point M et situ^s le premier dans la region 1 , le second dans la 
r6gion 2, on a 

X=-B [U+ 27f(T COS (iV;, a;)] = —e\^+ 27ttT cos {N^, »)] 

r=-8[^+ 27i(Tcos(iVi, y)\ = -,[|I+ 27t(rcos(iSr3, y)] , [ (30) 

Z=—e[^+ 27l(TCOS(^i, 2)] = — 8[|?+ ^7taC08{N^, z)] 

Les identites cos (i^j, a) + cos (iV^,, a) = 0, 

COS (iVi, y) + cos (iVg, y) = 0, 
cos {Ni, z) + cos (iVi, «) = 0, 

permettent de transformer les egalit^s (30) en 



7- — J-('^.^\ 



.dzi dzt4 
De ces 6galit68 (30) et (31) nous pouvons encore d6duire les ^alit^s 

g^-^ = -4«TCos(JV„«;. 



(32) 



Ces diverses formules nous seront utiles par la suite. 

Chapitrb II. 

Application de la Formule prScSdente h quelqiies Questions d' Electrostatique. 

§1. — Gandiiions de VSqmlibre Uectrique. 

Le potentiel thermodynamique interne d'un systfeme 61ectri86 a pour 



expression 



F= F^ +fefdv + § e^dS-j- F, 



(1) 
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© 6tant une quantity qui, sur uu conducteur, varie d'un point k I'autre et Fq la 
valeur que prendrait le poteutiel thermodynamique interne du syst^me ramen6 
a r^tat neutre. 

Comme nous ne voulons pas, dans le present m6moire, introduire la consi- 
deration de couches 61ectriques doubles, nous nous limiterons au cas ou © varie 
d^une manitre continue d'un point h Vautre de toute masse condiLctince connexe. 

Supposons que le conducteur se compose de deux masses conductrices s6par6- 
ment connexes, 1 et 2, limit^es respectivement par les* surfaces Si^Sf^. Imposons 
k ce syst^me une variation de distribution 61ectriqae, sans changeraent de posi- 
tion ni de forme des corp^ conducteurs qui le constituent. Faisons correspondre 
les deux points gSomitriqttes M, M\ oii un meme point matJkriel se trouve au 
d6but et k la fin de la modification ; les deux points M et Jf' coincideront. En 
vertu de r6galit6 (28) du Chapitre 1 et de Pegalit^ (1), nous aurons 

hF=f(B F + ©) «pi (foi + ^ (6 F+ ©) ha^ dS, 

+ /(8F+0)5p8(fo,+ ^(£7+0)5(72^/52. 

Les conditions d'6quilibre s'obtiendront en exprimant que 5^ est 6gal a pour 
toutes les variations virtuelles de la distribution electrique. 

Si Ton d&igne par Qi et Q^ les charges invariables des corps 1 et 2, on aura 

J pidv^+ \^aidSi= Qi, 
J p%dv2 + 1^ a^dSz = Qij 

en sorte que les variations virtuelles de la distribution 61ectrique seront assu- 
jetties aux conditions 

J Spidvi + ^ ScidSi = 0, 

J ^pjcfog + ^ SozdS^ = 0. 

C'est seulement lorsque ces conditions sont remplies que 8F doit etre 6gal k . 
II doit done exister deux constantes Ci, Cg, telles que Ton ait identiquement 

f{eV + @+ G,) api^i + § (f F+ + G,) Sa.dS, 
+f{eV + e+ G,)8p,do^+^{6V+e+G^)8a,dS^=:0. 
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Pour que cette identity ait lieu, il faut et il suffit que I'on ait : 
1^ En tout point du corps 1 ou de la surface qui le limite, 

eV+e+ C^=0, (2) 

2°. Bu tout point du corps 2 ou de la surface qui le limite, 

eV+e+ G^=0. (2 bis) 

On obtient ainsi, par une methode entierement rigoureuse, les equations connues 
de r^quilibre electrique. 

§2. — Actions qui s^exercent entre des corps dont la forme et V electrisation demeurent 
invariables. 

Imaginons un systfeme formes de corps qui se deplacent de manifere que 
chacun d'eux garde une figure invariable et que chaque point materiel entraine 
la charge qu'il porte ; tel est un syst^me form6 de solides parfaitement rigides 
et parfaitement mauvais conducteurs. 

Prenons deux 6tats voisins du syst^me ; k chaque point geom6trique M du 
premier 6tat faisons correspondre un point geometrique M' du second etat, de 
telle sorte qu'un meme point materiel se trouve en M au debut de la modifica- 
tion et en M' i la fin; 8x, 5y, 8zj sont alors, en chaque point geometrique, les 
composantes du deplacement subi par le point materiel qui se trouvait en ce 
point g6om6trique. 

Les hypotheses faites nous donnent les ^galit^s 

^p = 0, Sa=0, df/ — dv=0, dS^ — dS=:0. 
L'6galit6 (28) du Chapitre I et T^galite (1) donnent 

SF= SFo —fp {X8x +ny+ Zhz) do 

— §(T(ZSa:+ ny'\-Zhz)dS. 

Cette 6galit6 nous montre que chaque 616ment materiel est soumis : 

1^ Aux forces auxquelles il resterait soumis si le syst^me 6tait ramen6 a 

Tetat neutre, 

V. A une force qui a pour composantes Xq, Tq, Zq, si Ton d6signe par q 

la charge 61ectrique totale de r61ement materiel consid6re. 

On retrouve ainsi, sous leur forme la plus g6n6rale, les lois de Coulomb, 

point de depart de I'electrostatique. 



I 
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§3. — Actions qui a^exercent sur des corps conducteurs electrises. 

Nous supposerons, comrae au §1, que d'un point k Tautre de toute masse 
conductrice connexe la quantite varie d'une mani^re continue; de plus, pour 
simplifier nos recherches, nous supposerons que chaque masse conductrice 
demeure homogfene meme au voisinage des surfaces terminates ; nous admettrons 
que garde la meme valeur en tout point de la masse conductrice, meme au 
voisinage des surfaces terminates ; nous regarderons cette valeur de comme 
fonction de la seule densite D de la matifere cond'uctrice, et nous supposerons cette 
densite invariable. 

Pour 6viter les formules trop longues, nous r6duirons le systfeme k un con- 
ducteur unique. 

Bnfin nous 6tablirons la correspondance entre les points Jf, Jf', en suivant 
la r^gle qui nous a servi au § pr6c6dent. 

Nous trouverons sans peine r6galit6 

Sfepdv + S ^ SadS =:fe6pdv +^e^adS 

D'autre part, les 6galit68 (28), (29) et (30) du Chapitre I domxent r6galit6 
8T=feV6f>do+^6VbadS 

+ ^ 27tf(T* [cos {Nij x) 8x + COS {Ni, y) hy + cos (^< , z) hz\ dS, (4) 

Ni designant la demi-normale k la surface limite du conducteur, dirig6e vers 

Virderieur du conducteur, et («<, y^, z^ 6tant un point infiniment voisin de T^le- 

ment dS, mais situe k Pinterieur du conducteur. 

Or r6galit6 

eF+©+(7=0, (2) 
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permet d'6crire, en tout point int^rieur au conducteur, 

3^-^' a^-^' "a^-^- ('> 

Les 6galit6s (1), (2), (3), (4) et (5) donnent alors r6galit6 

iF= SF, - [/(«p + , i^) ^ + S(ia + . ^^^ ,S-\ 

+ 27t6 ^ (X* [cos {Nu x) hx + cos {Ni , y)St/ + cos (JV;, z) Sz] dS. (6) 
Mais si Ton d6signe par Q la charge 61ectrique invariable du conducteur, on aura 

fpdv+ ^adS=Q 
et, par consequent, 

Moyennant r6galit6 (7), r6galit6 (6) pent s'6crire 

fiF= 8Fo + 27tf ^ (T» [cos {N„ x) 8x + cos (iV;, y) 8y + cos (iV;, z) 5z] dS. 

Cette 6galit6 nous fournit la proposition suivante : 

Lee forces qui agissent eur un conducteur &lectris6 dS/ormable^ mais incom- 
pressiblej se composent : 

V. Des forces qvi agiraient su/r le conducteur ramenS h VHai neutre. 

V. Uune force appliquSe h chaque Element dS de la su/rface qui limite le con- 
ducteur ; cette force est normale h VSHment dS et dirigSe vers Vext&rieu/r du condiic- 
tev/r ; elle a pour valewr 

T— "liws^dS. 
Ce th6or^me est bien connu. 

ChapJtrb III. 

Yariaiion du Potentiel d^u/n Sysihne de Di^ectriques polarises. 

Nous allons maintenant — et c'est Pobjet principal de ce m^moire — faire 
usage de I'^galit^ fondamentale obtenue au Chapitre I pour 6tudier les milieux 
magnetiques ou di^lectriques ; a(in d'eviter toute confusion, nous supposerons con- 
stamment dans notre analyse qu'il s'agisse de corps di61ectriques ; le lecteur 
apercevra sans peine les 16g^res modifications qu'il faudrait faire subir a notre 
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expose pour Tappliquer aux corps magn^tiques ; la principale modification con- 
sisterait a faire 6gale a 1 la constante e des lois de Coulomb. 

Soient A, B, C, les composantes de la polarisation en un point (jc, y, z) 
int6rieur a un dielectrique. Le Th6or6me fondamental et bien connu sur lequel 
nous nous appuierons est le suivant : 

On peat sans chxxnge^* ni la fonction potentielle, ni le potentiel du syst^me, rem- 
placer la pclarisation diSkctriqu^ par une distribution 6lectrique fictive dJefinie de la 
manih'e suivante : 

La distribution fictive a pour density solide^ en tout point int&rieur h une masse 
di&ectrique continue 

elle a pour densite superficiellcj en tout point de la surface terminate d!un di^ectrique, 

(T = — [A cos {N„ x) + B cos {Ni, y) + G cos (iV;, z)] , (2) 

Ni ^nt la demi-normale dirigSe vers Vinthiewr diSlectrique ; eUe a pour density 
superficiellcy en tout point de la su/r/ace de contact de deux masses diMectriquee let 2, 

(Tis = — [Ai cos (iVi, x) + Bi cos (iVi , y) + Oi cos (iVi , «)] 

— [A, cos (iVi, x) + B, cos (J^„ y) + C, cos (iVi, 2)] , (3) 

Nij JVg, kant les deux demi-normales dirig^ respectivement vers VintMewr de la 
masse 1 et vers Vinteriewr de la masse 2 . 

Imaginons deux di61ectriques 1 et 2, dont Si, S% sont les surfaces libres et 
dont /Sig est la surface de contact Soit T le potentiel de la polarisation dielec- 
trique sur elle meme. En vertu des 6galit68 (1), (2) et (3) du present chapitre 
et des 6galit6s (28), (29), (30) et (31) du Chapitre I, nous pourrons 6crire 

+ « § F5 [Ai cos {Nu x) + Bi cos {N„ y) + Cj cos {N,, z)] dS^ 
+ e § Vh [Ai cos {Ni , «)+ B, cos (JV, , y) + 0, cos {N^ , z)] dSu 
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+ 6g^[AiC08(JV;,a:)+B,cos(JV;, y)+CiC08(iV;, 2)](^Zfe+^3y+^fe)c?;Si 

— 27tf Sn [Ai cos (JV;, x) + Bi cos {N,, y) + d cos (^<, «)]* 

X [cos(JV;, x) hx + COS (iV;, y) hy + cos (JV;, z) hz] dSi 

+ s^J[A,co8{N,, x) + BiC08(iV;, y) + C,oo8{N,, z)] ^^l^^dS^ 

+ etc., 

— -s-S [AiCos(iVi, a:) + BiCOs(JV^i, y) + Oi cos (JV;, z) 

— A, cos {N^j x) — B3 cos {N2 J y) — Cg cos (N^ , z)] 

+ e Ss [ Ai cos {Ni , x) +. Bj cos (iVj , y) + C, cos (JV^i , z) 

+ A, cos (iV,, a:) + B, cos (i^„ y) + C, cos {N, , 2)] 7 ^^"j^^^" dS^. (4) 



Le symbole + etc* remplace neuf termes qui se d6duisent, en permutant les 
indices 1 et 2, des neuf termes 6crits avant ce symbole. 

Nous allons transformer cette 6galit6. 

3A 
Proposons nous d'abord d'6valuer la quantity S ^- . 

Prenons deux 6tats voisins du syst&me. 

Soient M{x, y, z) et ifi(xi, jy, z) deux points infiniment voisins du systSme 
pris dans le premier 6tat ; la droite MMi est parallfele k Paxe des x. Aux deux 
points My Ml correspondent, dans le second 6tat, deux points infiniment 
voisins M{xf, yf^^i) et ifi(ai, yf, zi); la droite MMI n'est plus, en general, 
parallMe a Paxe des x. Considerons les deux points Mi{xl^, yi, 2') et 
Mi (a^, y', z') . La droite M^M^^ est parall&le k Taxe des a:; la droite M^Mi est 
parallfele a Taxe des y ; la droite M^Mi est parallMe k Taxe des z. 

Soient A, Aj, A', Ai, Ag, A3 les valeurs aux points if, Jfi, M, M{, M^, M^ 
de la composante parallMe k Ox de Pintensite de polarisation ; les valeurs non 
accentu6es se rapportent au premier 6tat du systfeme et les valeurs accentu6es au 
second. 
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Formons la quantity 

T — -^8 — ^ -^1 — -^ 

scj — a/ Xi — X * 

Si, laissant invariables les deux ^tats du sjst^me, nous faisons tendre le point M^ 
vers le point M, le point Mi tendra en meme temps vers le point if' et la 

quantity /tendra vers (^-^ — ^— } • Si, ensuite, nous faisons tendre le second 

etat du syst^me vers le premier, cette diff6rence deviendra une quantity infini- 

ment petite dont le terme principal sera pr6cis6ment h ^- . 

Ce terme principal peut s'6valuer de la manifere suivante : 
On v6rifie sans peine Tidentit^ 

x[ — Qcf xi — x yi — yi x^ — x^ 

(Ai-A^)lixi-x,)-{:^-x)] 
{xi — x){xi — xf) 

(A(-AO-(A'-A) 

Xi X 

Lesidentit6s yi = yif yi = l/^ zi^ = ^, 

permettent d'6crire le second membre de cette 6galit6 sous la forme 
. (A(-A^)-(A^-A) 

1 [ A^-A^ (yl-yi)-(y-y) 

^ ^ {x^ — xi) — {scf — x) \yi — yi x^ — x 

Zi — Z'l Xi — X 



Ai — A _ ( A{-AO — (A — A) -i (g( — a/)-(«x-«) 1 

Xi — X J Xi — X J 



+ [Ar=:A 
L xi — X 



Laissons invariables les deux 6tats du syst^me et faisons tendre de point Mi vers 
18 
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le point M. On voit s«an8 peine que la quantity pr6c6dente tendra vers la liinite 



a(A^-A) 1 (dk! d{t/—y) . aA' a 

dx 



^) 



dz/ dx 



^ raA _ ^{A' — A) ^^ ^{a^ — x) ^ 
Ldx dx J dx }' 

Faisons maintenant tendre le second 6tat du syst^me vers le premier et cette 
quantity deviendra un infiniment petit dont le terme principal sera 

d8A_dA. d8y_dA d8z _dA dSx 
dx dy dx dz ^x ^ dx 

On trouve ainsi la premiere des 6galit6s 



g aA _ asA _ /aA a&c aA asy . aA a&\ ' 

dx ~ dx \dx dx ' dy ~Sx "" dz dx) ' 
ga]B_a«B_/aB Zhx d^Zhy Z^ dhz\ 
dy dy \dx dy ^ dy "*" dz 5y / ' 

^ac _asc_/ac aa^ ac % ao as^N 

dz dz \dx dz '^ dy dz '^ dz dz ) ' 

Les deux autres 8'6tablis8ent d'une mani^re analogue. 
Ces 6galit6s (5) permettent d'6crire r6galit6 

•'i \ dx dy dy dx "^ dx dz dz ^ 

dBi d6z_dBi-d8z dBi dSx_dBj^ dSx 
'Uy dz ^z dy dy dx , dx "3^ 

aCi dhx aCi dbx 

dz dx dx ~Sz 



+ 



+ 



acxa5y_ac, %\^^ 

"*" dz ^y dy dz/ *' 



(6) 
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Des integrations par parties permettent de transformer cette 6galit6 en la 
suivante : 

Ji L\ dy dx dx dy ~Sz dx dx dz J 

/aCi aF_ ac, 8 F aAj aF_ aAj a F\ ^ 

\~dz dy dy ~3z "^ dx dy dy ^5xJ 

/aAiaF_8Ai aF 33, aF_aB, aFN^T^^ 

\ ^ ^ dz "^ dy ^ dz dyJ -• * 

— S F [cos {Ni, x) 5Ai + cos (JV;, y) ^Bj + cos (JV;, a) 50,] dS, 

— S F[cos (JVi, a) 5A,+ cos (iVi, y) 5B, + cos {N^, z) ^CJ diS^a 
~S/(^ + ||* + ^)l^*'°'(^" x)3x + co8(^i, y)5y + cos(Wi, a)32](i^„ 
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D'autre part, on a les identit^s suivantes : 

J\ L\ dy dx dx dy ' dz dx dx dz J 

/aCj aF_ac, ay aA, aF_aAi dv\^ 

\dz dy dy dz "*" dx dy dy dx) ^ 

/aAi aT^_ aA, aF asi aF _aBi dY\ ^ ^^ 

\dx '^ dz dx '^ ~Sy dz dz ^ J J ^ 

et 

+ (^" «- + f «!' + ^ ^) «» («• ')] "* 
+ § [A, cos (iV, , it) + Bi cos (y,, y) + C, cos W , «)] 

+ [^ (B, F) &« + 1^ (B, F) 5y + ^ (C. F) ^e] cos {N,, y) 

+ [^(CiF)5x + ^^(CiF)5y+ Jj-(CiF)52]cos(iV;,e)}diSi. (8) 

On pent, en outre, 6crire, en tout point de la surface Sn, une 6galit^ analogue k 
la pr6c6dente ; nous la d^signerons par (8 bis). 
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Enfin les 6galite8 (32) du Chapitre I, jointes h, r6galit6 (3) du present 
Chapitre donnent r6galit6 : 

1^— |^= 47< [Ai cos {Ni, x) + B, cos (2Vi, y) + C, cos {N,, z)] cos (N^, x) 

+ 4n [A, cos {N2, x) + B, cos (N^, y) + C, cos {N^ , z)] cos {N^ , x) , (9) 

et deux 6galit6s analogues pour (^ — Wj' (^ WJ ' 

Moyennant les 6galit68 (6), (7), (8), (8 bis) et (9), r6galit6 (4) devient: 

►^5, \dxi ^ dyi ^ dzi/ 
X [cos {Ni, x) Sx + cos {Ni, y) hy + cos (JV;, z) fe] dSi 

+ f S F[Ai5 COS (^;, a?) + Bi5 cos (A;, y) + Q^h cos (iVj, 2)]d/S, 

+ eg F[AiC08(iV;, X) + BiCos(iV;, y) + C,cos{N„ z)-]^^l^^dS, 

— 2ns §. [Ai cos {Nt, x) + Bi cos {Nt, y) + C, cos (^;, 2)]* 

X [cos {Ni ,x)hx + cos (^„ y) hy + cos (^, , 2) ^2] i<S'i 
+ etc, 

_ g a ir/^aAx 31^ ac, _ aA, _ aB, _ ac,\ 
^«.. \a«i "'' ayi Szi aa*» a^i ^/ 

X [cos (^1, ») &r + 008 (J^i, y) 3y + cos {N^, z) &] d^Si, 
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+ e S/K^i - Ag) 5 cos (JV, , x) + (B^ — B,) 5 cos (iVi, y) 

+ (Ci — C,) 8 cos (iVi, z)] dSu 
+ e^V [(Ai — A,) cos (JV, , «) + (B, - B,) cos (iVi, y) 

+ (C,-C,) COS (iVi, .)] ^^"^-^^^ c2;Si, 

- 27wSj [Ai cos (JV;, a:) + B^ cos (JVi, y) + G, cos (JVi, z)]» 

— [A, COS (JV;, x) + B, cos (iVi, y) + C, cos (JVi, z)y\ 

X [cos (i^i, a) 8x + cos (i^i, y) 8y + cos (i^j, 0) h'] dS,^. (10) 

Le symbole + etc. remplace sept termes qui se d6duisent des sept premiers 

termes de I'expression de ^Fen reiuplapant I'indice 1 par Findice 2. 

Faisons choix, sur la surface Si, d'un systfeme de coordonn6es curvilignes 

rectangulaires : 

(w) V = const., 

(v) u = const. 

Supposons que le carr6 de rel6ment lin6aire trac6 sur la surface soit repr6sent6 

par la formule 

df\^=iAi (w, v) du* + Bi (w, v) di^. 
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L'616meiit superficiel aura pour valeur 



dSi=VAiBidudt). (11) 

Prenons un point M, int6rieur au corps 1, pris dans le premier 6tat, et infiniment 
voisin de la surface /Si ; ce point a pour correspondant, dans le second 6tat, un 
point M\ Projetons Mif sur la tangente k la ligne (w), sur la tangente a la 
ligne (v), enfin sur la normale iVJ. D6signons les trois projections obtenues 

Nous aurons 6videmment, pour un point (x<, y<, Zt) infiniment voisin de la sur- 
fac6 iS' 

oxi oyt ozi 

et aussi 

h cos (iV;, x) = ^^^^i^^) Su + ^ ^^»^'' "'^ ^ + D C08(iV;, x). (13) 

Le symbole D cos (i^, x) a le sens suivant : 

Soit Jf un point de la surface /Si ; par ce point, menons la normale k la sur- 
face /Si ; prolongeons la jusqu'au point m oil elle rencontre la surface Si ; en m 
menons la demi-normale Ui a la surface Si vers I'int^rieur du fluide 1 ; nous 

aurons 

jD cos (iVJ, x) = cos (n<', x) — cos (iVJ, x) . (14) 

Une 6galit6 connue* donne 

dS[~-2ABl du ^ ^ dv *' J 

Ri et Ri sont les deux rayons de courbure principaux de la surface /Si, en un 
point de r616ment dSi ; chacun de ces rayons est compte positivement lorsque, 
pour aller de la surface au centre de courbure correspondant, on marehe dans 
le sens de la demi-normale Ni. 

* P. Duhem, Hydrodi/namique^ HaatieUS, aeoustigvje* Tpme 11, p. 88* 
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Les 6galite8 (11), (12), (13) et (16) nous permettent d'ecrire 

+ SA,F5cos(jyr„x)d/S, 

+ SA,Fcos(iVr,,x)MzZ^id^, 

= S„[^ <^ (^" -) - *■ ''(x + i) ■=*" <*■'• "'] **^ 

+ ^ Ai FD cos (iV;, «) d/Si 

/-V( 3[A^7cos(JV;,a;)] A.Fcos (iV;, x) 9045) K^ 

^ j 3[A,Fcos(JV;,a;)] , AiFco8(iV;, x) d{AE)\ . 

+ A, Fcos {N, , a:)(^ + ^)]^^2^^^ ^^- (16) 

Soient : 

Zi le contour de la surface Si, 

Ui une derai-droite normale Jt ce contour, tangente Jt la surface /Si, et dirig6e 
vers rint6rieur de Taire /Si, 

(n^ u) Tangle que cette demi-droite fait avec la tangente men6e par son 
pied iL la ligne (t«) (t? = const.) , cette tangente 6tant dirig6e dans le sens oii le 
param^tre u va en croissant, 

(n<, t;) Tangle que cette demi-droite fait avec la tangente men6e par son pied 
St la ligne (y) {u = const.) , cette tangente 6tant dirig^e dans le sens oil le param^tre 
V va en croissant, 

F{u, v) une fonction r6gulifere des variables u, v. 

Si la surface Si ne pr^sente aucune singularity, on a"*" 

+jF[cos (n,, u)VA'Su + cos (n<, «)V;B 5d] dZ, = 0. (17) 

* P. Duhem, Hjfdrodynamiqtte, Hastieiti, aeousHque. T. II, p. 85. 
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Appliquons cette 6galit6 (17) d. la fonction 

F=zAiVcoB{Ni,x)i 

remarquons, en outre, que Ton a 

cos (rii, u)s/A Su+ cos (w^, v)^/ B hv = cos (^c, cc) 5x + cos (n< , y) hy + cos (w<, z) hz 
et l'6galit6 (16) se transformera en une autre 6galit6 qui, join te a deux 6galit6s 
analogues, donnera 

+ S! F[Ai5 COS {Nu x) + Bi5 cos {Ni, y) + G^h cos(iV;, z)] d/Si 

+ g F[A,cos(A;. x) + B,cos(iVi. y) + C7,cos(JV;, «)] i^l^l^dS, 

= g 7 [AiD cos (JV;, ») + BiZ) cos (iV;, 2^) + CiD cos (iV;, a)] di^ 

- F[Ai cos (^;, x) + Bi cos (iv;, y) + c, COS (iv;, 2)](-l- + J^-) | 

X [cos (iVi, a) &c + cos (JVJ, y) 5y + cos (iVi, z) (^2] d/^ 
—fv[A, cos (iV;, x) + Bi cos (JV;, y) + C^ cos (iV;, 2)] 

X [cos (Ui, x) Sx + cos {rii, y) hy + cos (n< , 2) 5z] dLi. (18) 

Proposons nous maintenant d'6valuer la quantity 

SF [All? cos (JV;, a) + BiZ? cos (iV;, y) + CiZ? cos {N,, z)] c^/Si , 

et, pour cela, cherchons d'abord Texpression de D cos (iVi, x) en un point quel- 
conque Mi de la surface /^. 

Soient : 2i une aire quelconque trac6e sur la surface /Si, autour du point Jfj, 

A.1 le contour de I'aire 2i, 

i/« une demi-droite normale d. ce contour, tangente iL la surface ^^ et dirig6e 
vers Pint^rieur de Paire 2i. 
19 
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Par chaque point if de Taire 2i, 61evons une normale a la surface Si, et soit 
m le point ou cette normale rencontre la surface Si ; k chaque point M, faisons 
correspondre le point m ainsi d6fini ; a Paire 2i, trac6e sur la surface a^, corres- 
pondra une aire a^ trac6e sur la surface Si] dSi, dai, seront deux elements cor- 
respondants des aires Si, Ci. 

Un lemme bien connu de Gauss nous apprend que, pour une surface ferm^e 
quelconque S, on a 

^coa{N,x)dS=0, 

pourvu que les demi-normales iV'soient port6es toutes vers rint6rieur, ou toutes 
vers Text^rieur de la surface S. 

Appliquons ce lemme a la surface ferm6e que composent Taire 2i, Taire cXi, 
et la surface r6gl6e engendr6e par les normales k la surface Si le long du contour 
%! ; 11 est facile de voir que nous aurons, en tout 6tat de cause : 

iS cos (n<, x) doi — iS cos (-ATc, x) dSi + j cos (v^, x) hNidXi — 0, 
ou bien, en tenant compte de r6galit6 (14) et en remarquant que 

§Z?cos(^;, x)d2i=^ (-^ + ^) cos(iV;, x)8NidXi—fco8{vi, x)hNid\. (19) 
Les 6galit68 
cos iyu a^) aJ + c^ (^*» y^^'^ ^^® (^*' ^) a^ =^/l^cos (y„ u), . 



7\ ^ Ok 

cos (r,, ») -j^- + cos {vi, y) -g|- + cos (v<, z) ^ = V5 cos {vu «), 



-(20) 



cos(i;<, x) COS {Ni, x) H- cos (r^, y) cos (JVJ, y) + cos(i^i, z) cos (iVi, z) = 0, 
donnent : 

1 { Ck o 

cos (»'i. ») = -^ j [-^ COS (Ni , a) — -g|- cos (iV; , y)]>/Z cos {vu u) 

- [|| co8(JV;, 2)--^ cos(^;, y)]V5"cos (v., t))|, (21) 
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en posant : 



2) = 



dx 
da 


dy 
du 


du 


dx 
dv 


ay 


dz 

dv 



(22) 



COS {Ni, x) COB {Ni, y) cos (JVJ, 2) 
Nous aurons alors 

/ cos {vi , x) SNi dXi 

-f^ { ["al" ^°^ (^" ") — W ^**^ ('^" 2')]'^3~co8 (r„ u) 

~~ ['W ^^ ^^" ""^ ~ ^ °°^ (^" yj'^^^cos (v„ t;)}<«li. (23) 
Mais si G{u, v) d^signe udc fonction de u, v, r^guli^re dans I'aire Xi, on a 
J GVA COB (i„ «) d^i =JJ-^ ^'ABdu dv — \^^^ dZ^, 

fGV^cos (vt, v) dXi =ff^ ^^^ dudv=^ |^ dSv 
Moyennant ces lemmes, I'^galit^ (23) peut s'6crire 
/cos(»',, «)^N,dX^ = ^^[^[^[^coB{N„z)-^ coB{N„ y)]| 



(24) 



dv}Didv ^^"y^^'^^f- du 

Moyennant cette 6galit6 (25) , l'6galit6 (29) devient 
^ [d cos {Ni, x) — C-^ + -gT") cos {N(, x) 8N( 

Cette ^galit6 doit avoir lieu quelle que soit I'aire 2i, trac6e autour du point Mi ; 
on en conclut sans peine que I'on doit avoir, en tout point Mi de la surface Si, 

D cos {Ni, x) = (-^ + ^) cos (Ni, x) hN 
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Cette 6galit6 (26) nous permet d'6crire : 

g^7Ax2>co8(iV;, x)dS, = QvA,coa{N„ x)(± + ■^)SN,dS, 

Mais on a 

- i [^«» W. ^)- -^ «»(«• »>] ^} ««<'*■• ('" 

D'ailleurs les 6galit6s 

cos (t^, a) gj + cos (W, y) gl- + cos (lA, 2) -gj = VA, 

^os (t*, a^) -g^ + cos (w, y) -g^ + cos(tt, z) -g^ = 0, 

co8(t^, x)coB{Ni, x) + cos(w, y)co8(JVi, y) + coB{u, z)coa{Ni, 2) = 0, 

qui r6sultent imm6diatement des egalit6s : 

-g^ = \/Tcos(w, a), -g|-= Vircos(w, y), -g^=\/Tco8(?/, 2), 
-^ = \/5~cos (t?, a), g|^ = V5cos (t?, y), ^^ =\/'B cos (r, 2), 

donnent : 

cos(w,a;) l rdy ,^7 \ 9^; /xr \1 
V^ ^ = ^L^cos(iV;,2)-3^cos(iV;,y)J. 
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On trouve de meme 

~v^- =-^ L^t ^^(^" ')-^ «°«(^" 2')J- 

Moyennant ces ^galitfes, on a 

- i [^ ■=«»(*'• ^) - ^ ■»« <"• ■ y)] ^'} «*■' ''«■ 

Mais, d'autre part, on a 

1 a(AiF) , . 1 a(A,F) . , . a(AiF) ,^ , acA^F) 

en Borte que l'6galit6 pr4c6dente devient 

S.,{^[^-W.')-^-(«.,)]?(^. 

Appliquons maintenant Jt la surface Si tout enti^re le lemme repr6sent6 par les 
identit^s (21) ; nous aurons 

- ^ [^ cos (AT,, «) - -^ cos (JV;, y)] V^Scos («,,«)[ 3iV;dA. 
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LeB ^galit^B 



COB {U, X)= "^ [-^ COB (JV;, Z) — -g^COB {N,, y)] 
COB {V, x) = -^[-^ COB (iV;, 2) - g^ COB {N,, y)] 

tranBforment cette 6galit6 en 

= / Aj V [cos (n<, «) cos («,») + cos (n<, «) cos (©, »)] bNi dLi 
=J AiV COB {rk,x)8NidLi. (30) 

Les 6galit6s (27), (28), (29), (30) donnent 

g Ai FD cos (iV;, X) dSt = g Ai Fcos (N,, x)(^ + -i,) 5iV, dSi 

+ / Ai F COB {Ui, x) 8Ni dLi . 

Cette 6galit6, jointe k deux autrcB 6galit6B BemblableB que Ton obtient en permu- 
tant la lettre x avec leB lettreB y et 2, donne 

SV [AiZ? COB (iV;, a:) + B^D cob (iV;, y) + CxD cob (^;, z)] dA^i 
= §^7[A,co8(^;, a;) + BiC08(iV;, y) +CiCOs(JV., z)](-i^ + ^^N.dS, 

-S,[^W^°0«(^" X) + ^^C0S(^;. y) + ^^C08(JV;. z)]mdS, 

+y F [Ai COB (n<, a) + Bi cob (n*, y) + Ci cob (w<, 2)] ^iVJ <iii. (31) 
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Les 6galit6B (18) et (31) donnent : 

+ S F[Ai3 cos {Ni, x) + Bi3 cos (JV,, y) + C,5 cos (^j, 2)] d^Si 

+ g 7[AlC08(^;, x) + B,co8(iV;, y) + C,co8(iV;, 2)] ^^^^ J^ 

+ / F ] [Ai COS (ti,, ») H- Bj COB (n<, y) + Ci cos (ri<, z)] rfJVi 

— [Ai COS (iV;, ») + Bi cos (JV;, y) + C^ cos {N,, 2)] K} ^A- (32) 

Cette 6galit6 est g6n6rale. 

Mais Fexpression de 5 F obtenue au Chapitre I cesserait d'etre valable si, 

dans la deformation du syst^me, les lignes le long desquelles la density a est 

discontinue se d6plapaient ; on ne doit done appliquer les formules kahlies qu^aux 

d^lacements pour lesquels 

^x = 0, 5y=0, fe=0, 

en tout point des lignes Li, Z^, Z^, qui limitent les surfaces S^ S^, Si2' 
Dans ces conditions, I'egalite (32) pent s'6crire simplement 

+ S F [AiS cos (^;, z) + Bi5 cos (iV;, y) + Ci5 cos {N^, z)] o^a^ 

+ g F [Aj cos {N„ x) + B, cos (N„ y) + G, cos (N,, 2)] ^^^^ dS, 
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Nous pouvons ecrire, pour la surface S^, une 6galit6 analogue ; nous la dSsigne- 
roQS par (33 bis) ; enfin une d6monstration semblable nous permettra d'6crire 

+ [?WZ)_£i|E)3&|«„(^;,,) 

+ g^7 [(A,- A,) h cos (iV„ x) +(Bi— Bg) h cos (iVi, y)+(Ci-C,) 5 cos {N^, z)] d/S„ 
+ S F[(A,- A,)cos(J^i, x) + (Bi— B,)cos(i\r„y) 

+ (C,-C,) cos (JVi, z)-\ ^^^^Z^dS^ 

= Q i -aCfiQ a(A,F) a(B,F) 3(b,7) 

^«..L 9a5i 9»« 9yi 3y, 

+ 3^_?J^]jJ^,dS„. (34) 

Les 6galit^6 (10), (33), (33 bis) et (34) donnent 

+ 2»te§ [A,cos(^;, x) + BiCOB{Ni, y) + Cj cos (JVi, z)]*^^;^,?! 
H-etc. 

+ 27tt 3 { [A, cos {Ni, x) + Bi cos {N„ y) + C, cos {N^, z)Y 

— '[A« cos (AT,, x) + B, cos(JV;, y) + Cg cosCA^,, z)]»f 3JVid/Su. (36) 
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On pourrait supposer les corps 1 et 2 plac6s dans le champ engendr6 par 
d'autres corps ^lectris^s et polarises ; si ces corps sent fixes de forme et de position^ 
si leur &tat d^ Electrisation et de polarisation est invariable, enfin sHls n^ont avec les 
corps 1 et 2 aiumn point de contact^ rintroduction de ces corps ne modifie pas 
Fexpression de h Y] seulement, dans cette expression, F repr6sente alors la fonc- 
tion potentielle totale, provenant non seulement de la polarisation des corps 1 et 2, 
mais encore de la distribution 61ectrique ou di61ectrique r6pandue sur les corps 
invariables. 

Ajoutons encore une remarque qui nous sera utile au chapitre suivant. 

La formule pr6c6dente, comme toutes celles que nous avons 6crites jusqu'ici, 
a 6t6 d6montr6e en supposant que 8x, 5y, 8z 6taient des fonctions continues 
de X, y,z, admettant des d6riv6es partielles par rapport k ces variables ; toutefois, 
11 serait aise de les 6tendre au cas oh les d6placements Sx, Sy, Sz, seraient discon- 
tinus le long de certaines surfaces, pourvu que la condition exprimSe par l'6galit6 
suivante soit v6rifi6e en chaque point de ces surfaces : 

cos(iV', x) 8x + cos {Nf y)hy + cos {N, z) hz 
+ cos \n, x) h'x + cos {N\ y) h'y + cos {N', z) 5'z = . (36) 

Dans cette 6galit6, hx^ Sy, 8z, sonl les composantes du d6placement du premier 
c6t6 de la surface ; 8'x, 5'y, S'z, les composantes du deplacement de Fautre c6t6 ; 
N est la demi-normale dirigee du premier cote ; N^, la demi-normale dirig6e du 
second c6t6. 

L'6galit6 (35) ne diftfere de Texpression de 8Y dont nous avions fait usage 
dans nos prec6dentes publications que par les termes 

2716 S [Ai COS (iV;, x) + Bi cos {N^, y) + C^ cos (JV;, z)Y hN, dSi, 

27te § [A, cos {Ni, x) + B, cos (^i, y) + C, cos(iV;, z)ySN, dS^, 

27feS{[AiC08(^i, x)+BiCos(JVi, y) + G,coQ{N,, z)Y 

— [Aj8 COS (3^2, x)+ Bg COS (-ATg, y) + C, cos (i^^, z)y\SNi d/Sia. 

Ces termes, que nous avions omis, fournissent, dans les applications, les termes 
compl6mentaires dont introduction a 6t6 propos6e par M. Li6nard. 

20 
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Chapitrb IV. 

t!quilihre d^un Fluide incompressible, done de Force coerdMve^ et polarise. 

C'est seulement dans le cas ou un fluide est iDCompressible que Von en peut 
6tudier les conditions d'6quilibre m6canique sans avoir besoin de le supposer 
d6nu6 de force coercitive ; dans nos Lemons sur V Electricity et le Magn6tisme (Livre 
IX, Chapitre VIII), nous avons donne les conditions d'equilibre d'un pareil 
fluide ; ces conditions sont de deux sortes : les unes doivent etre v6rifi6es en tout 
point int6rieur au fluide ; les autres, en tout point de la surface qui le limite ; 
les premieres conditions, sous la forme que nous leur avions donnee, 6taient 
exactes ; les secondes ne I'^taient pas ; M. LiSnard a indiqu6 la valeur du terme 
que nous avions omis. 

Nous allons reprendre ici, en nous appuyant sur Texpression de S F 6tablie 
au Chapitre precedent, T^tablissement des conditions d'equilibre d'un fluide 
polaris6; nous esp6rons rendre ainsi la demonstration de ces conditions irr6- 
prochable au point de vue de la rigueur. 

Pour ne pas compliquer outre mesure notre analyse, supposons tout d'abord 
que la partie dSformable du syst^me ne soit form^e que d'un seul fluide. 

Si nous supposons ce fluide incompressible et si nous n^gligeons les actions 
capillaires, la partie variable du potentiel thermodynamique interne du syst^me 
se reduira Jt la quantity Y] si Ton designe par D la density du fluide et si Ton 
suppose que les forces auxquelles est soumise chaque masse fluide 616mentaire 
admettent une fonction potentielle ^f , les forces ext6rieures appliqu^es au fluide 
efiectueront, dans toute modification virtuelle, un travail 

+ §P [cos {P, x) Sx + COS (P, y) hy + cos {P, z) ^2)] dS, (l) 

P d^signant la grandeur et la direction de la pression en tout point de l'616nient 

dS, la premiere integrate s'6tendant au volume entier du fluide, et la seconde ^ 

la surface qui le limite. 

Nous obtiendrons les conditions d'6quilibre du syst^me en 6crivant que 

l'6galit6 

d%, — hY-Q (2) 
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est v6rifi6e pour toute modification virtuelle, compatible avec les liaisons, impos6e 
au syst^me. 

Nous ne voulons rien supposer sur les lois d'aimantation du fluide ; il nous 
faut done envisager seulement les modifications dans lesquelles chaque 616ment 
de volume, en se d6plapant, entraine son intensity de polarisation ; d^s lors, il 
est aise de voir que si o), (J, J' d6signent les composantes de la rotation 6Iemen- 
taire autour d'axes respectivement parall^les k Ox^ Oy, Oz, nous aurons 

5C = Ag>' -Bo. ' 



Nous Savons, d'ailleurs, que 






'dhx 



dhz\ 
dxJ' 



'''=*(t-t) 



Les 6galit6s (3) peuvent done s'6crire ; 






dyJ 
d8y\ 



n /95x 



A(py 



dSz\-i 



^ dy . 



*«=»[^(t-t)-»(t-t)]- 



En vertu de ces 6galit6s (4), on a 

a(^ 



dV 

'Sy 

dV 



d^z 



l^'Cw 






^"^[^K^z 



fdhx dhz 



dx 
ox/ \ox 



_afe\-| 
dxJ] 

dSx\-\ 

-t)]f 



dv. 



(3) 



(4) 



(5) 



Transformons cette 6galit6 (5) au moyen d'integrations par parties. 
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ImaginoDs que le d6placemeiit dont les composantes sont 8x, hy, 8z, varie 
d'une mani^re continue d'un point h Fautre du fluide, sauf aux divers points 
d'une surface ferm6e 2 trac6e k l'int6rieur du fluide ; soient : 

V la demi-normale k la surface X, dirig6e vers rint6rieur de cette surface. 

1/ la demi-normale k la surface X, dirigee vers I'ext6rieur de cette surface. 

Sx, St/j Sz, les composantes du d6placement k la face interne de la surface 2. 

8'xj Sfy, ifzy les composantes du deplacement k la face externe de la sur- 
face X . 

L'6galit6 pr6c6dente peut s'6crire 

~ •^ 1 L^ \ ^ By / ^\ 15z dx /J 

-(C^-B|E)eo8(r,y)](*>-y^)|<C. (6) 

L'6galit6 (35) du Chapitre pr6c6dent, jointe aux 6galit6s (1) et (6) du pr&ent 
Chapitre, permet d'6crire explicitement la condition d'6quilibre (2). 
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Cette condition (2) ne doit pas avoir lieu quels que soient 5ic, 5y, 8z; ces 
quantit^s sont assujetties k deux conditions : 

1*. En tout point du fluide, que Ton suppose incompressible, on doit avoir : 






^+w+^=''- o 



V. En tout point de la surface 2, on doit avoir [Chapitre III, condition 
(36)] : 

cos (r , x){8x — 5'ar) + cos {v, y){hy — 5'y) + cos (v, z){hz — 5'z) = 0. (8) 

D^s lors, il doit exister : 

1^ Une quantity 11, fonction continue d'x, y, z, dans toute TStendue du 
fluide ; 

2^. Une quantity A. variable d'une mani^e continue sur la surface 2 ; 
telles que Ton ait identiqvement, quels que soient 5x, dy, &, 

+ ^ ^[cos(i', x){8x — ^x) + coa{v,y){Sy — ^y) + coB(v, z){8z — S'z)'] dS, = 0. 
Des integrations par parties permettent de transformer cette identity en 

— ^ n [cos (JVJ, x) 8x + COS (Nu y) hy + cos (JVJ, z) hz\ dS 

+ ^{k - n)[cos {v, x){hi— ^x) + cos (y , y){hy - h^y) 

+ cos (v, 2)(«2 — 5'z)] d2 = 0. (9) 

L'6galit6 (35) du Chapitre prgc^dent, jointe aux 6galit6s (l), (6) et (9) du 
present Chapitre donnent : 
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J Ll^ "^ dx \dx Bx dy Bx dz dxJ 

\^ dy \dx dy 5y dy dz dyJ * 

. tan. ^a^_ /^Z aA . aF ae . aF ac\ 
"•"ra^"*" ^ Kdx'^^dy dz^dz dzJ 

+ {(n-^)a»(»,y) + -i-[(c|I-B^)co8(»,2) 

-(»3j-^5£)'=°'(-'''>][(^-«'*) 
+ {(n - a.) cos (», z) + -i- [(a ^-C|I) CO. (r, !c) 

+ 2j«e (A COS (JVj, a) + B cos {Ni, y) + G cos (^j , z))*] cos (^i, x) 

fr / 37 37 3F\ — Pcos(P, «)[ 

+ 27ta(A cos {Ni, x)+B cos (iV;, y) + G cos (JV;, z))*] cos (JVi, y) 

+ 2jte (A cos {Nf, aj) + B cos (iV;, y) + C cos (JV;, 2))»] cos (iV,, a) 

— PC08(P, «)[32](£S = 0. (10) 



5x 
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Gette 6galit6 doit avoir lieu quels que soient hxyhy^bz-jOuen conclut sans 
peine que Ton doit avoir : 

1**. En tout point int6rieur au fluide : 



(11) 



(12) 



^x dx \Sx dx SjT a» Sz dxJ 

et deux autres 6galit68 analogues. 

V. En tout point de la surface qui limite le fluide : 

+ 27te (A cos (iV;, ») + B cos {Ni, y) + C cos {Ni, a))»] cos {N^ x) 

- (a 1^- C ^) COS (JVi, ;5)] = P COS (P, a), 

et deux autres 6galit6s analogues. 

3°. En tout point de la surface 2 : 

(n — X)cos(r, x) 
(n— ;i)cos(r, y) 
(n — X)cos(r, z) 



Multiplions la premiere des 6galit6s (13) par cos (v, a), la ^econde par cos (v, y), 
la troisi^me par cos(r, z)] ajoutons membre a membre les rSsultats obtenus; 
nous trouvons I'^galite 

n — Xi=o, 



.(13) 
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moyennant laquelle les 6galit6s (13) deviennent: 

(''sJ-^3f)"=°'<''»'>-(^^-^ID'»"<"'^) = <'' 

Remarquons maintenant que la surface X est enti^rement arbitraire ; quel 

que soit le point du fluide que Ton consid^re et quelle que soit la demi-droite v 

issue de ce point, on pourra faire passer la surface 2 par ce point, et cela de 

telle sorte qu'elle soit normale k la droite v ; les egalites (14) doivent done etre 

v6rifi6e8 en tout point du fluide, et quelle que soit la direction r; on doU done 

avoir, en tout point du fluide, 

dV 

W 
dV 



cz ex 

Bar-A|r=o. 

ox oy 



C 
A 



(16) 



Ces 6galit68, rapproch^es des 6galit6s (11), montrent que Von doU atM«i avoir, en 
tout point du Jluide : 



Sx ^ \dx ^ 3y^ dx ^ dx/ ' 

an.^a'p_/aFaA_|_87aB_^_8Fac\_^j 

dy 3y \dx dy dy By ^ dy/ ' 

,j)39_/dVdA.dvdBdVdG\_Q 

dz \dx dz 3y^ ^ ^ dz) 



an 



(16) 



Les 6galit6s (16), rapproch6es des 6galit6s (12), montrent que Von doit avoir, 
en tout point de la swrface qui limite le fluide: 



Pco8(P.x)=[n-e(Ag + 



dV , r^dV 



B 



dxi ' "Syt 



^^'i) 



+ 2ne (A cos {Nt, a) + B cos (JV,, y) + G cos (N^, z))'] cos (^i, x), 
Poo.(i..3,)=[n-,(A^+B^+C^ 

+ S« (A CM (*■„ x) + B eos (N,, y) + Omt{N„ s))'] col («, y) , 
i.«o.(P..) = [n-,(A^+B^+cg) 

+ 27K (A COS {Nt, x) + B cos {Nt, y) + C cos (JVi, «))*] cos (JV^ z). 



■ (17) 
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Les 6galit6fl (15), (16), (17) repr^sentent les conditions d'Squilibre m^anique dJun 
fluids incompressible polaris^, dou& ou non de force coercitive. 

Interpr^toDS ces conditions. 

Les 6galit68 (17) nous apprennent que, pour maintenir le fluide en Squilibre, 
il faut appliquer en chaque point de la surface qui le termine, une pression 
normale a cette surface ; la grandeur de cette pression, positive pour une pression 
dirig6e vers Pint^rieur du fluide, est representee par r6galit6 : 

\ oxi oyi ozi/ 

+ Zne (A COS {N't, a) + B cos (^;, y) + C cos (Nt, z))'. (18) 

On voit que la grandeur de cette pression depend de Vorienfation de VHSment etar 
leguel eUe agii ; ce r^sultat remarquable est du il M. Li^nard ; le terme 

2ne (A cos (N^ as) + B cos (JV;, y) + C cos {N^ 2))* = 2ne M» cos» (M, N^ 

avait 6t6 omis dans I'expression de P qui est donn6e dans nos Lemons sur VEho- 
triciti et le Magn&tisme. 

En vertu des 6galit6s (12), il doit exister une fonction Q(x,y,z) telle que 
I'on ait, en tout point du fluide. 



A = - 
B = — 
C = - 



1^ 

dx' 

dz ' 



(19) 



w 

Si le fluide considSri est homoghie, cas auquel D est ind^pendant d'x, y, z, les 
6galit6B (16) donnent, moyennant les 6galit6s (19), 

d{Tl + m) + j^ (AdA + BdB + CdC) = 0, 

ou bien, k cause de l'6galit6 

Ad A + BdB + CdC = MdM, 
d(n + Dt») + ^dM.z=o. 

La quantity -g- dM ne pourrait etre une di£%rentielle totale, si $ d6pendait 
21 
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de X, y, Zj autrement que par rinterm6diaire de la variable M. II existe done 
une fonction © (M) telle que Ton ait, en chaque point du fluide 

e(x, y,z) = 0(M), 
en Borte que lee 6galit6s (19) peuvent s'6crire: 

A = -^(M)^, 



C=-^(M)^. 



(SO) 



Ainsi, lorsqu^un fluide^t meme douk de force coercitivej eat en ^quilibre, la polari- 
sation y eat diatribuie comme elle le aerait aur un fluide par/aitement douac, de meme 
forme, dont le coefficient de polariaation aerait une fonction, convenahlement chdaie, de 
VintenaitS de polariaation ; le choix de cette fonction (M) ne depend paa aeulement 
de la natwre du fluide kvdi&; il pent dSpendre de la auite dea modiflx^atUma qui ont 
amenJk le fluide h VHat d^kquilihre. 

C'est le r^sultat fondainental que nou^ avions obtenu, dans nos Lemons aur 
V Electricity et le Magnetiame, par une analyse moins g6n6rale et moins rigoureuse. 

Tout ce qui pr6c^de suppose le sjst^me r^duit h un fluide unique. 

Imaginons main tenant qu'il soit form6 de deux fluides en contact, 1 et 2. 
Pour chacun de ces deux fluides, on aura k 6crire des 6galit6s analogues aux 
6galit6s (15), (16) et (17), en affectant les quantit6s qui y figurent de Findice 1 
pour le premier fluide et de Tindice 2 pour le second ; en outre, nous devrons 
avoir, en tout point de la surface de contact Si^ des deux fluides : 

n.-„,= .[(A.g+B.|I+C^0-(A.g+B.^ + c40] 

— 27t€ [(Ai COS {Ni, x) + Bi cos {Ni, y) + Ci cos (i^i, z)y 
— (Aa cos {N^, x) + B, cos {N^, y) + C, cos {N^, z)y] . 

L'6tablissement de cette condition ne pr6sente aucune diflBcult6. 
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ChapItee V. 
Les BTuidea par/aitement cUmx. 

Prenons un syst^me form6 de deux fluides, 1 et 2, d6iiu6s de force coercitive 
at compressibles. Si nous n^gligeons les actions capillaires, le Potential Thermo- 
dynamique Interne de ce syst^me pourra se mettre sous la forme 

F = jf^^i (A) dvi +J^^2 (A) dv2+ F+ jTPi (Ml, A) dv, +J^F, (M^, A) dv,. (1) 

Quant au travail virtuel d''<^^ des forces ext6rieures, il sera donn6 comme au 
chapitre pr6c6dent, par Fexpression 

+S P [cos (P, ») a* + COB (P, y) By + cob (P, z) Bz] dSi 

+S P [cob (P, x) &c + COB (P, y)8y + coa (P, z) &] dS, . (2) 

8% 

Les conditions d'6quilibre du syst&me s'obtiendront en exprimant que F^galit^ 

cTB, — aF = (3) 

est v6rifi6e pour toutes les modifications virtuelles du syst^me. 

II nous est loisible de consid6rer d'abord les seules modifications dans les- 
quelles chaque 616ment mat6riel garde un volume invariable et entrwne avec lui 
sa polarisation ; r6galit6 (3), appliqu6e k de semblables modifications, donne les 
6galit6s (15), (16), (17), et (21) du Chapitre pr6c6dent k titre de conditions n^ces- 
aaires, mais rum suffisantee, de V6quilibre. 

Bcrivons maintenant I'expression genSrale de e?5, — 5F. 
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Nous avons 






_ Ai 



aM, = ^U,+-^5B, + ^50», 



Bx 



C. 



M 



M, 



Mx 



5M.= ^5A3 + -|5B.+^^0.. 



(4) 



(5) 



Si done nous d^finissons les deux fonction8/i(Mi, A)»/8(^i> A) P^r les 6galit6s 

(6) 



1 _ 1 aFx(Mx. A) 

/x(Mx, A) ~ Mx wr~^ 

1 ^ J_ 3Fg(M„ A) 



/,(M„ A) M, 
nous auroDS, en g6n6ral, 
5F = 5F+/-^pl-^ (A,Ux + Bx^Bi + Cx^C,) <fox 

+/[^(A)-A^^^ +/:(Mx, A)-A-^^^^] 
+j;[^ (A) - A ^^f^ + /. (M.. A) - A ^%;^ ] 

Observons que I'on a identiquement 

Ag (B,G>" — CgO)') + Ba (C,o — A,(o'0 + Oa (A,o" - B,g>) = 0, ) ^ ^ 

et nous verrons sans peine que les 6galit6s (35) du Chapitre III, (2) et (7) du 
present Chapitre, permettent d'6crire r6galit6 (3) sous la forme : 
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+/[♦. (A) - A ^^> +/.(M., DO- A 3^ii^^] 

+ etc. ^(^ + ^ + W^"» 

+ S { [2»tt (Ai COS {Nt, a) + Bx cos {N„ y)+Gi cos {N„ a))» 

— P[cos (P, a) 3« + cos (P, y) 5y + cos (P, z) &!]l rf^Si 
+ etc. 

+ S [^'** (^1 ^**^ (-^1' ») + Bi cos {N^ , y) + Cj COB (JVi, 2))« 
— 2ne (A3 cos {Nf, x) + Bg cos (i\i^„ y) + 0, cos (iVi, «))• 

Dans cette 6galit6, on a pos6, pour abr6ger, 

AA = 3A — (Bo" - Co') , 1 

AB = 5B — (Co — Ao") , V (10) 

AC =«C— (Ao'— Bo) J 

L'6galit6 (9) est g6n6rale; supposons maintenant v6rifi6es les 6galit6s (16), 
(16), (17) et (21) du Chapitre pr6c6clent, que nous savons etre n^cessaires pour 
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l'6quilibre du syst^me ; il est ais^ de voir que ces 6galit^ expriment simplement 
que I'on a idenHqtiement 

+ S 1 1^ (A, cos (iV;, x) + B, cos {Nu y) + Oi cos {N„ «))» 

— P [cos (P, x) 5x + COS (P, y) 5y + cos (P, z) &] | <i;Si 
+ etc. 

+ S [2«6(AiCos(i\7i, x) + B,cos(JVi,y) + CiCOs(JVi, 2))» 
— 2n6 (A, cos (J\^, a?) + B, cos {N^, y) + Cj cos (i\i^,, z))* 

Lors done que les 6galit68 (16), (16), (17) et (21) du Chapitre pr6c6dent sont 
suppos^es v6rifi6e8, l'6gam6 (9) peut s'^crire : 

+ etc. = 0. (11) 
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II est Evident que 1ft dilatation cubique (-^ + -jp + -jr^J a une valeur 

arbitraire en tout point des fluides 1 et 2. jA^, jBi, hQi, ayant des valeurs 
arbitraires, 11 en est de meme, en vertu des 6galit6s (10) de AA^, AB^, ACi. 
Done, pour que FSgalit^ (11) ait lieu, il faut et il suffit : 
l^ Que I'on ait, en tout point d/afluide 1, 



Ai = -i/i(Mi,A)^, 



B,=-^i(Mi,A) 



dv 



et, en tout point duflmde 2, 






(12) 



B, = -?/;(M.,A) 



8y ' 



(12 bis) 



C. = -u/i(M.,A)|^. 
V. Que Ton ait, en tout point dufluide i, 

^,(A)-A%^U/aMn A)-A^^i^§^ + n, = o, (13) 

et, en Umt point dufluide 2, 

^(A)-A^^^+/,(M.,A)-A-^^^^^+n, = o. (isbis) 

Si Ton observe que les conditions (12) et (12 bis) entrainent les 6galit6s (16) 
du Chapitre pr6cMent, on voit que lee conditions nScessaires et sujffisantes pour 
ViquHibre cPun sysihne de fluides eompressibles et d^uis de force coercitive^ sont 
donnSes par les igalit&s (12), (12 bis), (13), (13 bis) du present CTiapUre, Jointes 
aux igalitis (16), (17) et (21) du ChapUre priddent. 

Les 6galit6s (12) et (12 bis) ont jou6 un rdle fondamental dans toutes nos 
6tudes sur les corps magn^tiques ou di61ectriques ; quant aux 6galit6s (13) et 
(13 bis), nous avons signal6 leur importance dans nos Lemons sur VElectricitS et le 
Magnitisfne. 



On Ternary Substitution- Groups of Finite Order which 
leave a Triangle unchanged. 

By H. Masghke. 



In his papers, *'Sur les Equations diff6rentielles lin^aires k int6grale alg6- 
brique/'* and ''Sur la d6termination des groupes d'ordre fini contcnues dans 
le groupe lin6aire,"f C. Jordan has enumerated all those ternary linear substitu- 
tion-groups whose order is a finite number. Three of these groups, being of 
special interest, viz. one group of order 60, isomorphic with the icosahedron- 
group,;{; one of order 216, the so-called Hessian-group, § and one of order 168, || 
have been thoroughly investigated. But nothing has been done as yet with 
regard to those apparently simple ternary groups whose substitutions are given 
by formulsd of this kind : 

where a^ b, c are roots of unity and i, k, I in some order equal to 1 , 2, 3 . . 

It seems to be appropriate to name substitutions of this type ^^ mcnomiaV^ 
substitutions, and groups containing only monomial substitutions " monomial 
groupsJ^ 

In the following a first step towards a complete treatment of these ternary 
monomial groups will be made, viz. the investigation of those ^groups **&" 
whose substitutions are generated by the following two monomial substitutions : 



S 



:zi = «„Wl), T:si = a,z,A (2) 

*Borohhardt'B Journal, Bd. 84. 

t Atti deUa Reale Aocademia di NapoU, 1880. 

t F. Klein, Math. Ann., Bd. 12, p. 529 ; Icosadder, p. 218 ff. 

I A. Wittinff, DiBsertotion, Gottingen, 1887, p. 2811. ; H. Maschke, Math. Ann., Bd. 88, p. 824. 

II F. Klein, Math. Ann., Bd. 14, p. 144 ; Bd. 15, p. 265. Klein-Fricke, Modulfunctionen, I, p. 602 ff. 
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where ^1,09,09 are roots of unity. Tmay also be written in this form : 



(3) 



^11 ^» ^ ^^d ^» ^S) ^s heing integers. 

The determinant of substitution S \b1. We impose the same condition 
also on substitution T, viz. aio^ = 1 , or 

A+ A.+ V = n, (4) 

^1 ^$ wig ^ ^ 

where n is any integer. 

§!• STAe invariant Farms of G. 

We may assume ki to be prime to m^, A:^ to ^|, ^g to m^. Let JB be the 
greatest common divisor of m^ and nig, so that 

mi=p^E, mg = ^i2, (5) 

then pi and p^ will be prime to each other and 

p^,R = P (6) 

the least common multiple of m^ and nig. But equation (4) shows that P is 
divisible also by nig, therefore P is the period of T. 

It follows from S that in every invariant form of Q — i e. a homogeneous 
integral function of %, z^^ % which remains absolutely unchanged when the three 
variables are operated upon by the substitutions of Q — only terms of these three 
types are admissible : 



Type I 
Type II 
Type III 






We see at once that ZiZ^ is invariant, or, spoken geometrically, that the triangle 
of reference remains unchanged. Hence every form of type III is reducible to 
a product of some power of ^ZgZg into a form of type I or type II, and if in 
22 
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type II we admit the value zero for a or /?, we see that forms of type I may 
also be discarded. So we have the following theorem : 

Every invariant form of Q is an integral function of ZiZ^ and of forms 
2jzf-f-zj2^-f-2^«f(a and /? being positive integers or zero). 

We now have to find the conditions that zl^-^ ^7^ + 7^9^ remains invariant 
with regard to T. 

If we apply T to 2i25 + «|25 + 2§2f and put this expression equal to the 
transformed expression, we see that the following three equations must be 
satisfied : 



mi ^ mi ' 

m, "^ m^ ^' 

^8 ^1 



(7) 



(%, %i, A9 integers); 

Substituting, now, the value of— taken from (4) into (7), we obtain 



m. 






(8) 



m, ^ \mi ' m^J ^ 
(X and f£ integers). 

Adding together these two equations (8) and combining the result with (4), 
we obtain the third equation (7), which therefore may be omitted. 

Let now c be the greatest common divisor oiJci and jfc,, so that 



Jci^cxi, ki = cx^, 



(9) 



then X and ^i must be divisible by c because hi is prime to mi and A:^ to fn^. 
Changing the signification of ^ and 11 , we have these two equations 

mi m^ * 

w, ^ \mi mj ^ 
{X And (I integers). 
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Multiplying by mi.mg and substituting the expressions (5), we obtain 

a^sPi — ^ {?CiPt + XtPi) = liPiPt^y ^ 

and in these equations xi is prime to x, and to pi, Xf to xi and p^, pi to p^. It 
follows, therefore, from the first of these equations that a is a multiple of jpi, 
^ a multiple of ^^7 ^^^ then from the second that a is a multiple of p^, and ^ a 
multiple of pi . Hence 

a = a'i)ijp„ /3 = /3'pijp,, (11) 

where a', fi' are two new integers. Substituting these values into (10), we may 

divide by pip^ and have 

oi'xip^ + ^'x^Pi = XjB , 

a'«ji>i — /?' («ii>i + ^i>i) = |t^^, 

or, using the abbreviation 

x\P%=P, x%Pi = q, (12) 

a'p + fi'q =0(modi2),l .^^. 

a'q — ^'{p+q) = {mod B) J ^ ^ 

where p and q are prime to each other. 

Solving (13) with regard to a' and ^', we find 

a'{p'+pq + ^) = (modi?),l , . 

^'(^+jpg + g*) = (modi2).J ^ ^ 

Let now t be the greatest common divisor of ^ +^ + g* and JB, so that 

then it follows from (14), 

a'« = (modr), 
/?'5 = (modr). 

But r and « have no common divisor, therefore 

a' = ra", /?' = r/3^ (16) 

where a" and ^" are again two new integers. 

Substituting (16) into (13), we may divide by r and obtain 

d^p + (3"q = (mod <), (17) 

a'^q — ^'' (p + q) = o (mod t) , (18) 
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and here t has no common divisor with p and q. This follows immediately from 
^ + JP9 + g* = 5< and from p being prime to q. 

We now have to find the solutions of the congruences (17) and (18). For 
that purpose let us first treat congruence (17). Assign to a" any positive inte- 
gral value. We may write 

a"=n (mode), (19) 

where n < «. Then we have 

^f'q = — np (mode). (20) 

Solve now the congruence 

v.q=—p (mode). (21) 

We know there will exist one and only one solution t;<<. Denote this par- 
ticular value by v. Then the general solution of (20) is 

^ff = nv (mode). (22) 

We have thus in (19) and (22) the most general solution of (17). 

Let us substitute these values of a'' and /?" into (18). We obtain 

nq—nv{p + q) = (mod <). 

If n = 0, this congruence is satisfied. If n :#= 0, we may divide by n and 
multiply by q (which is prime to <), 

.-. S* — trj (p + g) = (mod t) . 

But vq = — p (mod t) , hence (18) becomes 

^ +pq+p^ = (mode), 

which congruence is satisfied indeed according to (15). The solutions a" and fi" 
o/(17) satisfy therefore also (18) without any further restriction. 

It is evident that the general solution may also be obtained by first assum- 
ing some integral value for /S", i. e. 

fi" = n (modi). (23) 
Denoting the smallest positive root of the congruence 

w.p= — q {mod t) (24) 

by W7, we have a" = nw (mod t). (25) 
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The values of a and /? are now given by (11), (16) and (19), (20) or (25), (23), 
^^^- a=p^p,r{M + n), 1 ^^^^ 

or a =i>ii),r {M + nw),) . ^^. 

Since pip^rt=::piP^B=^ P — see equations (15) and (6) — we may also write 

a= n.p^p^r (modP),l ,^8) 

fi = nv .piP%r (mod P) , J 

or a=nw.p^p^r (mod P) , ) .^g) 

^= n.pipir (modP),) 

where n stands for any positive integer <C<, or zero. 

We have thus obtained the following final result : 

-4?? invariant forms of Q are integral functions ofz^z^z^ and of forms 2iZ§ + 2^2! 
+ fl^af, where a and ^ are to he found hy the foUowing process : Find the greatest 
common divisor R of m^and m,, and put m^ =,pyR^ mi=zpJS,, pipJR = P. Divide 
^ t%Do nvmhers A^x, Tc^ hy their greatest common divisor and call the quotients xi 
and Xf. Denote pyx^ =jp andp^xi = q. Let t he the greatest common divisor of B 
and the quadratic form p^ +-pq + ^', put R = rt. Solve the congruences 

vq= — p{modt) and wp=L — q{mod£)y 

ihen a and fi are given hy formulas (28) or (29). 

§2. Tlie Quantities v, w and t. 

In the following we shall always suppose < ]> 1 . The case < = 1 will be 
treated separately under the head " special cases " in §4. 

Let us multiply the congruence (21) by (24). We may then divide byjpj', 
which is prime to <, and obtain 

vw=l (mod<). (30) 

Multiplying now (21) and (24) by p and q respectively and adding together, we 

obtain 

{v-^rv^^pq^—]^ — ^ (modi), 
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or, since — j^ — ^=M ("lod <), see (15), 

i; + tr= 1 (mod t). 

But V and w are both supposed to be <1 ^ hence we have 

v + w = t+l. (31) 

Finally we deduce from (21) the two congruences 

i?(f=L]^ (mod <), 
— v<f=Lpq (mod<), 

and joining the identity 9* = ?* (mod<), we obtam by addition 

^{f^-v+\)=f+pq+^ (modO. 
or t?* — v+l = (mod t). (32) 

In a similar manner we find 

t^_tr+l = (mod<). (33) 

Thus we have the following result : The two quantities v and w are roots of the 

quadratic congruence 

tt^ — tt + l = (modO; (34) 

they are connected by the relations 

t? + ti7 = < + 1 and tni? = 1 (mod t). 

The congruence (34) is not solvable for every integral value of t. But it is 
always solvable for those values of t which occur in the present problem. It is 
shown in the Theory of Numbers* that the quadratic form I^ -{-pq-^r^ {p and q 
prime to each other) represents all those and only those numbers N which are 
given by Pi^-p^'p^* .... or 3/)J'.^J*.pJ» .... where ^i, i>j, i>8 • • • • are prime 
numbers of the form 3^+1. The number <, being a divisor of jp* +jp? + 5* is 
therefore also of the form N. The smallest possible values of t are these : 1, 3, 
7, 13, 19, 21, 31, 37, 39, 43, 49, 67, 61, 67, 73, 79, 91, 93, 97, etc. 

• Let V be some root of the congruence (34), then ti?=<+l— i?is also a root 
of the same congruence, and the relation vw=l (mod t) is satisfied too. If t is 
of the form jpi or 3/)J, then the congruence (34) has only two roots, and these 
roots are to be taken as v and w. The lowest value of t for which (34) has more 

* Dirichlet-Dedekind, Zahlentheorie, 1871, p. 165. 
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than two roots is <= 91. In this case we have the four roots 10, 17, 75, 82, 
and here either 10 and 82 or 17 and 75 may be taken as a system v^w. 
Let us examine the case v=.w. In this case we have from (31) 

^ = t^ = 4(<+l), 
and from (32), 

(<+l)*— 2(<+l) + 4 = (mod<), 

or ^ + 3 = (mod <), 

hence <= 3, i?=f/?=2. 

The two numbers v and w are therefore always distinct except in the case 

<=3. 

§3. Connection between the Invariant Forme. 

For further investigation of the invariant forms let us put 

i>i^,r = 3, (35) 

sr^-^=z^ = y, (36) 

and let us denote for shortness 

All invariant forms of 6r are then given as integral functions of ZiZ%z^ and expres- 
sions of the form 

(2^ + ».yf^ + -). (37) 

Furthermore, we shall use the following notations : 

ym^ = M (38) 

If in (37) n runs from 1 to t — 1, then nv will constitute a complete system 
of residues (mod. t). Let us denote 

nv=On (mod <), (39) 

where Vn<it. Then v^ will assume all the values from 1 to <— 1 in some order 
when n runs from 1 to < — 1 . Thus we obtain t — 1 forms, 

(y^ylr), (n=i, 2, 3,.-..<-i), 
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which are contained in (37). We shall denote these special forms by 

^n = (yry;), (40) 

or simply by i// when no reference to the value of n is needed. 

The same system of forms (40) is also, according to (27), given by 
^i.,= (yr-y?)i (n= 1, 2, 3, ....«- 1), 
where again Wn^tiB defined by the congruence 

nw = w^ (mod t) . (41) 

We now propose to show that all the invariant farms given by (37) are esgyreesibJe 
in terms of A^ E and 1//,^. 

We know that v will be distinct from to unless < = 3. To fix the ideas, let 
us in the following always assume t? >► to. If in a given case ti?, defined by (24), 
should be greater than t?, we have only to interchange v and tr or a and /3. We 
prove now the following lemmas : 

!)• yi24 + 2424 + 2^24 = (24s4) w expressible in terms ofA^E and o^. 

From «* = t? — 1 (mod t) 

it follows that v^^=zv — 1 , 

and likewise w^=-w — 1 . 

Hence 1^. = (ylyj" ') and ^^ - {yTyf) • (42) 

Multiplying now i^^.i^^.j we find 

^.^.-1= (2/r""Vs^"-') +^"(2^r"yro + ^""-'(yrvr"). 

But V + w—l = t,Bee (31), hence 

(2424) = ^.^.-1 - ^^4'... - A"- V^+i. (43) 

This deduction fails for < = 3. In this case we find directly 

iylyl)==M,-3A*-AE. (44) 

2). (yi^^yj*) is expressible in terms o/(y?^+'"), -4, E and o^. 
This follows inunediately by performing the multiplication 

(2^ryr)(24 + 24 + 2^5) = (24-^~yr) + (24^24-^") + (yryr24) , 

whence (24^~2^r) = — (y?24-''-) + ^.^n - ^'^^^-n, (45) 

if w<t?n. If, however, n>t;„, the last term in (46) is to be replaced by 



/ 
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3)- (M'*"**yJ ■*''*) w expressible in terms of (y?y| ■*"'*) ^ A^ E aikd i// . 
We find 

(yryr)(y{24) = (yl^ V«^") + (y?24^ Vb) + (2^i^"yJ-yS) 
or (M^^yS""-) = J^-^n— ^"(yi'-"Vr") + ^'^(2^r V/""'")- (46) 

If t?^ >n, then the factor of A!^ in (46) is a function 'J'^, and the factor of -4" , 
being of the type (yi"*"~yj"), is reducible to (yfyi "*"**) 8»nd -4, ^, i//,,, according to 
(46). If, however, n >»,», then the factor of A!" is a function '^^ and the factor 
of A^ a function (y*yj"'"'^). 

4). (yi^J"^') w expressible in terms of A, E and o^. 

From 

(yry3)(ylyr ') = (yi^ VJ) + ^ (yl"yr^) + A-> {y\^'-^yr^^') 

we obtain (yi+ VS) = ^tp-^^* — ^-^t,- 1 — ^>. + 1 -,. , 

and from (45), putting n = 1 , 

(yi^ vo = - (yy/') + ^1 - ^^•-i. 

Combining the last two equations, we have 

iynA^") = ^1 - ^.•4'« + ^->^,+i-«. (47) 

This deduction fails again for <= 3. In this case we find 

(yi34) = (^ + ^)^i-'«. (48) 

5). (y?^"*"**) w expte88U)U in terms of A, E and •«/'. 

This theorem has already been proved for n = 1 (see lemma 4). In order 
to prove it for functions (yf ''■'yj"^'*^') («= 1, 2, 3, .... « — 2), we have to dis- 
. tinguish two cases, viz. w + 1>„ = < + v^^i and t? + »« = »„ +i. In the first case 
let us form the product 

(y*y«(yiyO = (yr V,+-*') + ^f, 

whence (2^+y2+--^') = ^i^ — ^*. (49) 

in the latter, (yfyr)(yi24+*) = (y?^ Vi-"^^') + ^1", 

whence (2^+ Vt+'^^O = (yiyS"''') ^. - ^'P', 

or, applying (47), 

(yf ■^y/'-^O = ^i4'» - ^«4'«^« - ^V, (60) 

23 
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where ^f, ^f' and V are expressions consisting of functions of the type 
(^^"*yj "*"*")» (yi^^y^)} (yi^^^*)» -^> ^ and of products of some powers of A into 
such functions. But (yi^'"y|"^*") and (yi"^'y?0 can be reduced to J., ^, o^, 
{yit/%^^) according to lemma 2 and 3, and let us suppose that this reduction has 
actually been made, ^f , V and V contain then only functions J , ^, i// and 
(y;^24+^-). The degrees of all the t— 2 functions (yi"^^yi"^'^+0 will be distinct 
from each other, for any equation 

n+l+t + v^^i=m+l+t + v^_^i 
would imply (n + l)(y + l) = {m+ l){v + 1) (mod t), 

or w=wi (mod <), i, e. n= m. (The case v + 1=0 (mod t) leads to t;= < — 1 , 
w = 2, t = S, which shall be excluded.) Let, then, (yT'^'^J"^*"'*"') be that func- 
tion whose degree is a minimum and now apply formula (49) or (60). The 
degree of V or of *" is m + 1 + < + v^ + i — 3. It follows that * and *" cannot 
contain functions of the type (yiyj^^) at all since m + 1 + 1 + v^^^ — S is 
smaller than the smallest possible degree of (y?^"*"*"). Therefore (yT'^^yi^^^^) 
must be expressible in terms of A, E and i// only. We now apply the same 
conclusion to the successive functions (yj^^yj*^**^') which we arrange according 
to their dimensions. The functions ^ and V occurring in that representation 
will then contain either no functions (yiyj "'"''") at all or only those which have 
already been reduced to A, E and i^. Hence we have the theorem : Every func- 
tion (yiyl"^^) is expressible in terms of A^ E and '^. 

The case t = 3 has again to be treated separately. We find directly 

(yfyJ) ='^1 — 2^4.. (51) 

Combining now lemmas 1, 2, 3, 4, 6, we have the following result: The 

functions {yiyl^"^), (j^+'^yr)* (yi'^Yg'^''")/^^^^^^^ v«^^^q/*w = 0» 1, 2,....<— 1 

are expressible in terms of A^E and '^ . 

Multiplying these functions by E and ylyj + ylys + ySyi = ^i we can 

increase either exponent by t. We find 

(yny|'+^) = (yry*/^) E— (y{^ V,+^) - A- (yi^^- V.-^) , (52) 

and a corresponding formula for (yi'"^*yS"), 

and a corresponding formula for (yf "^"yj"^^)* 

(yf +-yr+"-) = (yi+ V.+'") B-A* (y?yi+'*') -^* (yi+"yr). (64) 
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This method can be continued until all the functions (yi'"'"*^?'"^^), where 
;i, ^ = 0, 1, 2, 3, . . . . and n = 1, 2, 3, • . • . < — 1, are expressed in terms of 
A^ B, E and ^^/i. e. in terms of A, E and i^, since B itself is given in terms of 
A, E and if/, see (43) and (44) . 

The case 7i= requires a special deduction. If 31 = ft, then the function 
{y\y%) is symmetrical, and therefore expressible in terms of 

yi + 34 +S4 =E, 
yiy\ + 2^34 + y8s4= ^» 

liX^liii becomes necessary to express the product of differences, 

(yI-24)(yJ-24)(yJ-M) = (24yr)-(y!'y.*). 

We obtain this by performing the multiplications 

(y?24-^^-^).(yr-vr) and (yi+--v?)(y?yr^). 

The result is : 

(j/fS^*) = 4'«-,(y?24+''-^) - A- (y?-24+''-) - A'-' (y?+y.+'-), (55) 

W.) = ^, (yi+-'yr) - ^- (yr V.+''-) - ^"-^ (2^1+"-'^?+'). (56) 

Now, every function (y{*yfO is expressible in terms of the symmetric func- 
tions A, B, E and of (65) and (56). 

Thus we have the final result : 

Den4>te rir^p = ^, y = < yiy%yz = A, y{ + yi + yi=E, (2^yS*) = a|/«, and 
suppose < > 1 , then every invariant form of Q- is an integral fv/njction of 
z^z^Zs^ ^ A, ^and i^^ (w= li 2 t—l). 

This system of the < + 1 forms ^ A, E^'^^ may be called the ^^ reduced 
system " of invariant forms. It is in general greater than the ** complete system"* 
and it contains the forms of the complete system. The results of the next section 
will show that for < ^ 3 some of the forms 4n <^an be expressed as integral func- 
tions of the other forms of the reduced system. 

* A complete system of inyariant forms is given by the minimum number of invariants such that 
every other invariant may be expressed as an integral function of the forms of the system. 
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§4. Special Gases. 

I. <=1. 

The case <= 1 covers a great many special groups (?; for instance, all those 
where B, the greatest common divisor of mi and m,, is either 1, or where it 
consists of prime factors of the form 3A + 2, i. e. 2, 5, 11, etc. 

For t = 1 the formute (26) are reduced to 

a = X^ and ^ = (i^, 

where X and fi are two integers. All invariant forms are therefore given by 
Zi%iZs and (2^*j^*) ; they are expressible as integral functions of 

yi + y« +yz = ^, 
ym + y%yz + ym = b, 
and (yi — y%){y%—y^{yz — yi) = A. 

These four forms constitute therefore the complete system of invariants of the group. 
There exists one relation between them, viz. 

A» = 1%ABE — 4AE* — i& + B'E^ — 21 A\ 

II. <=3. 

In this case the reduced system consists of 

^Z,^,'4.i = (yy,), ^t = (2/lyO» 

which is also the complete system. The relation between its four forms is this : 

^1 + 41 — 4i^»(6^ + E)+A (9ii» + ZAE+E^) = 0. 

III. t=l. 
The roots of the congruence 

o* — cj + 1 = (mod 7) 
are «? = 6, ti? = 3. The reduced system consists of 

'^, E and 6 functions i//„ = (yryS") (n = 1 , 2, .... 6) . 
Corresponding values of n and Vf^ are given in the following table : 



n = 


1 


2 


3 


4 


6 


6 


»• = 


6 


3 


1 


6 


4 


2 
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The complete system consists of v' J., E, and ^'u '4'2i ^'s- ^® ^^^ 

There must exist two relations between the five forms of the complete system. 
These are 

As an example may serve the group* generated by 

S: zi = 28i and T: zi = '/z^, 

23 = 2i, z^ = ^z^, where y = e^. 

We have here wij = w^ = 7 ; hence J2=7,2?i=2>j=l,A^=l,>fci=4 and also 
*i=l» x,= 4;j? = xi/>j= 1,2'= x,;?! = 4, p^ +^ + 2* = 21 , therefore < = 7 , 
r = 1 , 3 = 2>ii>8r = 1 . The congruence 4t? = — 1 (mod 7) gives v = 5 . The 
complete system is therefore given by 

'4^3 = 4^2 + 4^ + 4^, 

^i = 44 + 44 + 44^ 
^^ = ^4 + ^4 + ^4^ 
E — 4 +4 +4 . 

IV. t=iz. 

The roots of the congruence 

o» — + 1 = (mod 13) 
are t? = 10, w = 4. The reduced system consists of 

4^1, E, and 12 functions i^^ = (y? yS") (n = 1, 2, .... 12). 



(68) 



*Thi8 group (of order 21) and itB inyariant forms play an important part in many investiga- 
tions. The group occurs as a subgroup of the Ox%% mentioned in the introduction, and also as a 
subgroup of a quaternary (7i«8 (see my paper on this group read at the International Mathematical Ck>n- 
gress, Chicago, 1898), which latter is contained again as a subgroup in a quaternary group of order -^ 
(F. Klein, TJeber Gleichungen 0. und 7. Grades, Math. Ann., Bd. 28, p. 617). Klein's inyestigations on 
transformation of the 7th order (Math. Ann., Bd. 18, p. 428) are based on the curye Vt = '{^a + 'S't 
+ z\Zi = (see also HaskeU, American Journal, Vol. Xin, p. 1). The five invariants (68) and the two 
syzygies (67) occur also in a paper by Briosohi, ^' TJeber die Jaoobischen Modulargleichungen vom 8tw 
Grad ' ' (Math. Ann., Bd. 16, p. 241). 
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The correBponding values of n and v^ are these : 



n = 


1 


2 


3 


4 


6 


6 


7 


8 


9 


10 


11 


12 


f« = 


10 


7 


4 


1 


11 


8 


6 


2 


12 


9 


6 


3 



The complete system consists of ^TA, E, ■J'l. '4'«. '/'s. 4'4. We find 

4«T = ^8'4'4 — Mi — 3^*, 

V'. =^^J-3il•v84'4^-3^^ 

^10 = ^4 - ^>/'8>^8 — ^ V4 — 2^^,, 
^U = ^8^ - ^ (4'.>;'4 + ^8) - 2^N'4, 
^i. = 4J — 3^4'8>l'4+34''. 

The three relations between the six forms of the complete system are 
^ = -^i^, -A-^^ + bA'M, - S^V, — 94«, 
^=:4','4'4-^^i + ^'4'4. 

'4'1'4'4 4'l^8 = -^E — -4.^8 • 

V. <=19. 
The solutions of the congruence 

o*— + 1 = (mod 19) 
are o = 12, to = 8 . The reduced system consists of 

4^, E and 18 functions •J'n = iyiVT) (« = 1 , 2 , . . . . 18) . 
Corresponding values of n and t>„ are 



n = 


1 


2 


3 


4 


6 


6 


7 


8 


9 


10 


11 


12 


13 


14 


f.= 


12 


6 


17 


10 


3 


15 


8 


1 


13 


6 


18 


11 


4 


16 



16 


16 


17 


18 


9 


2 


14 


7 



The complete system consists of '^A, E,'^^,'^^,'^^,'^^. 
We find 

4't=4i-2A*'^t, 

,^, =4|-34VA + 3^^ 

4'7=^»^6-^'^8-3^'. 
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^ = 424-8 - AM* — A'Mb — 2^'46 . 

4i8 = "Ms—Mi + ^*4b, 

^,, = ^^, — a4»4',^s48 + ASi- 6A^f^, + 4 A»i^, + 9^», 

4i, = 4«4'548 — ^41 — 4*4'l + s^'o^A - 34»4'8 — 6A\ 

4'i6 = 41 - 2^4'A + 2ilM', + 6^«, 

,^„ = 414^^, - ^4'i4'84'5 — ^'4*42 + A> (4,48 - 414,) — 2^»4,4'8 + 24«4i + 2^'4. , 

4'i8 = 4,42 - A (4i48 + 424'b) + A* (24? - 4*^8) + A*^, . 

The three relations between the six forms of the complete system are 

4! = ^, — 4b4^ + 4^4'.4? — 3ii»454'8 — 3-^*4^ — 9^*4*, 
41 = 4,4, - ^44 + 64*4,45 - 34^8 - 9A\ 
4» = 4^, — j,4, + ^»4,. 

§6. Order and Subgroups of G. 
Let us consider the three substitutions 

T, STS-^= U, and S-^TS- F, 
where 8 and T are the two generating substitutions of Q given in (l) and (2) : 

z^ — a^\=T, zj = a,i8, 1 = J7, is^ = aA [• = F, 
zi = a^J ai = a,28) zi=a^J 

and let us find all those substitutions £ which are generated bj T, U and V. 
It is obvious that they are all interchangeable. On account of aiOgOj = 1 we have 
F= (TC)"*, therefore we may confine ourselves to T'and U. The general form 
of all possible substitutions B generated by T and U is 7"" U*, and since P is 
the period of T and of U, the substitutions B are given by this table : 

1 , T , I* .... T^-^ 

U , TU , T»U T^'-^U 

IP ,Tip ,ru* ....T^'-'U* 



(59) 



J7'-», TU''-\ PV-^ .... T^-^U'-\ 

Now it may happen that some power of T will be equal to some power of U. 
The condition for T* = tT" is: 

c^ = ai,ai=a%,a:i = a![ (60) 
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or, see (3), ^_/f^_o 

nil m,~^' 

^ — ^ = a„ 

«l, fWi ^' 

where Xi,*a„ X, are three integers. But these three equations coincide exactly 
with the equations (7) which have already been solved in §1. The solutions of 
our equations (60) are, therefore, see (26) : ;i = a, fi = — ^, or m full length : 

II = —piP%T {mt + nv) . 
The smallest power X satisfying the equation ^^ = tT** is therefore 

and the corresponding power (i = ^{t — v); hut v + w— l = t, hence / — v 
= tc — 1 . We have, therefore, 

and likewise i7*= T^^^-^^ . 

The consequence is that only the substitutions of the first 3—1 rows of table 
(59) will be all distinct from each other, while the remaining substitutions will be 
equal to some substitutions of the first 3 — 1 rows. We have then altogether 
3.P distinct substitutions B. But every substitution of G can be thrown into 
the form B, BS or BS*, because SBS^^ is again one of the substitutions B, say B!^ 
so that SB = BfS. O contains, therefore, 33P substitutions. Thus we have the 

^®^*- The order ofGis 33P= 33^= 3p?i^A. 

If < = 1 , we have 3 = P, and the order of (r = 3P*; in this case the P* substi- 
tutions of table (69) are all distinct. If 3 = 1, we have « = P and the order of 
6? = 3P so that the distinct substitutions B will be given by the first row of 
table (59). 

In every case the substitutions B form a edf-oonjugate subgroup H within O 
of order 3P = 3V. But there exists another self-conjugate subgroup EP of order t. 
This is formed by the t powers of 7^, for there is 

S'rS''^= U^= ^*i— 1), 
and BTB-^zzzT^. 

Evidently W is contained in jff • If 3 = 1 , JJ' coincides with JBT, and if < = 1 , 
H' is reduced to unity. 

Uhivxbsitt of GmoAGO, December d4, 1894. 
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On Irrational Covariants of certain Binary Forms. 

By E. Study. 



In the following pages we intend to study the most important irrational 
covariants of binary cubics and quartics and of some other special binary forms. 

The subject was entered upon by the great originator of the theory of inva- 
riants, Cayley, and it has been brought to perfection in some respects, through the 
application of refined methods, by Clebsch and others. There are. however, 
quite a number of details which make further investigations desirable, especially 
when we consider the intimate connection of the subject with some parts of the 
modern theory of functions. For reasons of this kind it. was almost inevitable 
to the author to work the whole subject over again. Presenting, in a carefully 
chosen system of notation, the result of this rather laborious task to the mathe- 
matical world, I hope that it will be useful to those who have to deal with the 
numerous applications of the binary quantics of the lowest orders. 

Instead of summarizing our new results in detail, we prefer to signalize 
the points in which our way of looking at the matter difiers from the usual one. 

As to algebraical equations, Cayley's principal point of view seems to 
have been to derive solutions of the equations of the lowest degrees from the 
theory of invariants. He wrote an equation /=0, say of the third degree, 
homogeneously, and based the solution upon the identical relation among the 
covariants of the cubic form /. Thus the introduction of irrational covariants, 
representing the linear factors of/, was to him chiefly an intermediate step in 
the investigation of the solution of /= 0, that is to say, of the vanishing points of 
the quantic/. 

While sharing the general views as to the beauty and importance of Cayley's 
discovery, we venture to profess a different opinion concerning the source of 
this importance. The idea of solving the equation /= by means of the theory 
24 
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of invariants is, as we are inclined to think, open to some criticism,* even if we 
do not mind the fact that this solution had been known long before anybody 
thought of invariants. On the other hand, the linear factors of/ are roots of a 
certain equation jP=0, containing the variables of /as parameters in their 
coeflBcients. This equation is, of course, not furnished by the ordinary treatment 
of the equation /= ; and even in the theory of invariants it has not yet 
received much attention. It seems to us, however, to be the main feature of 
the theory ; we shall therefore endeavor to point out distinctly its very special 
properties. 

We have here a problem in which the theory of equations and the theory of 
invariants are superposed, or rather we have two diflFerent problems : 

1st. To decide whether or not algebraic equations jP= exist, the coeffi- 
cients of which belong to the system of rational invariants and covariants of a 
given system of quantics/ , /g, . . . . , and the roots of which represent divisors 
of a form / occurring in this system ; and, if possible, to determine these equa- 
tions, especially the "simplest" ones (according to properly chosen definitions 
of ** simplicity "). 

2d. To solve these equations. 

The reader will notice that the first question does not always admit of an 
affirmative answer, and that .also several equally simple solutions may exist, 
difiering by factors of proportionality, and not reducible to one another by 
rational substitutions.f In the actual treatment of special cases it will not be 
necessary to keep separated the two steps, or to urge the definition of the 

* Namely, the covariants do not seem to act any necessary part in the solution of a given equation ; 
actually Cayley's form of the solution does not present itself readily in Oalois' theory. 

To show the difference of the standpoints in a simple example, we may compare Gayley's solution 
of a quadratic equation, which involves a variable parameter p (or rather a pair of homogeneous 
parameters pi \p^) with the ordinary solution, which is free from this complication. The parameter 
is accounted for by the fact, that in the system of covariants of a binary quadratic form / no equation 
J*=:0 exists, the roots of which would be linear factors of / ; whereas such an equation can be formed 
in the simultaneous system of the quadratic form / and a linear form p. The parameter would be 
utterly superfluous if merely the solution of the equation /=:0 were in question. 

t An interesting example is furnished by the combinant of the eighth order in the theory of a 
binary quartic. We are to decompose this form in no less than four different manners into a pair of 
biquadratic factors, each representing four equianharmonic points. The irrational covariants defining 
these factors have very different properties. The geometrical interpretation of a quantic by the mere 
group of its vanishing points fails entirely to give an account of such occurrences. 
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'' simplest " solution of the first question ; this definition is furnished implicitly 
by the investigation itself. 

The said equations ^= contain variable parameters in their ooeflScients. 
Now. in all cases dealt with in this paper they enjoy a remarkable property : 
they have resolvents containing a smaller number of parameters. 

Since very little is known as to equations with parameters in general, we 
may claim some interest for our developments, however special they may 
appear, from the mere standpoint of the theory of equations. 

Our notation is the so-called symbolical one, which is by far the most con- 
venient notation at least for special researches of this character. The reader is sup- 
posed to be familiar with the methods applied in the standard work of Clebsch, 
**Theorie der binaren Formen " (Leipzig, 1872), especially with the properties 
of the rational covariants of binary cubics and quartics contained in Chapter IV. 
Instead of Clebsch, also Gordan's "Vorlesungen uber Invariantentheorie " 
(herausgegeben von Kerschensteiner, II, Leipzig, 1887) may be consulted. 

It must be mentioned that we differ slightly from both authors in the nota- 
tion of binary variables. We denote a binary quantic by {axY = (ajO?, — «|Xi)*, 
instead of writing a* = {aiXi + OjX,)*. Thus we avoid the introduction of the 
so-called principle of contragredience, which has no genuine right of existence 
in the binary domain. 

I. — The •Cubic. 

In the theory of a binary cubic we introduce, for certain reasons which will 
appear later on, a system of notation slightly diflferent from that used by Clebsch. 
Thus denoting the forms 

/, A, g, B 
of Clebsch by 

p, 25, 5, 2r, 

we have the following forms, which constitute what is called the complete 
system of jp : 

p= {pxy={p'xy= , 

a= {8xy = iipp^npx){p^x), 

g = {qxf = 2 {pb){ px)\sx) = - {pmpp^w^w^y, ^ ^ 



r = 2{8br=h{pq) 



iS 
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These forms are connected by the syzygy 

r/ + 45' + ^ = 0, (2) 



viz. — 45^={g+V — r.p}\q—^ — r.p\. (3) 

Consequently we are able to decompose — S into its linear factors {ax) and (rx), 
defining these forms by means of the equations 



(ax)(rx) = —8 = — {8xy. 

These forms are irrational covariants of/; tfiey are roots of the sextic equation 

y' — qf-h' = Q. (5) 

Now, from the equations 

{axY-\-{rxy = q, 



((Tx)»-(T^)^ = V— r./, 



{ax){rx) = — {hxY 



we derive {arf =: rV — r , ((Tt)* = — r, that is to say, 



((Tt) = — V— r. • (6) 

The linear forms {ax), {tx) thus defined evidently give rise to an unlimited 
number of irrational covariants of the cubic p contained in the form X{axY 
+ f£ (tx)*. Among these forms we find certain linear forms proportional to 
linear factors of p, and others proportional to those of q, or, as we may say 
briefly, we find among our irrational covariants the linear factors of p and q. 
Lfet V — 3 be an arbitrary but definite value of the square root of — 3, 

and denote by ei , b%, b^ the cubic roots of unity, derived from 1,6= ~ *" , 

2 

6*= ^r by any cyclical permutation, finally by ii, ig. 63 their conju- 

gate values 1, s*, e, arranged in the corresponding order. Then the equations 

(or) . {Xx) = ii . (<Tx) — ci . (Tx) , 

(<it) . (fw) = i, . {<yx) — 6g . (tx) , (7) 

(ar) . (7 a;) = Si . {ax) — cj • {''x) , 
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will define certain irrational covariants of the degree — 1 , fulfilling the condi- 
tions . 

= (Xx) + (jix)-\-{vx), (8) 

35 = r { {iix){vx) + (vx)(aa;) + {^x){fix) \ 



= --^.UM' + W + Mn. 



(9) 



p = r. {^){nx)ivx) = y . 2 {^y, (10) 



W—Z.q = r-'^ — r.{{nx)—{vx)\\{vx)—{Xx)\\(Xx)—{iix)\, (11) 

Hence the forms (^x), {(ix), (vx) are the roots of the cubic equation 

ra? — *+SS.x—p=iO* (13) 

Their immediate expressions by means of radicals are given by the formulas 



^^ 2? + ^ 2r» ' (14) 

^( + )-^(=) = -^.5. 

In the same way the decomposition of the cubic covariant q is connected 
with three irrational covariants (^'x), {p!x), (i/») of the degree + 1. 
We may first introduce the notation 

(^.)=(^),(^.) = ^. (4b) 

These forms are roots of the sextic eqttation 

r'.y'* — r»p.y"— 5»=0. (6b) 

Further, we define three linear forma (X'x), (/«'»), (^z) by means of the formulas 

{o't') . {X'x) = fi {a'x) — ji (rfx) , etc. (7b) 

* This equation is evidently the simplest one among aU those by which linear forms, proportional to 
the linear factors of p , can be defined. It has the lowest order possible, namely, three^ and the degrees 
of the coefficients do not surpass four. By these properties it is defined, if we do not mind substitutions 
of the form a; =:/>*', where p is a rational number. But it is even the simplest equation with respect to 
the numerical coefficients. 

The linear factors of p used by Gayley and Clebsch are roots of an equation of the sixth degree. 
Similar remarks hold in other cases. 
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or — {Xx) = «i (ax) + Ci (rx), etc., (7c) 

or finally, — s^'^^.{X'x) = {ar).\(jix)—{vx)\, (7d) 

etc., with cyclical permutation of X, ft, v. 
Then we have 

0={Xx) + (ii'x) + {v'x), (8b) 

38 = in'x)iv'x) + (r'x)(a'x) + {Wx){f/!x) 

= - i i (A'x)» + ifi'xf + {v'x)*\, (9b) 

9 = {X'x){n'x){v'x) = i 2 (X'x)», (10b) 

ZV^.p = ;;^{0*'a') - Wf { i^^) - i^'^) \\{:^'x) - (/*'x)} (lib) 



-'^ = -V-3V-r = (i«V) = (»/X') = (Xy). (12b) 

Hence the forms (A.'x), (ft'x), (r'sc) are the roots of the cubic equation 

«»_♦ + 35.2 — ^=0. (13b) 

Their expressions in terms of radicals are given by the formulas 



^y ^—p^^—r j^^ q+P^ 



— r 
2 ' (14b) 



These formulaB put the reciprocity between the forms jp and q into evidence : 
Our formulce are interchanged among each other when we replace 

p , h y q , T , ((Tx), (o'a;), (Xa), (X'a), etc., 

respectively hy 

f ' V' -4' 4- -(<»'*), (<y!«),(;i'*), -(Xx),efc.* 



•y _ r has to be replaced by — j^ • — • I* ie this law of reciprocity by which the previously men- 
tioned change of notation is suggested. We should not have obtained so simple numerical coefBlcients 
in our formulse if we had operated with the forms A and 12 of Clebsch instead of our c'and r. It is 
worth noticing that the very same change of notation presents itself still from a quite different point 
of view. We have avoided the common divisor 2 which appears in the expressions of A and R in terms 
of coefficients of the cubic. (See Clebsch, Bin&re Formen, p. 114.) 
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We recognize in this law of reciprocity the expression of a linear trans- 
formation of the binary domain, transforming the vanishing points of jp into 
those of q and vice versa. 

The equations (5), (5b), (13), (13b) contain a variable parameter {xi'.x^ in 
their coefl5cients. But they are very special equations of this character. The 
root is in all cases an integral function of the parameter a^i : Og J ^^ other terms, 
the Riemann surfaces belonging to the algebraic functions defined by these 
equations break up into separated leaves. Secondly, these equations have a 
quadratic resolvent (X* + r = 0) which is entirely free from the parameter 

The irrational covariants defined by (5) and (5b) represent in either case 
the linear factors of S; but whereas by the solution of (5) 5 itself is decomposed 
into two linear factors, the other equation (5b) decomposes the product r.5. 

In the same way by the solution of (13) not p itself is decomposed into 
three linear factors, but the product r*p . The decomposition of p itself into a 
product of three irrational linear covariants would evidently depend upon the 
solution of an equation of the ninth degree, since the new radical /^r has to be 
introduced. But if the cubic is considered as the cubic covariant of another cubic, 
which is supposed to be rationally known, then it can be decomposed by the 
solution of a cubic equation, as is shown by the formula (13b). If we should 
extend our considerations to the theory of a binary quintiCf we should reach, in 
the case of the so-called canonizant^ another simplification. The vanishing points 
of this cubic can be represented by irrational covariants of the quintic, which 
depend upon the roots of a cubic equation whose coeflScients are mere invariants 
(viz. free from the parameter (xj : oc^)). 

Our formulae contain, of course, also the decomposition of the aextic 
^.rp^ + f.^, wherein 8^:f denotes an arbitrary ratio, into its linear factors. 

We have 

fi*.rp* + <*•?• = {t.q + 8. '^—r.p){t. q — 8.\/ — r.p) . (15) 

Hence, denoting the two factors of this expression by ^i and jp,, we have 



Pi:=t.q + 8.^ — r.p, 

qi = (f — ^).r^ — r.{8.q + W — r.p), ' 

ri = (<»-«»)».»J». 
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The last equation enables us to define 



V^^i ={f — «*) .r\/^^, (16b) 

whence ^ {oix) = e^ ^/{^ — f){8 + t) . V — r . (ax) , 

{r,x) = h V^(^ - e){8 - 1) V^^(«), (17) 

{Cix) . (Tix) = {f — ^).r. (ax) . (tx) . 

From these equations we derive the expressions of (Xix), etc. Replacing (Xix) 
by {Xix) = {f — €^).r.{7iix)j and denoting the two cube roots in (17) by -B and jB, 
we find 

{\x) =iV'=:7.|(5ii2+5ifi)(Xa)+(5,ft + f,:B)(^^ (18) 

etc. ; (jiix) and (vix) are obtained by means of a cyclical permutation of 6i, €9, ^, 
whereas {?i^x) is obtained by interchange of e. and i^. 

The quantities (Xix), (^x), efc., are the roots of the sextic eqvation 

\-^+Z{f — f^)h,x—{f — i?).t.qY + {f — ^)\^.r.:^=0. (19) 

It is a remarkable property of this equation that when the roots of (13) are 
known, its solution is eflFected by extraction of radicals depending merely upon 
the parameters s, t. Solving it directly by means of Cardano's formula, we find 

^ (20) 

This is easily seen to be in accordance with (17) and (18), the roots having the 
values — B, R, {ax) , (rx) respectively. 

Another remarkable property is shown by the formula (18), namely, the 
sum of the coeflScients of (Xcc), {(ix), (yx) , in (18) is zero ; and the different roots 
of (19) are obtained when we exchange these coeflScients in all manners possible. 
We do not insist upon the evident geometrical interpretation of this fact ; but 
we find worth noticing the special form our result assumes when we write the 
parameters occurring in (15) in a peculiar manner. 

Denote a set of three quantities, the sum of which is zero, by Ci, e^, c,, and 
write, as is done in Weierstrass's theory of elliptic functions, 

<^ + e^i + €ie^ = — ^ i^i + 4 + 4) = —i 9%^ 
616163 ^ ^ ^g , 
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Supposing now 

that is to say, 

(M= ^~^.{«i(J^) + ^M+63(i;a:)}, etc., (18b) 

we have 

9% 92 

and the equation (19) is transformed into 

\^+Zgt.8.x—A.V^:q\*~27gi.r.p^=0. (I9b) 

By its solution the sextic 

16G.^ — 27gr|.rp»= 

= — ^.^— 64(?.5» = (16b) 

= siV + 108^. 5» 

is decomposed into its linear factors. The square root V O can of course be 
avoided by introducing VO.x instead of a. 

!!• — The Quartic and the Octahedron. 

We shall now make an investigation of certain irrational covariants of a 
binary quartic / and its sextic co variant <, the so-called octahedron, which we 
may consider also, as is well known, as an independent sextic F, satisfying the 
condition {F, F)^ = 0* 

Before doing so, we put together the forms of the complete system of /, 
and certain relations among these quantics, to be used in our calculations. All 
these relations can be found among, or easily be derived from, the formulaB 
developed in the above-mentioned treatise of Clebsch (§40-51, §111), to which we 
refer for the proofs. As far as the theory of the sextic t is concerned, the reader 
may consult also Klein^s '* Icosahedron " (Leipzig, 1884, I, §5, 10, 12) and the 
literature quoted there. 

* (Jordan-Kerschensterner, Binflre Formen, {19. Here and further on we use Gordan'e abbreviation 
(V', x)k for the bilinear oovariant (a&)ie(aaj)w— « (6jp)«— « of two binary forms V = (««)* and X (&w)~. 
25 
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§1. Rational Govarianta. 

Dealing with the rational covariante of a binary quartic /, we shall use a 

system of notation which has already been employed by Brioschi and H. Weber, 

and which is, for more than one reason, more convenient than the usual system 

of notation as employed by Clebsch and most of his followers. Thus denoting 

the forms 

/, H, T, i , j 

of Clebsch respectively by 

/, 2A, t, 2gr„ egTj, 

we have the following forms, constituting the complete system of rational cova- 

riants of/: 

/ = (aa;)* = (a'x)* = . .. . = (aiX^ — a^y= , 

h - {hxY = {h^xY =.... = i {aaj {axf (a'x)> 

t = {txY = {HxY = .... = 2 {ah){axy (Ax)» , ' ^^^ 

g,= i {aa% (7, = i {ahy = i (aa^ {aay[day . 

These forms are connected by a single syzygy^ namely, 

i^ + 4h'-gjif + gj^ = 0. (2) 

This most important formula is the clue to the whole theory of irrational 
covariants. 

By the side of the fundamental invariants and covariants we are to consider 
certain combinations of the above forms. First, of course, the discriminant, 
which is at the same time an invariant (quasi-discriminant) of t : 

^ 16— --16-- ^^^ 

Further, we introduce a special sign for a certain covariant of the fourth 
order and fourth degree : 

i> = {i>xY=ii2g,.h-Zg,./). (4) 

It has, among others, these important properties: it is the one form of the 
pencil x/+Xh that is conjugate to/: 

(/.4')4=(«^)* = 0. (6) 

It is the one form of the pencil x/+ ^ whose Hessian is proportional to the 
Hessian of/: 

i(^,4»)i = — *«'•*• («) 
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It is a bilinear covariant of/ and t : 

{t, /)3= {ta)\txy{ax) = (4>x)^ (7) 

It is connected with/, h and t by the identity 

{t.h),= l/.^. (8) 

There is, finally, a perfect reciprocity between /and ^ .^. 

Let us consider now the forms of the complete system of the sextic <, which 
may, when treated as an independent form satisfying the relation {t, t\z=zO, 
also be denoted by the sign T. 

The forms in question are 



T=t = {txy\ 

tf=2(T,^\ = ~ {tt!)\t(l^){tx)\i!x)\fx)\ 



(9) 



They, too, are connected by a syzygy : 

i22^+4<|)« + V = 0* (10) 

The expressions of <!> and 9 in terms of/ and h are 

^=-SI.,h* + g„h/-A.f. (11) 

V=2g,.h^-A.h>/+m.hf+(^-Ay. (12) 

To these identities we may add the formula 

9gr,.cD + 34>> + 4(7./« = 0, (13) 

containing another important property of the form ^. 

§2. The Irrational Invariants c^, c^, e,. 

Denoting by t^ and 0^^, the covariant t and the invariant (?, derived from 

the form x/+^ instead of/, and defining a homogeneous cubic function A(x, X) 

by the formula 

411 = 4x» — g.xX' — g^\ (14) 

* See tllebBch, Bin&re Formen, {111* Our consideratioiis in 25 contain also a proof of this impor- 
tant identity. 



\ 
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we find, following Cayley and Clebsch, that 

t^ = £l.t, G^ = a\G. (15) 

This shows first that t and O are so-called combinants of the pencil x/+Xh; 
second, that this pencil contains three forms of vanishing discriminant, which 
are, on account of the identical vanishing oft^xi moreover, perfect squares. 

These forms are given by the expressions 

h + ej, h + ej, h->rej, 

if we understand e^, e^, e^ to be the roots of the cubic equation 

= 4^-g,e—g,. *(16) 

The cubic resolvent of this equation, the roots of which are the diflferences 

= ^' + ig,.ef-^G. (17) 

The sign of the quantity a^O may, once for all, be explained by the formula 

^G={e^-e;){e^ — e,){e,-e,). (18) 

e^, e^, e^ are irrational co variants of/ of the degree one, but they are not combi- 
nants of the pencil x/+Xh. 

Comparing (2) with (16), we notice (with Cayley) that 

-e=Hh + eJ){h + eJ){h + eJ). (19) 

Hence we may decompose — into a product of three quadratic forms ?, m', w', 

2 
denoting preliminarily by I' or (7a;)* the square root 

^/—h — ej, (etc.). 

These forms 7, m', ri are irrational covariants of /, but they are not co variants 
of ^; that is to say, they are not combinants of the pencil x/+A^. Th^re are, 
however, certain quadratic /(xrms I, m, n, proportional to 7, m', n', which enjoy these 
important properties. 

In order to find them, we put J!z=.r^.l, m'=:r^.m, n'^=r^.n, and try to 
determine the multipliers r so as to make the invariants of the forms I, m, n 
numerical and equal to each other. The forms thus obtained will be combinants. 
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We have evidently 

and (m", n'')i = ^{e^ — e^.t = {e^ — e^) . Hm'n'. 

.\ rj^.{m, n)i = r^.{e^ — e,).l. 

Hence, choosing 



n=— V^K — ^A^^A— «M» ^M=— '^^A — ^M^^^^ — ^H, r^'=^—^/e^ — e^^/e^ — e^ 



>» 



we obtain a system of three forms l.m^n, which are covariants of < as well as 
of/. Their degree, in both cases, is zero. 

These forms are the true central point in the theory of the most important 
irrational covariants of/ and t\ we therefore enter upon a more careful study of 
them. 

§3. The Qtiadraiic Forms I, m, n. 

The quadratic forms (&)*, (ma;)*, {nxf found in §2 fulfil, as a simple calcula- 
tion will show, the following system of conditions : 

(m, n)i =^.{mn){mx){nx) = — (faj)*, 

{n , Z)i = lnl){nx){lx) = — (mx)» , (20) 

(Z, m)i = {lm){lx){mx) = — (wa;)*, 

i {Uy = i {mm^y = i {nn^y = 1 , 

i(mn)(nZ)(Zw) =1, (21) 

{mny={niy={lmy =0, 

from which we may derive the further formulad 

P+wi* + w* = 0, (22) 

{m\ n\ = — mnlj (m*, n*) = I P, 

«n»)3=0 , (m», n»),= -i, (23) 

(P,P), =f?» , (P,P), =|,etc. 

By the side of these forms Z, m, n containing the variables Xi, x%j we may 
consider their polars {lx){ly) , etc,, containing two sets of variables x, t/. First 
we notice that 

{Ixf.ilyy = (lx)ilyUlx)ily) + (xy)». (24) 

Further we may establish the following theorem, which contains a very impor- 
tant property of the forms I, m, n: 
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Denoting hy 8, Xy y, z any fowr points {seta of binary variables), the quadri- 
linear forms 

3Eo= {sx).{yz) 

Xi= {l8){lx).{ly){lz) , 
3E2 = {ma) {mx) . {my){mz) , 
28= {n8){nx).{ny){nz) , 

and the corresponding forma 9^, S^j derived from 2^ by cyclical permutation ofx, y, 2, 

are connected by the linear equationa 

= 

Xo + 2)o + 3o, 2i + ?), + 38, 2g + 2)8+3i, 2s + ?)i + S„ 

Si + Ss + S,, 3e,_§), + 3i, 3e3 + g)o — 38, —«» + ?), + 80, . . 

S2 + 2)i + 3„ _X3 + §)3 + 3o, 3E,_?), + 3,, 2, + ?),_3„ ^^''^ 
3^8 + 2)» + 3i, 3E3 + 2),_38, -2i + ?)i + 3o, 35,-?)3 + 33. 

The first of these is the elementary identity 

{ax){yz) + {ay){zx) + {az){xy) = ; 

at the others we arrive by properly chosen processes of polarization with respect 

to the quadratic forms I, m^n.* 

Another no less important property of the forms ?, m, w is: 

The producta {m,x){my).{nx){ny)j {nx){ny).{lx){ly) , {lx){ly).{mx){my) aa well 

aa the product {lx){ly).{mx){my).{nx){7iy) are polara, that is to say, the application 

of the operator ^ — ^ ^ — ^— to these forms produces zero. 

dxidy^ ax^ayi 

Defining the ** composition" or "symbolical multiplication" of two bilinear 

forms a = {ax){Py) and af = {a!x){^'y) by the formula aa^ = {ax){a'l3){^'y) 

(preferable, in some respects, to the definition aa^ =^ {ax){^a'){^^y))j the mani- 

foldness of all binary bilinear forms constitutes what is termed a system of 

complex numbers. Choosing as fundamental units the forms 

h = {xy) , h = {lx){ly) , 
Li={mx){my), LB = {nx){ny), 

we obtain a well-known system of formulae : The law of compoaition of owr bilinear 
forma ia identical with the multiplication rule of quatemiona. 

The equations t« = represent a group of four commutative linear trans- 

* Compare the author's paper, Am. Journal, Vol. XVI (p. 166), No. 12-14. 
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formations of the binary domain, which interchange, as we shall see in §12 more 
in detail, the vanishing points of each form of the pencil x/+Xh among each 
other.* 

This explains the symmetry among the four bilinear forms (xy), (&c)(?y), 
{mx){my) , {nx){ny) , which appears in the first theorem of this section, and which 
we shall meet again in some other theorems. 

§4. Expressions of the Forms /, A, 4>, t in Terms of I, m, n. 

The forms P, m*, n* belong, according to their definition, to the pencil 
^t/* + ^A . We find them connected with the forms / and h by the identities : 

p^ h + ej _ 

{e^ — e^){e, — e^) ^ ^g^j 

etc., or, in a different arrangement of the formulae, and with a slight generali- 
zation, 

{lx)\ {lyy + {mx)\ {myy + {nx)\ {nyY = 2 {xy)\ (28) 

e.. (Ixy. {lyy + eAmxy.{myy + e^.{nxy.{nyy = {axy{ayy, 

^x.(&)*. W + <^{mxy.{myy + e;.(nx)«.(ny)»= ^29) 

= {<^xy^\a^yy = {h^y{hyy + ig,.{xyy. 

To these formuls we add the analogous expressions: 

3 






(30) 



Instead of the expression of <, too, we may write down at once the expres- 
sions of some of its polars, to be used in our calculations, 

* Compare Cayley, Math. Annalen, t. XV, p. 288 ; Stephanos, ib. Vol. XXII, p. 299, and the anther's 
paper, Berichte der KOnigl. S&ohs. OesellBchaf t der Wissenschaften, 1889, p. 177, §10. 
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{lx){ly).{mx){my).{nx){ny)= 

__ [(mx)«.M']'-[(>»y)«.M']» _ _ _ {ixfityy ^ 

Aixy) -^'^•- -W^' 

{Ixnmxf.jnxY Ulyf {my)* jny)*] _ itx)\ty)* . . 

3 '\{lxf'^{mxy'^{nxyi~' 2V& ' ^ ^ 

Combining (31) with the well known identity 

2{xy).itx)\tyY={axy.{hyy-{ayy.ihxy, (33) 

we have finally 

{xyUh)iIyUmx)imy).inx)iny) = {<^myr-M\h.y ^3,) 

The invariants e^, e^, e^ being known, the forms ?, wi*, v? are perfectly deter- 
mined by the formulsd (27), whereas the forms Z, m, w themselves are certain 
square roots of P, w', rf. 

There are, under the said canditian, altogether /ou/r systems of values of 
I J m, n satisfying the relations established in §3, our formulsB permitting no more 
than a simultaneous change of sign to two of the quantities I, m, n. 

§5. ITie Quadratic Forms I, lyi, n considered as Covariants of the Sextic T. 

The forms I, m, n are, as we have stated already, combinants of the pencil 
x/+?JijOT covariants of the sextic t^= T. We have, according to (31), 

rz=:W.P.m\n^ = ia.{I^ + m' + n'\, (35) 

<D = i(r, r), = t(?.{mV + n«P + Pm«f= ,3^. 

= -iG.{l' + m' + n'\, ^ ^ 

*=2(r, $)i = JV(7>s/6?.{m«-w»}{n« — P}{P— m^}, (37) 

i2 = tV(r, n=/rG. (9) 

Gonsequently the biquadratic forms P, m*, n* are the roots of the cubic equation 

i2.X«— » + i<|).X— ^r»=0. (38) 

The solution of this equation in terms of radicals is facilitated by the 
existence of a quadratic resolvent without parameter. On account of the iden- 
tity (10) we find 
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The simplification of the solution of (38) contained in this formula is all 
that can be reached as long as we operate in the system of the sextic T. But if 
such a form T is the sextic covariant of a quartic /, which is supposed to be 
rationally known, then our cubic equation has a cubic resolvent (No. 16) which 
is free from the parameter (xi'.x^)* 

The quadratic forms I, m, n^ defined by (38) and by the equations in §3, 
are capable of eight systems of values, the relations among the forms I, nij n not 
being changed when we replace Z, m, w by — I, n, m. Their ambiguity is 
reduced to four after having disposed of the sign of \/ Q (see No. 31), and so it 
remains after adjunction of e^, e^j e^. 

§6. Other Irrational Govariants of the Sextic T. 

The formulaB hitherto developed give rise to an unlimited number of irra- 
tional covariants of T, combinants of the pencil x/+XA. We shall confine 
ourselves to a consideration of some of the most important ones. 

There are first the two equianharmonic forms of the pencil x/+ Xh^ or, as 
we prefer to say in the present connection, the two quartics that are apolar with 
respect to Tf and at the same time equianharmonic. There exists no quadratic 
equation with coefl5cients belonging to the system of T, the roots of which would 
be equianharmonic forms of the said pencil ; but there are two diflferent quadratic 
equations whose roots are the cubes of such forms. 

We denote again, as we did in the theory of the cubic (p. 171), by a^, f,, s^ 
any cyclical permutation of the three cube roots of unity e^, a^, g*, and by ii, ig, is 
their conjugate values, arranged in the corresponding order. Then the two 
quartics 

® = — ^/^B.{€lP + eX + esn'\, r^^. 

as well as the two quartics 

Zf = e^P + i,m' + kn^ ^ ^ 

represent the equianharmonic forms in question. 

*The equation (88) has oocasionally been mentioned in the author's book, '^Methoden zur Theorie 
der tem&ren Formen," in order to exemplify the notion of irrational covariant. Unfortunately the 
equation communicated there has erroneous numerical coefficients. 

t The '^ polars " of / and h with respect to t, viz. the forms (/, t)^ and (7i, t)^ , vanish, as is well 
known, identically. Ck>nBequently the pencil k/^-A^ is made up of the quartics which are '^apolar" 
with respect to t. 
26 
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After a short calculation we find 



2 ' * 2 ' (41) 

©,2: = il2.(?« + m* + n*) = — 4», 



@'.S' =|(i« + m* + n*) = — -^ . 



(41b) 



B 

Hence the forma ®, X are roota o/the aexiic equation 

F»_tp7»_<I)8=:0, (42) 

whereaa ©', J' are roota of the aextic equation 

i2»F' — i?.T».r'' — *» = 0. (42b) 

Postponing the further consideration of the equianharmonic forms of the 
pencil *f-\-%h, we may investigate now the tJiree harmonic forma of the said 
pencil. 

Introducing the notation 

i = W'G {m + n){m - n) = 2e^,h + (-f - 2^)/, 

Jf = W'G (« + (n - Z) = 2e, .A + (-^ - 2<)/, (43) 

^'=|V9^(Z + «»)(?- m)= 2e,. A + ("1^ — 2e;)/, 

we have the three forms in question, L, M, i^T being irrational covariants of 7* of 
the degree one. 

These forma are the roota of the cubic equation 

Z" — • + 3<I>Z— 'P=0, (44) 

the solution of which in terms of radicals is contained in the formulas 



»/ q»-|-yv_ig ll ^—TW—B 
-y 2 """^ 2 ' (45) 
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The mutual relations of the equations (38), (42), (42b) and (45) are obvious, 
and need no further explanation ; we may add, however, the remark that while 
(44) gives immediately the decomposition of ? into its three conjugate factors, 
by means of the solution of (38) only the product BT^ is decomposed. 

There exists still an interesting system of four quadratic forms^ each repre- 
senting certain two vanishing points of *, namely, a pair of vanishing points 
sc, y, connected by the relations 

{tx)\ty) = 0, {tyy{tx) = 0, (te)*(<y)*=0, (tyy{txy = 0. 

These forms 

W, = i^/^{ l+m + n), 

W,=WG{ l — m-n), 

W^ = WO{-l + m — n), ^ ^ 

W,=i^/Oi—l—m + n) 

are the roots of the biquadratic equation 

TF* + f^RT. Tr+ 12i2<I> = 0, 

which has, according to its origin, (38) and (44) as cubic resolvents. 

The sum of these forms is zero as well as the sum of their squares ; their 
Jacobians are proportional to the quadratic forms occurring in (43).* 

§7. The Equianharmonic Forms of the Pencil xf+7ih. 

While apparently enough has been said as to the determination of the 
forms P, »w*, w^ and of the diflFerences m* — n*, n* — P, P — m^ as irrational cova- 
riantsof/, the pair of equianharmonic forms in the pencil xf+^ih deserves 
further attention. 

We have already found two different pairs of irrational covariants pro- 
portional to the forms in question ; both are roots of equations of the 6*** degree 
and c(yDariants of T. Operating, however, not in the system of T but in the 
system of the quartic/, we obtain a simpler solution of the problem, to find 
the equianharmonic forms of the pencil xf+Xh. Now these forms can be rep- 
resented in two essentially different ways, by the roots of a quadratic equation, 
which defines them as covariants of / (but not as covariants of T) . We have 

*Ck>mpare BriU, Math. Annalen, v. 20. Qordan u. Kerschensterner, Bin&re Formen (Leipzig, 1887), 
No. 142. 
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simply to decompose the product gr,<l) into two factors of the form a/+/?^, 
using the identity (13). 

Let us define these factors ?)+ and ?)_ by 

7%e8e forms D^., §)_ are the roots of the qtiadratic eqtMtion 

g)»— 2^.D — 3^j.*=0. (49) 

The forms D+, ©, ©', and in the same way the forms d_, Z, Z', have the 
same vanishing points ; their ratios are therefore (irrational) invariants of/: 



+ = -' ^— 3.4^4V~^'-3^,%/-3.©, ^gQ^ 



where 



'v^4V(? — SgTgV— 3 = 

(51) 



_; e^ — e^-\- e;,V— 3 _ e, — e^ + gM^— 3 _ e^ — e^ + e^—S 

fi ^ fs 

-^4^ (7 + 3<jr,V— 3 = 



_ e^ — e, — e^'>/—S _ e, — e^ — e^*/ — 3 _ e^ — g^ — g^^^— 3 
fi i» i» 

These formulas contain the expressions of © , J: , ©', t^' in the domain of ration- 
ality of the quantities e,,, e^, e„ V — 3. 

Substituting finally instead of D+, D_, the quantities 

we find, instead of (49), the equation 

G.r—iG./.W- 92.^ = 0, (49b) 

which defines another set of equianharmonic forms, irrational covariants of /. 
The place of the covariant ^, occurring in (49), is now taken by /itself. 
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§8. Connection between Gvbic and Quartic. 

It is well known that by interpreting the parameter x : Jl of the pencil 
x/+ Xh as a point in the binary domain, we obtain the simple connection between 
the theory of a quartic and that of a cubic (Clebsch, B. F., §41 and 44). Now 
from our theory of irrational covariants we deduce a new and simple analytical 
expression of this connection. 

With a change of notation, we denote a point of the said binary domain 
by ^, and, referring to our theory of cubics (I, No. 7-12), write* 

{X^)^e^ — e,, {fi^)^e,--e^, {v^)^e^ — e^, (52) 

establishing in this way a one-to-one correspondence between the binary domain (^) 
and the binary domain the elements of which are the forms of the pencil xf+Xh. 
It follows immediately that 

1^-^, P-^VG, ,-— ^ /— ^¥- (53) 

r 4 r V — 3.r\/ — r 4 ^ ' 

By means of these formulas^ to the vanishing points of the forms P, m^, n^, and to 
those of the equianharmonic and harmonic forms of the pencil xf '\-Xh, correspond the 
vanishing points of a binary cubic and of its quadratic and cubic covariant. 

This remarkable theorem which is (save the above analytical expression) 
due to Clebsch, as it seems, can be generalized in two different ways. 

Writing s instead of the variable x in the theory of the cubic, and forming 
the product {psy.{^s), we have in ourformulce an analytical expression for a trans- 
formation of the binary domain by which the pencil xf+Xh is transformed into 
another pencil of binary quartics, namely, into a pencil of quartics which have three 
linear factors (Xs), {(is), {vs) in common^ while the last factor {^s) alone is variable. 

Now forming the invariants g^ and g^ of the quartic — {psY* {^s) , we find 



gi^—r.g^, gi^ ——r^/—r.g^. (54) 



16 ^*' ^"= 64 



* Wlien establishing a principle of transference like the one above, containing a comparison of two 
theories of different origin, we may use the sign ^ instead of the ordinary sign of equality = . 

In the foUowing conclusions we assume that the sign ^-^^has the same meaning in both theories. 



\ 
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Cimseqv/mtly the absolvie invariant -^ of the product {psf. (^5) is identical with 

ffs 

the absolute invariant ^ of the quartic f. 

Or, expressing the same result more geometrically : 

If we denote the vanishing pomts of /, in a properly chosen arrangement, by 
^o> ^A> ^M» ^FJ ^^ ^^^» ^y ^^^^ of^ linear transformationy the points r,,, r^, r„ coin- 
cide with the vanishing pomts ^j (i, v of the cubic p , the point r^ coincides with the 
point ^, corresponding to our quartic by means of the formulae (52). 

Later on, when decomposing /into its linear factors, we shall introduce four 
linear forms (roa), (na), (r^a), {r^y the vanishing points of which represent 
exactly the arrangement in question. — 

Secondly, we may consider more closely the one-to-four correspondence 
between the points ^ of the binary domain of the cubic p and the points x of the 
domain of the quartic /, by means of which the point ^ is transformed into the 
four vanishing points of/, or more generally (considering ^ as variable), into the 
vanishing points of a form x/-f ;U. 

We may express the transformation in question by means of an equation 
which contains variables of either domain, (^) or (a), and which is obtained by 
substituting the above values of c^, c^, e^ in the expression (29) of/: 



= i^i) P + (|u'^) m« + (i/^) n» ^V— 3 sT^r. (oa)*. (55) 

Now, let in this way to the points ^, >?,?,.... correspond the forms 
(ox)*, {bxYj {cxY of our pencil. We find, by means of the formulae (32) and (9) : 



{^-3^/-ry.{aby ^- 24(5^)(5>7), ,gg. 

(V=3V-r)».(a5)^(ac)«(6c)*^ 2A{q^){qnM). 
This shows that, — 

To a group ^^^ ri of the polar system of S {viz. to a pair of points satisfying the 
condition (5^)(5>7) = 0) corresponds in our transformation a couple of conjugate 
forms {axY, {bxY of the pencil ;«/+ 7Ji. (Such forms as / and ^, satisfying the 
equation {ahf = .) 

To a group ^, >7 , 1^ of the polar system of q corresponds in our transformatimi a 
set of three forms {axY, {bxY, {cxf of our pencil, bearing the mutual rekUion 

{ab)\ac)\bcY-0. 
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We have evidently still a third theorem of this kind, namely : 
If the points ^^ ri, X^ form a polar-group of p^ the biquadratic covariants ^, '4', x 
of the corresponding fortns {axY, {bx)\ {cxY are connected by the equaiion 

(and vice versa. Of course ^^ and x mean, with respect to (6a;)* and {cxf what ^ 
means with respect to (aar)*.) Supposing that ^, rj, ^ coincide with one another, 
and paying attention to the identity — 27g^ (^) = Z2GP, we fall back on our 
former results. 

Finally we mention the theorem : 

The point iq , corresponding to the Hessian h of f^ is the linear polar of the point 
^, corresponding to f itself , with respect to the cubic p. 

Namely, we obtain the equation 

(Jl'O'-P + mr^rn^ + iy'^Y^n' = 0, 

which determines the vanishing points of A, by eliminating ri from the equations 

{PrnPn) = -f . i m\^ri) + (^^)»(^>7) + K) V>7) \ = 

and (Jl'>7).Z* + (A)-^* + (i;')7).n* = 0. 

The equation (55) determines the binary quartic corresponding to a given 
point ^ . The inverse problem, to find the point ^ when the quartic is known, 
is solved in a similar way by means of the equation 

O = (;i^).P+0if).m«+(re.n»^-2^.4., (66b) 

which is, in a certain sense, reciprocal to the first one. In order to find the 
point J corresponding to / we have simply to express that the quartic on the 
right is conjugate to/. 

The results derived here from the consideration of the form (55) can also be 
obtained otherwise without difficulty. But the method is interesting in itself. 
We have here a very simple, say degenerate, example of an unlimited 
number of principles of transference, the study of which leads to results of some 
importance. The central point in these theories is always a form containing 
variables of two diflferent domains, the variables of which are submitted to inde- 
pendent linear transformations. In our special case it does not seem necessary 
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to establish the complete system of invariants and covariants of the form (55) ; 
we may signalize, however, the essential importance of the question. 

§9. Gonnection between Gvhic and Octahed/ron. 

The one-to-four correspondence between the binary domain (^) of the cubic 
'p and the binary domain (a) of the quartic/, the object of the research contained 
in §8, can be looked at from still a different standpoint, opening a new view of 
the theory of the octahedron. 

We arrive at it by establishing the following theorem : 

The one-Uyfaur correspondence between ^ and x defined by the equation 

(;i'^).P + {ii!h).m^ + (i^'^.n* = (55) 

is identical with the one determined by means of the proportion 

{^):{tii):{vk) = V'.m''.n\ (57) 

Namely, comparing the formula (8), p. 172, and (22), p. 180, and paying regard 
to the circumstance that when the ratios of P, m*, n* are known, four different sets 
of values are still left for the ratios of Z, m, n, we see that (57) actually defines 
a one-to-four correspondence between ^ and sc, the point x being perfectly deter- 
mined by the ratios of Z, m, n. 

Writing now in (57) for a moment yi instead of ^, and eliminating P, m^ r? 
from (55) and (57), we obtain 

= (;i'a(x>7) + {li!i){tin) + {A){vyi) = - 3 (g>7) , (58) 

that is to say, the point >7 coincides with ^, and (55) and (57) represent the same 
transformation. 

It follows from this that we are able to put (Jl^), etc., equal to p.P, etc., p 
denoting a factor of proportionality. This factor we assume, for certain reasons 

of homogeneity and partly of convenience, equal to 3 . Substituting 

now these values of (Jl^)i etc., in the formulae of the theory of the cubic, we 
obtain immediately the following theorem : 

TTie system of rational and irrational covariants of the cubic p is transformed 
into the system of ratwmxl and irrational covariants of the sextic T by means of the 
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following substitiUions, which are consistent with each other ^ and represent a one-to-fawr 
correspondence between the binary domains of (^) and {x) : 



{at) ^ © , (t^) ^ Z 



V— r.((T'O^V=^.®', ^/—r{t'l^)^^/—R.^r 






(60) 



(6ir 



V— r . K) ^ W—R.n\ {i/^) ^ iV^ 

This beautiful result is not surprising. The theory of the irrational covariants 
of the cubic is based upon the syzygy 

rp^ + 45' + 2^ = (Nr. 2, p. 171), 

whereas the theory of the covariants of the octahedron is derived from the 

syzygy 

i2r*-|-4<E>' + *»=0 . (Nr, 10, p. 178) . 

From the close resemblance between these formulae follows, that in both 
theories we had to perform, step by step, the same operations ; and so we cannot 
wonder at the fact that finally the results can be transformed into each other by 
a simple principle of transference. We have not thought it convenient, however, 
to choose this remark as our starting point, for by doing so we should have lost 
the connection with the results developed in §8, which is an essential feature of 
our theory. 

Our principle of transference appears in two different forms, a rational (59) 
and an irrational one (60) and (61). In (60) and (61) we may exchange P, wi* 
and n* ad libitum ; so we see that the formulae (59), without the supplementary 
formulae (60) and (61), represent a transformation 6 to 24, which is decomposed 
into six different transformations by adjunction of the irrational covariants 
P, m*, n\ 

Finally, we mention that the involutory linear transformation, which 
exchanges the vanishing points of ^ with the corresponding vanishing points 

♦The aspect of these formnlsd is somewhat simplified by the supposition >/— r = %/— iJ, which is 
legitimate, since no relation between r and B follows from (69)-(61). But thus we should only disguise 
the irrationality, and destroy the homogeneity of our formulsd with respect to symbols otp and T. 
27 
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of 2, has its equivalent in an involutory four-to-four transformation of the binary 
domain {x) which transforms the vanishing points of T into those of V, and 
exchanges the irrational covariants of T among each other. 

§10. The Linear Factors (r^) of the Quartic. 

It is easy to determine a set of four linear forms whose vanishing points are 
identical with those of the quartic /. Namely the squares of the said forms can 
be expressed linearly in terms of the quadratic forms l.niyn, which are linearly 
independent ; their discriminants vanish ; finally, the fourth powers of the linear 
forms in question are conjugate to /. By these properties the squares of the 
said forms are defined, save factors not depending on sc (xi : acg) . 

We find it convenient to choose these factors in two different manners, 
adapted to different purposes, and accordingly to introduce two different sets of 
notations {p^x)f (r^x) for what we may term ** linear factors of/." 

Thus we write 



v^<?.(poa)* = — 2(roar)* = Ve^ — e^.l+ Ve^ — c^.m + Ve^ — e^.n^ 
\^'0.{p^xy = — 2 {r^xf — V g^ — e, .l— Ve, — e^ .m — V e^ — e^ .n, .^^. 
\/(? .(p^x)* = — 2 {r^xY = — Ve,, — e^.l + Ve^ — Cj^.m — Ve^ — <?^.n, 
^/ 0.{pjxf = — 2(r,;B)* = — Vc^ — e^.l — ^e^ — c^.tn + Ve^ — a^.n. 

Here the square roots of the quantities e^ — e^, etc., may be chosen arbitrarily, 
whereas sTG means the product of the said square roots : 



The quantities (r^a?) , as defined herewith, are evidently roots of an equation 
of the degree 32 in the original domain of rationality of/, whereas the quanti- 
ties (p^a;) satisfy an equation of the 8*** degree only, which is the lowest degree 
possible for linear irrational covariants proportional to the linear factors of/. 

In order to establish this equation, we investigate the values of the sym- 
metric functions 

'^^ (64) 

(roa!)(r;,a5)(r„x)(r^) = i ./ . 
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Of course the last of these equations is, strictly speaking, not a consequence of 
the equations (62), which furnish only the value of the product II (r^)'. But 
being able to extract the square root, we may, as we have actually done, choose 
one of the two values of 11 (r^) at random. 

From (64) follows: 

The squares of the linear forms (p^) are the roots of the biquadratic equation 

Gy+^ + 6^.f+4t.y+P = 0, (65) 

which defines the forms (p^x) and (r^x) as irrational covariants of the degrees 
— i and i respectively. * 

The solution of this equation depends, as we have seen, upon the solution 
of the cubic equation No. 16, which is free from the parameter {xiix^), and upon 
two subsequent operations which are independent of each other : First, upon 
the extraction of the square root of two of the quantities ?, m^ n* (see No. 31), 
which contain the parameter, but are combinants of the pencil xf+ Xh ; secondly, 
upon the extraction of the three square roots Vc^ — e^, etc., which are again free 
from the parameter.* 

The formulae (62)-(65) contain not only the decomposition of i/or -^ into 

linear factors by means of invariant processes, but they solve also the corres- 
ponding problem for all the forms of ths pencil xf+ Xh: I, m^ n being combinants, 
we have in our formulas simply to replace Q- by Q^ and e^ — e^ etc. by 
(e^, — e^(x — Xe^ etc. In special cases these expressions may of course be sim- 
plified ; for instance, when the linear factors of 7, ^, ^ are in question. 

The decomposition of 4) into linear factors depends upon the solution of the 

equation q 

gly' — W.gs.fy+2G.gs.t.y + -f.^'=0i (65b) 

the linear factors are defined by 

'^^* (plf^y — '^^- \ ^^^ + '^V ^ + '^^- ^ } » ®t^- (6 2b) 

We are further enabled to decompose the forms of the 24*^** degree contained 
in the pencil (^2^*, <E>^ ^*) which are most conveniently written in the special 
shane 

4'P» — s^. T* = — ^gri.r*— 16<I>» 

*It would be desirable to derive this result from the direct solution of (65) in terms of radicals. 
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into their linear factors. We have first to split up such a form into its six con- 
jugate biquadratic factors; the solution of this problem is derived from the 
formulae on p, 193 by means of our principle of transference ; secondly, we have 
to apply the formulae (62)-(65).* 

§11. The Irrational Invariants (riV^). 
Let us now operate in the domain of rationality defined by the quantities 



Vc^ — «v, Ve, — C;,, Ve^ — e^i h m, n. 

Here the covariants (r^xY are fully determined ; besides we know the value of 
the product {rQx){r^x){r^x){r^) . Hence we have altogether eight different sets of 
values of the linear covariants (r^) . 

Passing, by proper changes of sign, from one of these sets to the others, we 
notice that the simultaneous invariants (r^r^) assume only four different sets of 
values. This leads to an important remark : TJie simultaneous invariants (rtr^) 
belong to the domain of the quantities Ve^ — e^, \/e^ — 6;^, \/e^ — e^. 

Indeed, let us calculate the simultaneous invariants and covariants of the 
quadratic forms (r^)*, defined by (62). 

First, the Jacobians of any two of these forms will be found by means of 
the formulae (20) : 



— 2{T^T^{r^x){rJSc) = ^e^ — e,.\^/e^ — e^.m — ^e^ — e^.n\, 

— 2 {r^r,){r^x){r^) = \/e^ — e,. {\/e^ — e^.m + ^e, — e^.n\. 

Comparing the product of these two expressions with the equation 

4 {r^){r^x){r^x){r^)=f (No. 64), 

we have 

(^on) . ( V,) = — {e^ — e,) , etc. (66a) 

Moreover we find, by means of (21), 

(ror,)* = (r^n)» = (e^ — ^ , etc., (66b) 



( Vv)(nn)(nO = 'v^ ^ » (n^o)(^o^^) (^^a) = sfCt, 
{r,r^){rxro){ror,) — —s/Gy {r^r^){r^T,){ryn) = — v^ G^ . 



(66c) 



* Compare Klein's Icosahedron. The standpoint of this work is, however, not quite identical with 
ours. Klein operates throughout with special systems of coordinates, whereas in our considerations the 
coordinates remain perfectly general. 
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By these equations actually four systems of values are left to the simultaneous 
invariants (rtr^), which differ from one another by changes of sign, and corres- 
pond exactly to the available changes of sign in the forms {rtx) . 

Now we may choose one of the four sets of values at random, assuming for 

instance 

(r^rj) = — (ron) = V e^ — e,, 

(^^a) = — {ror^) = ^ g. — gx, (67) 

(nO = — (^oO = '^<5a — V 

Hereby, of course, also the ambiguity of the quantities (r^x) is lessened, only a 
simultaneous change of sign being left to the whole set. 

ThtLs in the domain of the quantities ?, m, n, V^^ — e^, \^e^ — c^, \^e„ — e^, 
the linear forms (r^) can he defined as a tvxyoalued set of four quantities. 

This theorem, which seems to have been overlooked hitherto, becomes 
important when the connection of the theory of the quartic with the theory of 
elliptic functions is in question. The simplicity of the formulae by means of 
which we shall express this connection in a subsequent paper, is partly due to 
the circumstance that we are able to replace the comparatively complicated 
formulae (66) by the simpler formulae (67). Here, as well as in the case of the 
last equation (64), where we had a first choice among two possibilities, we have 
made our assumptions so as to make the formulae expressing the said connection 
as simple as possible. 

From the formulae (67) we derive the well-known expressions for the douhle- 
ratios (anharmonic ratios) of tJie four points r^, r^,, r^^, r^: I 

(ror.).(r,rJ ^^,-6, ^^^ ^gg^ | 

(nn).(?-orJ «. — «A 1 

The quantities c^, 6^, e^ are already known at the same time with the products 

i|/^ = c. {r(fc){r;,x), ;ca = — • {T^^){^t^) i ®t<5-» ^ denoting an arbitrary parameter : 

2(4'A,;tA)« = -3^A.* (69) 

§12. Further Properties of the Linear Forms (r^). 

There is a linear identity among any three binary linear forms, the coeffi- 
cients of which are the simultaneous invariants of these forms. We may write 

*Ck>mpare F. Klein, Math. Annalen, v. 27, p. 469, No. 64. The numerioal ooefficient \ in Klein's 
formula is erroneous. The true value is — i- 
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down the peculiar shape the identities among the forms (r^) assume on account 
of the relations (67) : 

{r^rj) . (r^x) + {r,r^) . (r^x) + (r^r^) . (r^x) = , 
(r^n) . (roa) + (r;,r J . (r^x) — (r.^) . (r^) = , 
— {nr^)'inx) + (r,rx).(roa;) + {r^r,).{r^) =0, ^ ^ 

(^n) . inx) — (r^r,) .{r^x) + (^r J . {r^) = . 

These formulae are special cases of the following set of four identities, containing 
two sets of variables x{xi:x^) and y [y^ : y^ : 

(^o»)(^oy) + {nx){r^) + M)(r^) + (/•^)(ny) = 0, 

{rox){r^) — {rj,x){r^) + {r^x){r,y) — {r,x){r^y) = , 

(^oaj)(^My) — {r^x){r,y) + (r,x)(r;^) — {r^x){r,y) = 0, '^ ^ 

(^oaj)(ny) — {ryx){r^) + {r^x){r^y) — {r^x){r^) = 0. 

These remarkable equations are algebraic consequences of the equations (70) ; 
the first among them can also be derived from the first equation in (64), while 
the others immediately follow from the equations (67). (If, in the last formula 
(64), we should prefer to write — /instead of/, or if we should replace the solu- 
tion (67) of the equations (66) by another of the four possible solutions, the equa- 
tions (70) and (71) would, of course, be changed into a different but similar 
set of equations.) 

Worth noticing are further the expressions of the polars {lx){ly), etc., in 
terms of the linear forms {r^){r^) : 

— __ (^oa^)(^oy) + {r^x){r^) _ {r^x){r^) + {r^){r,y) 
{Ix){ly) \ = i^^)(^^) + i'^^)i^^) = (^a;)(rfly) + {r^x){r,y) ^^g) 

_ i'r^){r,y)—{r^x){r^) _ {r;x){roy)—{r^x){r^) 

(^n) (nn) 

To these formulae we may add the following expressions of the products 
{mx){my) . {nx){ny) (which we have already recognized as polars (p. 181)), 
together with the expressions of the products {xy).{lx){ly), etc.: 

{Kn){r^r^)^{mx){my) ,{nx)(ny) = {r^x){r^) .{r^){r,y) — {r^){r^x).{roy)irj^), ^^gx 
(nn)(r,r J . (xy) . {lx){ly) = {r^){r^x) . {r^y){r,y) — {r^x){r^) . {roy){r^) , 

The formulae (72) put the well-known fact into evidence that the vanishing 
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points of the form {IxY are harmonically separated by the vanishing points r©, n 
and r^, r^ off. The same thing is expressed by the formulae 

(Zro)(Zn) = 0, W(Zn) = 0, (74) 
or by the formulas 

(Zro)(&) = - (r,x) . {KWx) = - (r^) , ■ (76\ 

iln)ilx)= (r.x), (?r.)(Zx) = (r,x), ^ ^ 

4.((r,a;)(r,«), (r^x)(r^))i= (r,r,).(nrj.(&)». (76) 

Finally, among the expressions of covariants of / in terms of the forms 
(r^), the following expression of the covariant 4» is worth noticing: 

- 1 ;^ = {r^y + inxY + (r,x)* + M\ (77) 

It shows immediately that ^ is Qonjugate to /. 

In all these developments, the linear forms (r^x) are considered as irrational 
covariants of a given quartic /• But we may just as well choose a set of four 
given linear forms as starting point. Adapting these forms to the relations (67) 
we obtain the same theorems, as stated before, arranged in the opposite order. 
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On the Connection between Binary Quartics and 

Elliptic Functions. 

By E. Study. 



The object of the following research is an application of the theory devel- 
oped in the preceding paper to elliptic functions. 

The binary quartic has played an important part in elliptic functions from 
the very beginnings of this theory, and the subject was early considered 
from the standpoint of the modern theory of invariants. A prominent result 
was Hermite's famous transformation ;* a pair of important formulae has been 
communicated by Weierstrass in his lectures ;f some no less important results 
were added by F. Klein, J who at the same time applied similar methods to 
hyperelliptic functions, and originated in this way a series of investigations 
of quite a new character; finally, we have to mention a dissertation of 
Burkhardt,§ who extended his considerations to some irrational covariants. 

Our starting point is different from those of the authors mentioned, and in 
some respects more elementary. We compare the relations among the rational 
and irrational covariants of a quartic with the identities among the four ©-func- 
tions. Simple as this idea may be, nevertheless a new light is thrown by it upon 
the familiar formulae, and at the same time a number of new results can be 
derived, which make the theory in question in a certain sense complete. 

The method applied being so elementary, we need not dwell upon the 
details of the proofs ; but we may Jay some stress upon the fact that all our 

*Crelle'8 Journal, y. 63. See also Clebsch, Bin&re Formen, 262, and Weber, Elliptische Func- 
tionen, I, 24- 

t Biermann, Problema mechanica (Diss., Berlin, 1866). 

t Hyperelliptische Sigmafunctionen, Math. Ann., vol. 27, 212, p. 454. 

2 BeziehuDgen zwischen der Invariantentheorie und der Theorie der algebraischen Integrale und 
ihrer Umkehrungen, Munohen, 1887. 
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results are obtained by means of actual calculations^ referring to the general case 
of a binary quartic (not merely to a canonical form), and that no use whatever 
is made of what is called the method of indeterminate coefficients. Neither do 
we take results from one theory and apply them to the other. Such proceedings 
are excellent means of investigation when new fields are opened, but-in a more 
advanced state of science they are hardly satisfactory. The interest of the con- 
nection between quartics and elliptic functions is, besides, not lessened by the 
fact that either theory permits the deduction of its theorems by means of its own. 

The ©-functions used in this research are not quite identical with Weier- 
strass' ©-functions. We refer to the author's paper, **0n the Addition Theorems 
of Jacobi and Weierstrass" {Am. Jowm.y Vol. XVI, p. 156), the results of which 
are supposed to be known to the reader.* 

The preceding paper is simply quoted as "Quartic." 

§1. TTie Four S-Functions and the Imear Forme (r^). 

In order to compare the theory of binary quartics with the theory of elliptic 
functions, we identify the irrational invariants \/e^ — e^, etc., with the quanti- 
ties s/e^ — e^y etc., belonging to the latter theory. Then of course our rational 
invariants g^, g^, O coincide with the quantities grg, gfg, G of Weierstrass. Now 
comparing the linear relations among the forms (r^x) (Quartic No. 70) with the 
identities among the squares of the functions Q^u, we see that we are enabled to 
explain a set of square roots by the formulaB 



_^/ {r,r^^ ©, (0) = ©, , etc., (1) 

a/^G=^0^& (0) = ©' (2) 

(where ©' = ©;, (0) ©^ (0) 0, (0) = ©x©A). and 

V{r^)^&u , \/(rxa;)^©AU, ,^. 

s/ (r^») ^ ©^t^ , *>/ (n») ^ ©r^ • 

Considering w as a variable,f we have established a one-to-two correspon- 



and 



• I use this opportunity to correct a misprint ; On p. 166 write » {jTi] *°^ ^ \Vi ) i'^stead of Jl f -~- 1 

tit must not be overlooked that after the establishment of equations of the form (8), the binary 
Yariables x^ and x^ , belonging to a definite system of coordinates, are no longer independent quantities, 
although the ratio Xi : a;, continues to be arbitrary. Namely, when the coefiloients of the forms (rxx) are 
28 
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dence between the values of t£, situated within the parallelogram of periods, and 
the points x of the binary domain. When u varies throughout the parallelogram, 
the point x varies through the binary domain, obtaining each situation twice ; 
vice versa, to every point belong two values dz u. Points of exception are only 
the points a? = r©, rx, r^, n, to which correspond only single values of a, namely, 
half periods. And if u varies throughout the plane representing the complex 
values of w, the forms {r^x) defining the corresponding point of the binary 
domain are reproduced, excepting an exponential factor, common to all of them. 
Proceeding from 16 to w' = w ± 2a)x, (r^) is changed into {r^) = e^'^A-x. e^^^'A*. (r^) . 
In the same way the square roots ^(r^) are reproduced with an exponential 
factor common to all of them, when we surpass the boundaries of the double 
parallelogram of periods. Passing from u to w' = wdi4(i)x» ^{t^) is changed 
into ^(r^) = e®'A-A. e^*''A^\/(r^x), as we could partly have anticipated by con- 
sidering the two-leaved Riemann surface defined by the branchpoints ro, n, r^, r^. 
Now we may operate principally upon the surface just mentioned, intro- 
ducing the new irrationality \/f by the formula 

V/= — 2V(^ ^(^V^^ V(i^. (4) 

Considering /and its covariants as functions oiu, we draw immediately the 
conclusions : 

1). / arvA all rational covariants of /, and certain irrational covariants 
besides, are one-valued functions of the argument u, which are reproduced with an 
exponential factor, when u is augmented by a peri4>d. 

2). All quotients of sv/ch covariants, the degree of which in x is zero {viz. 
all absolute covariants off), are elliptic functions of u. 

Of course the formulsd (3), the basis of our further considerations, cannot 
claim any novelty, as far as their general form is concerned.* We may call 
attention, however, to the circumstance that we have made special suppositions 
in the definition of the linear forms (r^) on the one side and in the definition of 

known, the periods ^ and 2<>/ can be determined as functions of these coefficients. Substituting, then, 
a definite value of v in the functions e^u, not only the ratio of Xi and x, is determined, but also the 
absolute values of these quantities. Starting therefore from given values of rci and x^ , we have to add 
a factor of proportionality, say p{x). It does not seem necessary, however, to carry this factor visibly 
through the whole investigation ; we may unite it with the variables x^ and x^ and denote the products 
pXi and px^ again by x^ and x^ .—See the footnotes in 22 and 26. 

* Compare Weber, Elliptische Functionen und algebraische Zahlen (Braunschweig, 1898), 286. 
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our ©-functions on the other. It is entirely due to the exact parallelism in the 
two definitions that we are enabled to derive from these formulae simple conse- 
quences; an apparently slight change of notation would imply considerable 
algebraical complications. 

§2. The Elliptic Functions pw, p^u. 

We now proceed to establish the expressions of the elliptic functions 
pUj f/u in terms of co variants of/. Considering the distribution of the argu- 
ment u on the Riemann surface defined by \//, we cannot expect to find the 
values of these functions in the domain of V/ and the rational covariants of/; 
whereas,, as we shall see, the contrary holds in the case of the functions of the 
double argument' p{2u) , p' (2a) . 

Expressing p{u), etc., in terms of the ©-functions, we find, after a short 
calculation, 

(nn)(nO-(ng) + {nr^){r^rj).{r^x) + (r^n)(r,?\).(r^) _ 

•3(roa:) 
- W(fa) ^ {aroYiaxy ^^^ 

— (nrA)(rxO . {r^) + {nrX^^r,) . (r^) — {r^r,){r,T^ . {r^x) _ 
-2rrr¥rr¥rr) ^M) ^^(^ )^^(^) - ^ntuntx l_^ 



etc. 



2 (r T )(r rMr^r ) . '^M>^^) ^(r^^) _ ^2 {tr^txf_ ^ 
U .JW xA X .; ^^^^^^^^._^— ^ _ V(r,x) V(r,a,) V(r,x) 



(6) 



(7) 
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To facilitate the understanding of the significance of these formulaB we call 
to mind the following relations among the elliptic functions on the right side 
of (5), (6) and (7): 



|/ (tt ± o,) = - (e^ - e,)(e, — e,) . ^^^_^^y . 

f/M.|/(«±oJ.p'(M±oJ.jf»'(M±0,)= 16G, 

J_ . 1 I 1 I 1 -0 

§3. 7*^ Q-Functions of the Double Argument. 

Passing to the double argument, we obtain a very much simpler set of 
formulsa : 

V/^ — e'.e (2w),* (8) 

Z^ — 0x.0x(2«), 
»i^— 0^.0^(2w), (9) 

n^ — 0,.0,(2m); 

consequently we have 

t ^ 20'*.0x (2«) 0^ (2«) 0, (2m) , (10) 

tV/^ — 20''. (4tt) , (11) 

*°** -A^P(2«), (12) 

^^P'(2u), (13) 

_3(^) = 6-^-iSr,^p"(2M), (14) 

12^=^=^^ = -12^^^|/"(2«),etc. (16) 



« 



From (8) and (8) foUows : 

These formul» are able to replace the formul» (8) in most respects. They are independent of the 
above supposition concerning the values of the binary variables. 
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The formulsd (12) and (13) are immediately evident; the higher differential 
quotients of p{2u) are easily obtained by means of Gordan's series (Clebsch, 
Binare Formen, §8 ; Gordan's Vorlesungen, v. II, §7), see §6, No. 47. 

The corresponding expressions of p{2u + Ox), etc., contain, of course, the 
irrationality e^, : 

--^+6A^P(2u + a),), . (12b) 

The formula (12) is due to Hermite; it contains the transformation of the 
quartic / to Weierstrass' canonical form (Quartic No. 14, 19) by rational opera- 
tions. It shows that such sets of eight values of w as di w, di w + ^ai ± w + ^^» 
it w + 6)^ correspond to the vanishing points of the forms x/+^h] the valties of 
Uf corresponding to a given form of our pencil^ are there/ore the roots of the trans- 
cendental equation 

P(2«) = |-. 

Especially to the vanishing points of/ itself {^ = 0) correspond, as we have 
seen already, the demi-periods ; whereas the primitive quarters of a period, the 
roots of the equation 

(,> (2t^) - e.Xf' (2t*) - 6,Xp (2i*) - ^0 = 

correspond to the vanishing points of the sextic t (No. 10, 13). The vanishing 
points of 4> = i (^ t\ are the roots of the equation 

= *S'2.p"(2t*).[f>(2t^ + a)0 + f>(2i^ + 6)J + f>(2i^ + 6),)] = 
= ^9% \3%^9{2uf + 3grs.f>(2w) + iVflC| = 

= [2g^.ip{2u) + Zg^ + i^r^^/Q\2g^.v{2u) +Zg^—W^^^Gf\ 

(Quartic No. 13, 48), and the vanishing points of * = (<, (<, t\)i are the roots 
of the equation 

= [2e,.p(2u)— -f + 2^][2e^.p(2«)--|- + 2c»J[2e,.|»(2«)--|- + 2ej] 
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(Quartic No. 37, 43). Finally we may consider the group of eight points defined 
by the equations jpw = , p (w + O;^) = 0, etc. It corresponds to the one form of 
our pencil, the linear factors of which are proportional to the linear forms 
appearing in the numerator of the equations (5). This is the quartic 

glf—lQg^.h, 

as we see by means of the expression of j?(2t*) in terms of f>w, or also by direct 
calculation, starting from the formulaB (5). 

The formulsB (13)-(15), and the expressions of p(2w) — Cj, to be derived 
from (8) and (9), have been communicated by Burkhardt in his dissertation. 
But he fails to give the formulaa (8)-(ll) ; and his formulae as well as his 
demonstrations contain a number of, as it seems to me, superfluous complica- 
tions. Some of his results have been found independently by Harkness and 
Morley (A Treatise on the Theory of Functions, New York, 1893, §203). 

§4. Formulas with Tuoo Arguments u, v. 

The results contained in §3 are capable of an important generalization. 
Writing in No. (3) y and v instead of x and u, and considering the ©-functions of 
u and V at the same time, we obtain immediately the following remarkable set 
of formulae : 

{xy)^ — (u + t?)0 (li — v), 
(&)(?y) ^ — 0, {u + 1;) 0, {u-v), .jg. 

{mx){my)^ — e^{u + v)%{u'-v), ^ 

{nx){ny) ^ — 0^ (w + t?) 0^ (m — v). 

Hence we derive 

{tx)\tyy^ 2&\e,{u + v) 0, {u-v) e, (u+v) e, {u —v) 0, (u+v) 0, (u-v), ,j^x 
2{xy).{tx)\tyf^ — &\e{2u+ 2t;) (2w — 2t?) , ^ ^ 



and 
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__ {lyY s/{axY T W VjayY _ f/{u±v) Vp{u=fv)-€, .^^. 

2{xyy '-^^P{^^^), (20) 

_ (gy )'(gg) V(^ T (qgyCay) V(^ ^ w /^ ± ^) /21) 

Including in the ** system of /" the irrationality \//» ^® draw the conclu- 
sion : 

All covariants of the quaHic f containing the tvx) sets of variables x and y in 
the degree zero, are raticTud functions 0/ f> (w + t;) , p{u — v) , p' (w + t?) , (/ (t* — t?) , 
and vice versa. 

Namely, the said covariants are quotients of the integral covariants 
(ajy), V/,, V/y, and of the polars of the forms f,h,t containing x and y. But 
multiplying such a polar with a properly chosen power of {xy) , we obtain an 
integral function of (aa)*, {ax)\ay), {ax)\ayY, {ax){ayy, {^yY- Now considering 
the formulsd (12), (13), (20), (21), and paying attention to the circumstance that 
p{2u)j p^{2u), p(2t?), f/(2t?) are rational functions of j?(w + t?), etc.,* we obtain 
the above theorem. The inverse statement is immediately evident. 

There are, among the absolute covariants in question, a number of quite 
interesting expressions. We mention the following examples : 

(I^l^-{f{u + v)fiu-v)+^g,\, (22) 

(ax)»(ay).ihx)ihyY-(aynax).ihy)(h^Y _ , (axYihyY- {ay)\hx)* _ 

= ^^^^-^f'iu+v)f/{u-v), (23) 



ihy)^hxWia.yMhx)\hyW{ayy^^^^ ^ .)»>(» =P .). (24) 

(Q,)nte)'.V(5^^^ (fa)^(<y)'V(^ ^ it/ (« d= t>) >/> (u =F V), (25) 

jaxYiay) .{hx)(hy)»+(ayyiax) . MJhxY _ 

= ^.{(ax)*.(%)* + (ay)*.(A«)*-ii7..(a'y)*.(a*)»(ay)'-f i/sC^y)*! (26) 
^ — 2[p{u + v)p(u — v).{p{u + v) + piu — v)} + iga], 

*See Sohwans, Farmein and Lehn&tM zvm Qebrauche der elliptisohen Fiinctioiien (Gdttiiigen, 
1888), Art la. 
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{hxr.{hyy — g,.{xy)\{ax)\ay)* _ ghxYihyf - ' (xy)*.g, X» 

M* ~l {«yf J- (27) 

^\p{u + v)p{u — v) + igi\*, 

{tyy{tx).{ax)* - {tx)\ty).(ayr _ 

^ 1 {-i{hxy.{hyy + \g,.{ax)*.(ayy- \ , . 

{xy)-\-%g,.{xy)\{hz)\hyf-V9g,.{xy)\{ax)\ay)*\ ^ ' 

^ — Ip" (« + ») 1^' (tt — f ) + f flfg-p {u-\-v)9{u — v) 

+ fl'8 {P (« + ») + P (« — t') }+ TTTflf, 

(<ynfa;).(ax)* + (fan<y).(ay)« _ (ax)Vy)' g (to)»(<y)» , 

(a^y)' ~ (xy)* 1^0^= (29) 

^— {p(w +t;) + j?(w — t?)}*p'(ii + t?) p'(w — !?)• 

Generally, whenever a power of (xy) ia the sole denominator, the absolute covariant 
is an integral function of p {u + v) , p(u — t?), fp^{u + v), f^ {u — v). In other 
respects the properties of a given absolute covariant are determined by the dis- 
tribution of the radicals vT* > v7y. 

The expressions on the left in (20) and (21) were first brought into con- 
nection with the elliptic functions p and f/ by Weierstrass ;* and his formulaB have 
been reproduced, with some additional remarks, by P. Klein and others.f 

These authors, however, do not seem to have grasped the full content of 
our formulsB (20) and (21). Namely, instead of considering a pair of arguments 
u + v and u — v, the authors quoted use only one, our u — v (which they denote 
by — u). Thus they consider what we may term the general distribution of the 
argument u upon the Riemann surface defined by vT* (^ having the value zero at 
an arbitrary point — our point v — of the surface), but they do not shew the rela- 
tion between this general distribution and the ordinary distribution (where u 
vanishes at a branchpoint of the surface), consisting in the coexistence of the 
formulaB (20), (21) with the formulae (3), (8), etc. We venture to consider it 
as an essential improvement that our theory puts the connection between the 
two distributions into evidence, and thus attributes to all the formulae a more 
exact meaning. 

^Biermann, 1. c. t F. Klein, Math. Ann., v. 27, {12, 18, p. 454-461. 
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§5, Addition Theorems. 

The preceding results permit us, of course, to pursue the parallelism between 

certain parts of the theory of elliptic functions and the theory of the binary quartic 

as far as we like. Especially the addition-theorems are easily brought now into 

a projective form. Take, for instance, three arguments u, v, w, connected by 

the relation 

u + V + w = mods, 

and denote the corresponding points by a, y, z; then the relations hold 



and D,yg = H^ = £1^ , 



where ^ _ (<y)^ {azY.\/{azy — {tz)\{ay)W(ayY . 

^' {yz)\ty)\tzyw(aYY^^iM 

and when especially 

u + v + ti? = mod 25, 



we have 2 {yz) . (^oy)(^o25) • ^{axY = , 



or 2 (y2)-v'(r<^) V(ro2;) V(r;,x),\/(r^a:) V(r^) = 0, 

and By, = B,. = B.y, 



where ^ _ (^ogyV(qy)^ — (roy)^^^(«g)' 

^" (y2J).(roy)(roz) 

As to the addition-theorems of the ©-functions, we evidently have m 
Quartic, §3, No. 26, a correlate to the sixteen addition-theorems of Weierstrass, 
belonging to our first family (I). (See Am. Journal, Vol. XVI, pp. 160, 161.) 
In the same way the nine families of the second type (II) have simple correlates, 
whereas to the six families of the third type (III) corresponds no equally simple 
result. We do not insist upon the general case, but we may point out the alge- 
braic transformation corresponding to the transformation 






Vn — Vi 



(30) 



29 
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Denoting the binary variables corresponding to u-i and v^ by means of our 
formulffi (3) by ^ and vt (whereas x and y correspond to « and v), we find 



(a;y)= — V(rog)\/(ro>7), 

(?a;)(7y) = -^/(r,OV(r,>7), 

{mx){my) = — V(»v^)V(r^>7), 

{nx){ny) = — V(r^) -s/Ctvt). 

(fa)^(^y)»=-^/a,-6,.(?g)(^>7), 

(ma:)'. (»iy)* = — Ve, — e^ . (mf )(m»7) , 

(«a;)». (ny)* = — o^ey — e^. «)(«>?) , 



(31) 



2 (;ix)«. (ay)^ = — 's^G.{{ai)\anf - V(ae)* V(an)n, 
(te)^(ay)^^/(^=V^.v'■^.j(a,7)Va•^^y-(am«n)VM*f, 



(32) 



} (33) 



etc. 



_ _ '(an).VMna (34^ 

(<y)«.(aa;)*.V(ax)* = V(?.-:/G'.](an)Va-'^K)* + K)V'7)-V(a,7)M.-^ 

(Aa!)*.(Ay)*=-V^.UAa'(A»7)' + TVj7..a'7)n. | (35) 

(36) 



{Jixy. (hyY + A gAaxfAay)* = - V(7. (Af )»(An)», 

(te)«. (<y)« = 2V^. 4/ a . (t^YitnY, 



Putting «! = 0, that is to say, 



2u = iii, 



(37) 



we obtain the following special formulaa, expressing the duplication of ihe argu- 
ment,: 

^/i^f = — ^g.v^ ), 

(fe)»=-V^ e^-g,V (r,e, 
(»wx)» = — v'e, — ex V(r^^), 

(««)' = ■ 



Ve. 



V(r^), 



(38) 



(A«)* = - ^ . (<»-o)'>(<l) = -i^ G*. V-](Aro)W)' + iV^,.(ro^)n. 

(te)« = 2V^-v'^\/(i=I|)V(^)V^) = -'i/G\^'Q^2{tr,)\tlif, 
(<«;)•. V'(^= */G.s/'Q. ^{p^\ etc. 



(39) 

(40) 
(41) 



The transformations derived here from the theory of elliptic functions offer 
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themselves naturally from the mere algebraic standpoint too. We are led to 
the formulae (31) by a comparison of the identity 

{xyf + [{lx){ly)y + lirnxXmy)-]' + [{nx){ny)Y= 
with the identity 

{r£){royi) + M(rx>7) + {rMr.v) + (ri)(r.>7) = 0. 

(See Quartic No. 24, 28, 71.) 

Finally, we mention a curious relation referring to four arguments, the 
sum of which is a period. Supposing 

t^ + t^ + M5i + W3 = mod 25, . (42) 

and denoting the x corresponding to the value u^ of uhy x^, we have 



(avc8)(a;3Xi)(a^g,) . s^ jax^y — {xfi:o)ix^%){x^9) . V(agi)^ 
+ {xoxd{^v^){x^) • \^{ax^y— {xiXt){x^Xo){x^i) . V (o^ = . ^ ^ 

Namely, under the said condition the determinant of the four functions occur- 
ring in (8) and (9) vanishes ; developing this determinant, we obtain the theorem. 
Replacing the condition (42) by the ampler condition 

t^ + th + Ws5+ 2^=0 mods, (44) 

and denoting, for sake of shortness, the polar {tXiy{tx^y by t^^, we have further 



(g»g8)(a?3gi)(aaa^)><88'^8i-<ig'<oo' ^(^oy 

— (aW))(goa^)(ay^8)-<80'<a8'<28'^i- ^(«^)^ . 
+ {x^i){xiXs){x^Xo).toi.tis.t^.t^.\^ {ax^y 

— {xiX%){x^o){XifCi) . <i, . <jo • <oi • 'ss • ^ {<^Xzy = . 

The last addition-theorem is obtained by developing the vanishing deter- 
minant 

The two addition-theorems (43) and (45) are transformed into each other by 
means of the transformation defined by (37)-(41). Namely, from these formulae, 
or directly from (17) and (16), follows 

2 (a»/) . {txy{t^y = v'G. <rG. (iio , (46) 
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X, od and ^, ^' corresponding to one another by means of (37)-(4l). By their 
substitution (45) and (44) are reduced to (43) and (42). 

Specializing our formulae by means of the supposition Wo = 0, we obtain 
again the addition-theorems communicated on p. 225. 



§6. Tlie Elementary Integrals. 

When in the formula (46) x and a/ are brought close together by means of 
the supposition u' = t^ + dw, we obtain, paying regard to (16) and (8), 

-4^ = -i (^^dw = idt.,. (47) 

Replacing here a/ and ^' by x + dx and f + d^, we obtain immediately the fol- 
lowing expression of the integral of the first kind u : 

The path of integration, of course, has to be chosen so that when z passes 
from rQ to x, u varies from to w, and not merely to a congruent value a* + 25. 



* Herewith the factor of proportionality, mentioned in the footnote on p. 217, is determined. 
Replacing the formulaB (8) in which, as we have said already, only ti, but not x, can be considered 
as an independent argument, by 

and considering here the binary yariables as independent quantities, we have defined in this way a 
homogeneous function p (x) of the degree — 1 . Instead of (8) we obtain now 

whereas (48) does not change its form. 
Consequently we have 



.^=^,f:^WW} 



Adding this factor to every pair of binary variables we transform all our formul» into identities. The 
binary variables may now be considered as independent quantities. But only their ratio continues to 
enter into our formuUd ; hence when u is given, the formulsB fail to determine the binary variables 
completely, as the simpler formulas used in the text actually do. 
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Id a similar way the elementary integrals of the second and third kind are 
calculated. We find 



2V< 



1 /^(zdz) (trj(tz) p\ / , ^ 

-2jf^^^{|--e.[^^.(2«)-^x(2«). (50b) 

and further, 

/^W (a?)''(ax)*.(Zy)»-(ax)»(a.y)' ^.( ?x K +t') + ?x («,-«) - ^gi^N 
A VTT-^ [(%y)]* \-^.{u, + v)-^,(u,-v). ^ ^ 

Integrating once more, this time with respect to the parameter v, we ottain 



-/'/■ 






- ^0(«i — t?i)0(M, — iJ,) "0 («! + »,) e(«, + «i)' 



(52) 



the corresponding formula (52b) may be omitted. Further we have 

^•^'A W =l-?(«, + «) + a«,-«)l-a«^^fm,-p,;' ^^^^ 

•^"A [(«x)(Zy)]»=l-f,(«, + t;) + ^.(«,-t,)j at; ^ ipu,-ip {v+u,)' ^ ^ 
Integrating once more with respect to the parameter, we obtain 

— nc P("i + ^i)~P(^~^») y(Ma + ^>«) — y(«8 — p») 

^p(«i + »2) — p(tti— »,) >(«, + t>i)— p(m, — »i) (^*) 

— Ig P«i — P^'i yu,— tw, _ ^ («! + vi) («i— Pi) (if, +g»)0 («,—■»,) 

^JWi— PW«"P«|— P»i 0(t*l+»8)0(«i — •»«) '0(«8 + »l)0(«» — »l)' 
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and similarly 

X. Jv. [(^a')M* ^(M('y«).(^a:.)(?yi)- (64b) 

^ V Qa («i + vi) Qx («i — Pi) QA ("» + gi ) e;,(u,— 1>,) 
~ ^ ex(tti + 1>,) 0x(t*i— »«) • e,(«, + »,) 0, («,—».) • 

Hence comparing (61) and (53), we obtain 

^ (^_ W(ay)'T^V7.V^ ^ j.(^ ± .)-?(% ± ,), (66) 

and a similar equation is obtained by comparison of (51b) and (53b); and com- 
paring (52) and (64), we have 

V/.^VA' 2{xyy - 

We denote the double integral on the left, adopting the loioer sign, by Q \^^^\ , 
and write (66) thus ; 



-rr 



O \'^y*^ c^ \e ^( ^1 — ^i) Q («| — P» ) 
''^LaiyiJ- *0(mi — '»t)0(«» — fi)' 

o r*»y»l ~ Iff e(Mi + t?i)e(«, + pg) 

'^LxiyiJ- *^0(«i + i>,)0 («, + »!)' 



(56) 



the replacement of y by y indicating that the system of values y , V/y b replaced 
by the conjugate system of values y, — \//y 



An easy specialization of our formulsd furnishes now expressions of the func- 
tions ^^t*, etc., themselves in terms of co variant integrals: We have simply to. 
introduce oonjugcUe limits in the above formuke. Thus we obtain 

^-(^) = -i^jf^-^ -^- (-0...,..). (57) 

_,f /^(z&) (ay)*(az)' . fH (zdz) {ax)\azy \_ „r y)r^y(^,„\. 

-^(a;,y)^^(M — 1>), 
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etc. The mutual relations of the functions Z^{x) and Z(x, y) introduced here 
are evident As to 3 (a), we notice that Z{x^ y) remains finite and definite 
when y coincides with x. ^(cc, a) = lim Z(x, y) represents, however, an 

infinity of diflFerent analytic functions of cc, corresponding to the different suppo- 
sitions t;=:tt+ 2S. One of them is our 3 (a:) ; it corresponds to the simplest 
assumption v=^u, that is to say, to the supposition that in the integrals con- 
tained in (69) not only the limits, but also the paths of integration are brought 
close together. 

A similar remark holds with respect to the function Q r^'?L*j defined in 
No, (56). We denote the function of aji, sc^, which results when Vi coincides 
with u^ and v^ with u^.hy Q [^j . Then we have 



/y\ 0^t^)0X2tO. 



on the other hand, according to (8) and (16), 

{xy) ^ Q{u'\-v)<d{u — v) 
'^fJv" e'.V0(2i/)0(2i;) ' 
consequently 

''f-f' ^ (60) 

further, denoting the products ^/{r^ ^{r^x) and \^{r^x)\/{r^) by \/'4'» and ^^x^^ 
oii account of (18), 

The greater part of the preceding results is not new. Especially the formulsB 
(66), (60) and (60b) have been studied by P. Klein and H. Burkhardt (Math. 
Annalen, v. 27, 32), after Klein, paying regard mainly to what we have called 
the general distribution of the argument, had introduced the first formulsd 
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in (60) and (60b) fis definitions of the S-functions. There are, however, some 
diflficulties connected with these expressions which seem to make further inves^ 
ligations desirable, notwithstanding the valuable researches of Burkhardt. The 

function Q (^^ is not so easy to deal with as one might wish on account of its 

central position in the theory, apparently for the reason of its definition aa 
the limit of a double integral. We have not been able to get rid of these 
complications without introducing others. Only one expression, of (3 (2w), may 
therefore be mentioned, which is remarkable for the part the covariant 
<I> (Quartic No. 36) plays in it: 

" ^^r<'m:^--^. (61) 

Tis the sextic covariant, = t. 



&{2u)^^----^- 



§7. Additional Remarks concerning the TVans/ormation of some Integrals, 

The results hitherto developed establish the connection between two 
series of analytical expressions : The homogeneous functions on the left side 
of our formulaB refer to the general case of the binary quartic, the functions on 
the right to Weierstrass' canonical form, and to the special shape the theory of 
elliptic functions assumes when this form is made the basis of the calculations. 
It is easy, of course, to specialize our considerations in such a way that any given 
canonical form of the quartic appears on the left. Thus we might investigate 
the connection among different shapes of the theory, based upon the considera- 
tion of a binary quartic, without losing the general points of view furnished by 
the theory of invariants. It is not our intention to dwell upon these details ; we 
may call attention, however, to a certain canonical form of the quartic which 
has not yet been considered by previous authors, as far as we know. 

Its properties are, in a certain respect, opposite to those of Weierstrass' 
canonical form, and it seems to offer some advantage when not only the argu- 
ment u, but also the periods q, w' are considered as variables. In this case in 
Weierstrass' canonical form three of the vanishing points of the quartic undergo 
a change of situation, whereas the last one, the point infinity, alone rests fixed. 
But we might just as well keep three points in fixed positions and permit the 
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last one alone to vary. The fixed points may be any three arbitrarily chosen 
points of the binary domain ; for instance, the three cube roots of unity, or the 
points 0, 1, 00 (**Riemann's canonical form," see Klein's Modulfunctionen, I, 
p. 25). Instead of specializing the fixed points in this way, we prefer to con- 
sider them as the vanishing points of a given but entirely arbitrary cubic, and to 
identify the corresponding linear factors with the irrational covariants (Jlsc), (fix), 
(vx) of this cubic. Thus the canonical form in question is characterized by the fact 
thai the sum of three linear factors of the quartic vanishes identically. 

We have two diflferent modes of transforming a given quartic into this 
canonical form which can evidently be reached only through irrational opera- 
tions. The first consists simply in replacing the products (r^r^).(rxa), (r^r;^).(r^aj), 
{^\^ii)'{ryx), by (>U), (^x), {vx) respectively; it is a linear transformation. 
The second way is shown by the theory of the octahedron, developed in 
" Quartic," §8. We shall confine ourselves to the second case, considering the 
transformation of the elliptic integral of the first kind. 

Writing the formulaa (69)-(6l) on p. 192 once more, with a second pair of 
corresponding variables >/, y (instead of ^, »), we find, after a short calculation, 

^^=^ . i^n) ^ 4 V=rB . (xy) . {tx)\tyY ; (62) 

consequently, when ri and y nearly coincide with ^ and x, 

^—r.^^ 4>C^:=^. {xdx) . (63) 

On the other hand, denoting the sum e^, . {^) + e^ {(i^) + e^ (v^) by 3 (pf ) , we have 

^^^- (P^) ^'^=^. {axy. (64) 

Combining the last pair of formulaa and choosing r^ as the lower limit of the 
integral referring to the variable x, we obtain the transformation in question : 

r m) ^2rig^ " (65) 

The interest of the formula consists mainly in the decomposition of the elliptic 
radical into a cubic and a linear factor, the first of which is entirely independent of 
the qvartic f. 

The equality (66) is another expression of the one-to-four correspondence 
between ^ and x established by the formulas (59)-(61) on p. 192. Consequently 
the two corresponding periods of integrals in (65) must be eqmil, and the invariants 
30 
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of/ must be equal to the corresponding invariants of the quartic 4p.(p^). This 
is actually the case, as a simple calculation shows. Thus we see that owr principle 
of transference, hy which the covariants of a cubic are transformed into the covariants 
of the octahedron, represents a peculiar interpretation of the duplioatian of the argu- 
ment in the theory of elliptic functioTis. 

Although it does not exactly belong to our present topic, we may mention 
that the same principle of transference furnishes still some other remarkable 
transformations of integrals. 

We have, for instance, on account of (63) : 






By means of these formulae the integrals on the right are recognized as elliptic 
integrals, belonging to the equianharmonic case (the case in which complex mul- 
tiplication by a cube root of unity takes place). The reduction of the first 
integral is known ; it is due to Brioschi (Sulla equazione deir ottaedro. Trans. 
della R. Ace. dei Lincei, ser. Ill, v. Ill, p. 233). 

Another transformation worth mentioning is the following one : 
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Semi' Combinants as Concomitants of Afflliants. 

By Henry S. White. 



Introduction. 



The theory of invariants received its natural extension and completion in 
that of sem invariants. So from the study of combinants it would be expected 
that Sylvester should have advanced to the investigation of semi-combinants. 
Since, however, a combinant differs from other invariants only in being invariant 
with respect to two or more independent systems of linear transformations, such 
an extension promised little novelty of method. I allude to this possibility only 
in order to propose a larger use for the term semi-combinant. In Sylvester's 
original formulation (1863) combinants are defined as ** concomitants to systems 
of functions remaining invariable, not only when combinations of the variables 
are substituted for the variables, but also when combinations of the functions 
are substituted for the functions."* These have their place in the discussion of a 
system of forms or quantics, all of which have the same order in the variables. 
Where, however, a system of forms of unequal orders is to be discussed, there 
too arise concomitants which belong to the "system in its corporate capacity." 
But linear combination of the forms with constant multipliers is not possible, 
since homogeneity in the variables must be preserved. Accordingly the ** system 
in its corporate capacity " will comprise compound forms, each form being modi- 
fied by the addition of each form of lower order than itself, multiplied by an 
arbitrary form of suitable order. The coefficients of each such arbitrary form 
constitute the constants of an independent transformation. An invariant of one 
such transformation I propose to call a semUcomhinant of the two forms con- 
cerned ; an invariant of all such transformations, a semi-combinant of the entire 
system. 

• Cambridge and Dublin Math. Jour., Vol. VIII, p. 63. 
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For example, let the groundforms be two binary forms of orders m and n 
respectively, /^ and 4>„, where m^n. Borrowing Sylvester's terminology, let 
us call the compound form 

the conjunctive* of the system. The arbitrary constants are then the m — n+ 1 
coeflScients of the arbitrary form Rm^n* Then every concomitant of the con- 
junctive F^ and the lower form <^^ will be a semi-combinant of /^ and 4>« , if it 
is independent of the arbitrary constants in Rm-^n* 

It is possible that the arbitrary form J?,h-» can be equated to such a covariant 
as to make conjunctive F itself a semi-combinant. If this be done I call the 
particular value of the conjunctive a semi-combinant {/round/orm. Having defined 
the term, we must inquire whether semi-combinant groundforms exist, and i& 
so, how many there are that are linearly independent. I shall prove that if such 
a groundform exists it must satisfy identically a definite equation of condition 
found by elimination from a set of linear equations, and invariant in structure ; 
an invariant equation, of which the well-known condition that a curve shall be 
apolar to a conic is a special example. Reversing now the order of things, I 
consider all groundforms that are included in the conjunctive of the system, and 
those of them that satisfy invariant equations of suitable order, linear in their 
coeflScients, I designate as affiliant groundforms. I show that not only is every 
semi-combinant groundform an aflSliant, but also every aflSliant groundform is a 
semi-combinant. A given characteristic equation resolves into linear equations 
which determine the corresponding aflfiliant groundform, thus establishing directly 
the existence of semi-combinant groundforms. That their number is limited I 
show from the nature of the characteristic equations on the one hand ; on the 
other hand, from the necessary structure of those groundforms as covariants. 
Both methods give the same upper limit, probably much too high, to their 
number. So much constitutes the main purpose of this paper. 

Incidentally it will be noticed that apolarity is, in the binary domain and 
for quadric forms in any number of variables, a special case of the afl&liant 
relation. Indeed the well-known connection between the theory of apolarity 
and the theory of combinantsf finds its analogue in the relation of aflSliants to 

•Cambridge and Dublin Math. Jour., Vol. VIII, pp. 258, a5». 

tSee for example B. Igel : Ueber einige Anwendungen des Principes der Apolar itat, Wiener 
Berichte XCII, pp. 1158-1194. FuU references are given by F. Meyer in Jahresbericht der Deutschen 
Mathematiker-Vereinigung, Bd. I, p. 254 seq. 
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semi-combinants. The range of possible applications of this general theory is 
as wide as could be wished, since the simultaneous system may include any 
number whatever of groundforms in any number of variables, of any orders, alike 
or different That nearest at hand is probably the application to curves of 
double curvature. Toward this I oflTer elementary suggestions; and similarly 
with regard to the fundamental question concerning a reduced form-system of 
semi-combinants. Finally, I point out in what way the introduction of semi- 
combinants may be useful in the discovery of normal forms, in special cases, for 
Abelian integrals, and suggest the extension of the theory to connexes and other 
mixed forms. 

§1, Covariant Curve apolar to a Gonic determined as a Semi-Gomhinant. 

To Rosanes and Reye is due principally the theory of mutually apolar 
curves or surfaces. Rosanes called such curves oonjugirt in relation to each 
other. Lindemann later used the still less distinctive appellation vereinigt 
liegend; but the term apolar, proposed by Reye, seems to be in use at present to 
the exclusion of both the others. Its meaning may be defined briefly in alge- 
braic language as follows. If a locus of order n and a locus of class Jc be given 

by the equations 

al=0 and ul = 0, 

these loci are mutually apolar when the covariant of order n — k (or contrava- 

riant of class k — n) linear in the coefficients of both equations is identically 

zero ; i. e. when 

a*a:-*=0 if n>k, 

or a;uj~" = if*>n, 

for all values of the variables (x) or (u) . Inasmuch as each locus has both order 
and class, Reye disclosed an important theorem when he proved that the apolar 
relation is reciprocable ; or, in other words, that if two loci are apolar, their 
polar reciprocals also are apolar.* 

The study of apolarity received fresh impetus when Lindemannf found it 
available in the discussion of binary quantics by the aid of rational curves. A 

* Th. Ruge : Ueber algebraische Fl&chen, die zu einsnder apolar Bind, Journal ftir r. u. a. Mathe- 
matik, Bd. 70, pp. 15SK175. 

t F. Lindemann : Sur nne representation g6om6trique des covariants des formes binaires, Bull. 
S. M. F., t. V, pp. lia-126. 
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binary form of even order 2n is transformed readily into a ternary quantic of 
order n, and thus its zeros (roots of the corresponding equation), which are ordi- 
narily represented by 2n points on a line, come to be represented by the 2n 
points where a conic is met by a curve of order n. The equations of transforma- 
tion determine the equation of the conic, the transformed quantic equated to 
zero determines the intersecting n*®. Lindemann showed thai this n*® is always 
apolar to the conic. Now if the conic were given arbitrarily, and the 2n points 
upon it, the problem of finding the corresponding binary 2n^^ would require the 
discovery of a curve of n*** order intersecting the conic in the given points, and 
apolar to the conic. While through the 2n points there pass not only one but 
an infinity of curves of order w, only one of them is, in general, apolar to the 
conic. Lindemann's theorem may be stated thus : 

Every complete intersection'System of points on a conic determines one, and only 
one, cu/rve apolar to the conic, meeting the conic in those points and in no others. 

Representing the conic and any curve which meets it in the given complete 
intersection-system by the equations 

a; = and aj = 0, 

Lindemann determined the apolar n*° through the intersection-system as a 
rational co variant of these two curves.* Its equation is necessarily of the form 

^:=7<o.aJ+'<-«aJ=0, (1) 

where TtJ"^ is some quantic of order n — 2, Tt© a constant. That -4.J is a cova- 
riant is obvious, assuming that it is uniquely determinate, from the invariant 
character of its equation of condition, viz. 

(aM)«-4r» = 0. (2) 

Instead of reproducing Lindemann's derivation of this covariant JiJ, I will give a 
more rapid derivation by the aid of its semi-combinant property. 

There is hut one qiuintic A* satisfying the equation of apolarity ; for, substi- 
tuting the form (1) in equation (2) we have 

^(^ n, (abaf ar ' + (^"^X^-^) (aj^)» <-*^ 

+ 2 (n — 2)(abn){abc) K~\ + (aJc)» <"» = , 

*F. Lindemann : Sur une reinrisentation gtom6trique des covaiiants des formes binaires, 3^ note, 
BuU. S. M. F., t. VI, p. 19S-808. 
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or after reduction of the third term, 

+ ^^^{ahcf<-' = 0. (3) 

On separating this identical equation into its constituents, the latter would be 
linear in Tt© ^^^ t^® coefficients of nj""*. Hence they are solved by a single 
system of values, or else by an indefinite number. Obviously equation (3) gives 
a recurrent method for determining the quantic tiJ"' with its first term 

^(^ V \ ' ^' / 7^2 — perfectly determinate. Accordingly, there is one, and 

only one, apolar quantic A^. 

This covariant Al must he a semircombinant o/aj and aj. As it is unique, 
and its determining equation (2) is independent of the quantic a», it can depend 
only upon the given intersection-system, and that remains unchanged when the 
curve a2 = is replaced by any curve of the system 

where wj"' denotes a quantic of order n — 2 with independently variable coeffi- 
cients. The covariant A^ remains unaltered therefore by the substitution of 
al + uS"* a\ for aj; that is, the covariant Al is a semi-combinant. 

A3 this semi-combinant is linear in the coefficients of a^^its terms can contain 
symbolic factors of ovdy the following types : 

a!, {ahc)\ {aba)\ a?"* (i = 0, 1, 2, . . . .)• 

This is readily seen by the aid of ordinary theorems on ternary quadrics. I may 
therefore write the covariant as follows, using undetermined coefficients >lo, >ti, ^, 
etc., and denoting by A the discriminant {abc)^^ by ai the factor {aahf : 

A^ = V^^aJ + ;ii. A^-^aiar^a;+ ^^"\alalraS-^.albl + etc. (4) 

The number of constants ;Ia is ^"^ or ^^ , as n is odd or even. To 

determine their values, Lindemann applied the equation of apolarity, (2). I will 
employ the condition that renders Ai a semi-combinant. Substituting in (4) for 
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aJJ the conjunctive aj + w!J~*aJ, the increment of -4.J must vanish identically. 
From the first term of (4) comes the increment 

From the second, 

^-^^A_ x^A^'i I alur' + 2 (n - 2) a,n,a^ul-' + (^~ ^^^(^~ ^^ t^K'^a; | bl 

which reduces to 

Similarly the third term gives the reduced increment, 

a f(l+l+^ + ii^)A'-VX-'.<4.« 

These suffice to show the law of the coefficients. We find on collecting terms and 
equating to zero, 

Hence „ _ 3n (w — 1) , 

'^"■~2(2n-l)^' 

3».n(n-l)(n-2)(«-8) 
J^- ^ 2.2»(2«-l)(2n-8) ^• 

Introducing additional factors in both terms of these fractions, we obtain them in 
the form 

^~~2n.(2n-l)^- l.^P, ^' 

^"■■*' 2!.„P, ^- 

From the general equation of condition we obtain thus the value of ;i]p in 
terms of \ : 

Jl»=(-l)*%^^V (6) 
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Here for abbreviation ^Pj, denotes the product 

^Pj,= n{n— l)(n— 2) (n — Jc+1). 

The value of ^ is arbitrary ; we may assume A^o = 1 • Omitting needless factors, 
the value of r may be taken less by unity than the number of possible terms 

n — 1 n 
^ = — s — or — - . 
2 2 

Inserting these values of Xq .... Jli .... , and r, in formula (4), we have the 
CO variant and semi-combinant A^ expressed in terms of fundamental covariants 
of aS and c^. 

The expression for A^, obtained by Us semi-combinant property ^ agrees \oiih that 
derived by Lindemann from Us apolarUy to a\. The foregoing discussion is a proof 
of LindemanrCs theorem^ since the semi-combinant property is in this case involved in 
the property of apoIarUy. 

A precisely similar determination of a semi-combinant n*° can be found 
when we interpret the forms aj and aj as ternary, or quaternary, or m-ary. In 
each case the form obtained is identical with that given by the conditions of 
apolarity. The reason for this will appear in §§7 and 8 below. 

§2. The Differential Equations satisfied by Semi-Combinants. 

The name semi-combinant has been proposed above for certain invariants of 
a simultaneous system. Invariants (including, of course, covariants, etc.) are 
defined readily by differential equations which form a ** complete system," and 
ordinary invariants thus come to be treated by Lie's method as invariants of a 
** group " of infinitesimal transformations. The same can be shown to be true of 
semi-combinants. In verification of this statement I need consider only two 
binary quantics as an example; it will appear that the discussion could be 
extended without diflBculty to any number of quantics in any number of variables. 

Denote by/,„ and ^^ binary quantics of orders m and n respectively, and let 
w >n. To indicate with precision the several coefficients, let the terms of the 
two quantics be .written without numerical factors. 
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Then the four operators discussed in the theory of linear transformations are 
these : 

'^'=2:0"°'^)+?(<««^). 



< + k = m 



«+jk = n 



(6) 



Oi=2((»+i)«*+i.»->^)+2((»+i)*'+'.*-^a^)' 

O, =2((* + Do.-.. .*. si;) + S((* + 1) «— sl:) • 

These are here written as applied to invariants only ; the variables neglected 
may be included, of course, by adjoining a linear quantic to the two under con- 
sideration. Of these four operators, the first two acting on an invariant repro- 
duce it with a numerical factor, the third and fourth yield identically zero. 

The additional operations entering into the theory of semi-combinants are 
educed from the definition. A semi-combinant of /. and 4>„ is an invariant 
which is unchanged when the coeflScients of f^ are increased by the correspond- 
ing coefficients of u^_„4>^; u^-^ denoting an arbitrary quantic of order {m — n). 
Giving to u^-n successively the {m — w + 1) linearly independent values A«f~**, 
j^m-n-ijp^^ .... Jla5*~*, we shall obtain (m — n+ 1) independent sets of incre- 
ments to be applied to the coefficients of /,„> ^^d shall find as many equations of 
condition for a semi-combinant. 

To the coefficients 



^■i, Oi ^m— 1, 1> 



<h, m-\ f ^0, m 



accrue the increments 

(1) 

(2) 



^n» 0> '^n— 1, 1, • • • • 

U , Aotn^o , • • • • 



(m — n) 0,0 , Xofl. , , , 

(m — n + 1) , '^l.n-l. '^.n* 

Corresponding to these elementary sets of increments, construct the (m — n + 1) 
elementary differential operators : 
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••+««. 1 



9«»-. 



(7) 



The sets of increments tabulated above define each a substitution of functions of 
an arbitrary X for the coefficients a^^, and these substitutions must not alter the 
value of a semi-combinant F. Equating to zero the corresponding increments 
of F, there result the equations of condition : 

Sm^n.o{F) = 0, S^_^,^^,{F)=0, Sn.^n^,,,{F)=zO, ) . . 

So.^^n{F) =0. ) ^^ 

Referring to the definitions (7), it is apparent upon inspection that any two 
operators S are commutative, for the action of either upon the other is nil. 
Since then for all suffices i, k, 

tJie {m — n + 1) differential equations (8) form a comvlete system, and the corres- 
ponding operations S define a group.* The four operations T^, T^, Oi, 0^ define 
a second group, as is well known. There remains to be examined then only the 
effect of permuting an operator of the first group and one of the second ; finding 
this always expressible as a single operator of the first group, we shall conclude 
that all these operators together define a group comprehending the others as 
sub-groups. We find by easy reckoning the following facts : 

I /Sw_»-r. rWi—Wi ^«-„_r. , = («» — n — r) /SL,_,_,. ,; 



*S. Lie : Theorie der TransformationsgrappeD, Erster Abschn., p. 107, Sate 4. 
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and similarly for TTg, 

The results of permuting operators with operators S are as follows : 

Sm^n. oOi— Oi /S^-n, = (m — w) Sm^n^l. 1» 

^1. m— n-1 ^1 — OiSi^ m— »-l = l-*So, m-n? 
. aSo, m-„ Oi — Oi Sq^ m-n = • 

' 'S'jH-n, Og — O2 aS'„_^, = » 

Si, «-n-l Oj — O2 /Si, n»-n-l = (Wl n l) /Sg, «»_»-», 

I- aSI), ««„ O, — O2 /So, m-» = (m — n) /S'l. m-n-l- 

The completeness of the system of equations (6) and (8), thus verified, 
might have been inferred from the observation that all the operators involved 
are linear, of the general type known as polar operators, and comprised in an 
aggregate given by integral indices with definite limits. The above exact 
expression of the laws of the system shows, however, that as generators of the 
group, after the operations (6), any single one of the S^c might have been 
selected. In other words, 

The manifoldTiess of semircomhinanta of two binary quantics is but one unit less 
than that of ordinary invariants. 

Beside the extension, now evident, of this theorem to two quantics in any 
number of variables, there is another not remote. We may consider simulta- 
neous invariants of more than two quantics ; e. g. of three binary quantics 

fmi 4>n, 4> (w^^^i>), 

and define as semi-combinants of the system (in that order) such invariants as 
are unaltered when these quantics are replaced by the three following : 

in which U, V, W denote quantics of the proper orders with arbitrary coeflS- 
cients. Here we can state the theorem : 

Tfie manifoMness of semircombinants of three binary qvantiQs — whose sequence 
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must be stated whenever tvoo have the same order in the variables — is less by three tmits 
than that of their simultaneous invariants. Only three independent conditions beside 
those of ordinary invariants are needed to define them completely. 

§3. SemirCombinant Oroundforms defined^ with Examples. 

The ternary quantic of order n apolar to a quadric, which is discussed in §1, 
is a semi-combinant of a given n*° and quadric. It is a linear combination of 
covariant multiples of the n*° and the quadric. The covariants are all linear in the 
coefficients of the n*^ We shall characterize this apolar n*® as a semioombinant 
groundform, and make the following definition : 

If two quantics have orders m and n respectively (w ]> n) , then any semi-corn- 
binant aggregate of covariants of order m containing severally one or the other quaniic 
as factors, and linear in the coefficients of the m*^, shall be called a semi-combinant 
groundform of the two quantics. 

Denote two quantics by aj* and aj, (m > w). The only covariant linear in 
the coefficients of a", of order wi, containing aj^ as a factor is aj multiplied by 
some invariant of aj. Since other terms of the aggregate are to contain a factor 
aj, the other factor of each must be a covariant of order (m — n), linear in the 
coefficients of a?. Since such covariants are to be mentioned often, I denote 
them uniformly by the initial letter of " linear " — namely, by XS[L„ or simply U*^. 
The general type of a semi-combinant groundform is then 

wheve h denotes the number of linearly independent covariants Z, I some invariant of 
the quantic oj. That such semi-combinant groundforms exist I will show by a 
few examples. 

For a ternary m**' and 2**^ the apolar m*® of Lindemann is, as has been 
shown (§1), the only semi-combinant groundform. For it was found to be com- 
pletely determined by the conditions employed, barring a factor which was an 
arbitrary power of the discriminant of the quadric. 

For a binary m*° and 2*® the only semi-combinant groundform is that (conju- 
gate) apolar to the quadric, as I have shown elsewhere.* The same considera- 
tions are valid for any number of variables if one of the forms is a quadric. 

* Reduction of the resultant of a binary quadrio and n^^ by virtue of its semi-combinant property. 
BuUetin of the American Mathematical Society, Oct 1894, pp. 11-15. 
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When a "reduced system" of invariants of two quantios is known, the 
determination of a semi-combinant groundform is usually easy, since only cova- 
riants X|^Ln enter into the problem, and the condition for a semi-combinant is 
applied by a single substitution. As first example, consider the binary quartic 
(4 and cubic aj = 5J = etc. Following Gordan's method we find four linearly 
independent co variants of order 1, linear in the coefficients of a*; four co va- 
riants Zi : 

i" = (aJ)^(ac)(6a)(ca)* o^ , 

D^ = (a6)*(cd)2(a^)( Ja)(ca)(ea)» d^ , 

and one invariant of the cubic, 

I=i{ah)\cd)\€Ui){hd). 

The degrees of these concomitants in the coefficients of aj are respectively 
1, 3, 3, 6; 4. Referring to formula (9) we see that homogeneity admits only the 
covariants Z" and X™, of degree 3 in those coefficients. There are to be deter- 
mined Xs and \ in the expression 

In this expression substitute for ai the conjunctive ai + w,.4» and require the 
terms involving parameters u to disappear identically. 

.-. 8 + 5X8—3^^=0. (10) 

Of this equation there are two linearly independent solutions ; as the simplest, 

we adopt these : 

1) X« = -|, a^ = 0; 

2) ^= 0, ^, = 1. 

There are thus seen to be two linearly independent semi-combinant groundforms 
A%, A^J, and a simple infinity of combinations -4* + m.-4i*; 

^^-''' * {ah)\ac){bd){cdy -"^^^ ^^^^ 

4^ _ „4 I 8 {ax£)\hc)\ha) c^ ,, x.^x 



z' 
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As a second example, let it be required to find all semi-combinant ground- 
forms in the simultaneous system of a ternary quartic and cubic, denoted by a^ 
and a| respectively. For the ternary cubic a complete reduced system is given 
by Gordan.* Our co variants L are to be of order 1, and contain symbols a to 
the degree 4. The symbolic expression of an L may contain either a^ and three 
a's in determinant-factors; or an a^, with four a's in determinant-factors. There 
correspond to these, in Gordan's tables, mixed concomitants (Zwischenformen) 
either of class 3, order 0, or of class 4, order 1. Of the former we find two, of 
the latter three. Their degrees in the coeflScients of aj. are respectively 3, 5, 5, 
7,8. There are two invariants, of degrees 4 and 6. With the aid of these there 
can be formed homogeneous expressions involving the first four co variants Z, but 
none containing that of degree 8 . 

The symbolic expressions are 

1) of the invariants, 

S ={abc){abd){acd){bod), 

T =(a6c)(aM)(ac6)(6c/)(cfe/)»; 

2) of the four covariants Z, 

L^ = {abc){aba){(ica){bca) a^ , 

Z^ = (a«^)(aici)(ace)(6ca)(cfoa)»a^, 

Z™ = {abc){aba){aM){bcd){deaye^, 

U^ = (a&c)(a6d)(ace)(&c/)(cfoa)Vfl'a)V«- 

Instead of determining the most general semi-combinant groundform and singling 
out four independent ones by particular values given to the parameters, I will 
for simplicity's sake determine the particular ones, and of them compound the 
most general. 

The four shall be these : 



S.F^ = 


S. 


aJ + A^X* 


•<, 


T.F^ = 


T. 


,ai + ;t,x« 


.<4. 


T.F,= 


T. 


<4 + ^L^ 


•ai, 


S'.F,= 


S*. 


(4 + KL^ 


•ai. 



Applying the condition that each of these forms F shall vanish identically for 
*IJeber ternAre Formen dritten Grades, Math. Ann. I, pp. 101*102. 
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ai=^al.Uj,, I find, after somewhat laborious reduction of the resulting symbolic 
products,* the values of the constants 

^1 = — 2, Jl,:= — 2, X^:= — 6 y ^4=^ ; 

SO that the simple semi-combinants ^| . • • • JP4 have the expressions 

F, = ai- 2-^.al, 

L y (13) 

F,= at-S6^.al. 

The most general semi-combinant groundform is the linear combination of these 
four, with arbitrary multipliers, 

F= hF^ + l,F^ + l^F^ + l,F^. 

From these examples it is sufSciently clear what method must be followed 
in obtaining all semi-combinant groundforms of the system of two given quantics. 
The covariants L must first be enumerated. While not every L will give neces- 
sarily an independent semi-combinant, yet none gives more than one ; and we 
may formulate the following conclusion : 

The number of linearly independent 8emv^x>mbinant groundforms of two quan- 
tics of different order does not exceed the number of linearly independent covariants 
Z, linear in the coefficients of the higher quardic, and of order equal to the difference 
in orders of the given quantics. 

Thus a superior limit is established, which will be confirmed later, when 
also it will appear why this number falls often below that limit. 

§4. Reduced Form-system of Semi-Oombinants derivable from that of General 

Govariants. 

Any covariant of a system of two quantics a*, a^, which is also a semi-com- 
binant of the system, is unaltered when in its explicit formula the coefficients of 

*Th6 most useful reduotion-formulso are giTen by Clebsch and Gordan, Ueber oubisohe tern&re 
Formen, Math. Ann. 6, pp. 448-9 and 467. 
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a? are replaced by those o£ a^ + u^'^a^. This is indeed the definition of a 
semi-combinant. Accordingly, giving the arbitrary parameters in ti]^"** special 
values, so that a!^ + u^''^al becomes a semi-combinant groundform A^, we may 
notice in particular that 

All semircomhinant invariants and covariants are unaltered by the svhstitulion 

a? -^ A^, 

A^ denoting any semi-combinant grotmd/orm. 

Assume that in every system such semi-combinant groundforms exist. Sup- 
pose the aggregate of covariants of the system subjected to the above substi- 
tution, 

a~ - A^. 

Every covariant will be transformed into a semi-combinant, for it becomes a 
covariant of a semi-combinant. Suppose further all identical equations to be 
explicitly given, which express covariants in terms of the finite nunjiber of cova- 
riants constituting a reduced form-system. These syzygies being subjected to 

the same substitution, 

a"* '^ A^ 

will become syzygies between semi-combinants, reducible covariants becoming 
reducible semi-combinants, and the reduced form-system of ordinary covariants 
yielding by transformation a set of semi-combinants in terms of which all other 
semi-combinants are expressed as rational entire functions. Hence the theorem : 

The reduced form-system of semi-combinants cannot contain more irreducible 
concomitants than that of ordinary covariants. 

That it must contain fewer will appear subsequently (see §6) ; for at least 
one covariant of the reduced system will vanish identically. 

This transformation gives all the semi-combinants of a system, and a part of 
their relations inter se, as soon as all covariants of the system, their syzygies, and 
a single semi-combinant groundform are known. The discovery of the latter is 
therefore the essential step in proceeding from a theory of ordinary invariants, 
such as already exists in greater or less completeness, to a correspondingly com- 
plete theory of the subgroup, semi-combinants. Particular examples like those 
of §3 do not suffice. We must address ourselves to the general question, how to 
find semi-combinant groundforms in the system of two or more given quantics. 
32 
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§5. Affiliated Forms defined and determined as Govariants in a given System. 

A class of concomitants that are certainly semi-combinant groimdforms of 
two given quantics aj* and aj, {my^^n), are those satisfying identically linear 
differential equations, invariant per se, having as coefficients functions of the 
coefficients of the quantic a* ; provided such solutions are completely determi- 
nate. (Otherwise not the particular solution, but the aggregate of all solutions, 
would be semi-combinant.) The defining equations must equal in number the 
arbitrary parameters in the conjunctive a? + w?~**aj. They may comprise that 
number of invariants, each equated to zero, or any part of the number may be 
represented by a covariant equated identically to zero — an invariantive set of 
differential equations. The solutions will be rational covariants if the defining 
equations are all linear ; were any of higher degree the solutions would still be 
semi-combinants, but irrational. I intend here to examine solutions of sets of 
equations found by requiring a covariant of order m — w to vanish identically. I 
shall speak of these equations in the aggregate as a characteristic equation^ and 
call their solution an affiliated form or ajffUiant of the system of a? and a^. 

An affiliated form or affiliant of the system of a^ and aJJ is any covariant of the 
type -4? = a2* + C~**a!J, which satisfies a characteristic equation obtained by equa- 
ting identically to zero a covariant of order m — n, linear in the coefficients of A^. 

If the quantic of lower order be a quadric, there is of course only one 
affiliated form,* that one, namely, which is apolar or conjugate to the quadric. 
Two examples of this simple case will make the above definition more intelli- 
gible. 

First example : System of binary cubic and quadric. 

Required the values of ?i and 7, which render a* -f Z^-.a* = Al an affiliated 
form. There are two covariants of Al and a* which can give equations of defini- 
tion,f but the identical vanishing of either one involves the vanishing of the 
other. The one of lowest degree is this : 

(a4)U. = 0, (14) 

or expanding, 

3 (aa)'a^ -f {ab)% + 2 {ab)(al) ft. = , 

* For the condition of apolarity involves every other covariant condition of the prescribed order, 
t Named p and q by Oordan-Kersohensteiner, p. 828. 
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and reducing, 

3(aa)»a,+ 2(a6)% = 0. 

Since the only term involving the parameters ?i, 4 contains the factor Zj., it 
is only necessary to solve for this linear form 

hence the required affiliated form is 

^'=«--*-^'w^' (15a) 

Second example : System of binary quartic and quad/ric. 

Of the six quadratic covariants of a quartic and a quadric, two are linear in 
the coefficients of the quartic, those named '^ and ^f by Olebsch (Bindre Formerly 
pp. 213, 214). If '4' become identically zero, so also will 'P. The two give thus 
only one characteristic equation for an affiliated form : -4^ = ai + 5,a|, namely, 

{aAfAl = Oy (16) 

i. e. 6 (oa)^ aj + {ahf ZJ + 4 {ah){aT) b^ ?, + {alf 6i = ; 

or, after reducing one term, 

6{aayal+S{abyil+{aiybl = 0. 

This is equivalent to three equations for parameters, and these are linearly inde- 
pendent, for otherwise we find that a multiple of the discriminant of the quadric 
must vanish. 

Instead of solving these three equations, compounding the resultant determi- 
nant-quotients with proper multipliers into the form ^, and reducing its expres- 
sion to covariant form, I find it more convenient to solve by a convergent series. 
The equation for 2 is, calling {abf = A, 

By repeated substitution of this expression for 2 ^^ the second member — ^in 
itself — we have 

2(aa)«a» ■ (aa)*(&a)V> . A.{aay(bay<^ 
«« — '^ r f ^» t '^ r 6W5., 

5=_2fe2|i + !2?^M(i_j + A ) 

= -2W^+t.W)'°'-. (17) 
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Therefore the affiliated quartic of the system is 

^i = ai-2(^'.6i + i.MMM*.4.^,. (17a) 

These examples exhibit one mode of findiog the affiliated form when its char- 
acteristic equation is given. Such a solution must be a semi-combinant ground- 
form, for it is a covariant by virtue of the covariant defining equation ; it is of 
the type aj'+ ^^""aJJ; and as it is uniquely determined from the conditions, it 
must be unaltered by the subs^titution 

al^^a^ + u^-^'a^, 

for that affects neither its type nor its characteristic equation. 

This last remark may be stated more clearly by employing a functional 
notation for co variants, and by this means an important property of the covariant 
im-n Qj, jr ^^y ^^ dcveloped. Designate by a and a the quantics a* and aj; by 
U any arbitrary quantic u^"""} by G{a) and L{a) two co variants, of order 
m — n, of aj* and aJJ, linear in the coefficients of the former, such that X(a) 
satisfies the characteristic equation 

G(a + aL{a))=0. (18) 

On account of the linear structure of these covariants we have 

G(a + aL{a))=G{a) + G(a.L{a))) .^^. 

L{a+a.U) = L{a)+L{aU). ) ^ ^ 

If for a? we substitute a? + wj""*a2, we have from the identical equation (18), 

G(a + aU + aL{a + aU)) = ] 

and therefore, since L is uniquely determined by (18), the identity 

a + aL{a) = {a + aU) + aL{a + aU), (20) 

showing that the affiliant a + aL (a) is unaltered by the substitution a^ ~ a^ 
+ v!^'''^al] or, in other words, every affiliant is a semi-combinant ground/orm of 
the system. 

Equation (20) expanded by (19) is this: 

a + aX (a) = a + a ?7+ aZ (a) + aX (a. Z7) , 

or, on dropping like terms, 

aU + aL{aU) = 0, 



and without the factor a. 



L{aU) = - U. (21) 
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Remembering that X is determined as the quotient of an integral rational 
simultaneous covariant of a and a by sin invariant of a alone, we may set 



^^"^ 1(a) ' 



(a) 
whereby equation (21) becomes 

K{a, aU)+ U.I{a) = 0. (21a) 

This may be regarded as a defining equation for K{aj a), in accordance with 
which it is to be derived, linear in the coeflScients of a, from a suitable given 
invariant /(a). The solution of this problem would lead directly to the formation 
of a semi-combinant groundform. 

In a given system, how many affiliants can occur ? Certainly not more than 
the number of independent characteristic equations ; that is, than the number of 
independent covariants G, GH, G^', . . • . of order m — n, linear in the coefficients 
of the higher quantic. Hence, as was seen above in the closing theorem of §3, 
the number of independent ajffUiants has for an upper limit the limit of the number 
of aemircombinant groundforma in the saine system. 

Further, there is an obvious reason why not all linearly independent cova- 
riants ff , (?', (?'', etc., need furnish diflferent aflSliants when they are employed 
in characteristic equations. It may happen that one or more of the remaining 
6^'s can be represented as a simultaneous covariant of the first and of a^. In 
that case, of course, the solution of 6? = would satisfy (? = and the rest 
belonging to the system of Q and a. This case always occunrs if the characteristic 
equation has a determinate solution whose covariant L is not a mere multiple 
oiG. 

If we suppose, as in (18), 

ff(a + aZ(a)) = 0, 
then we have, according to (21), 

L{aU) = —U, and X(aZ(a))=— X(a)." 

Therefore the solution Li of the equation 

X(a + aXi(a)) = 
is L itself. For we have 

L(a + aL{a))=:L{a) + L(aL{a)) = L{a)—L{a) = 0, (22) 
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and this loe will adopt as the normal form of the characteriatic eguoMon of an 
affiiiant. 

Here, of course, L{a) may be radically diflferent from (r(a), or it may diflTer 
only by a factor. In either case, L (a) must be a covariant of O (a) ; for by 
virtue of (18) and (22), if X (^) = 0, it follows that ff (^) = 0, and conversely. 

We can name not only a superior limit, but probably also one inferior limit 
to this number of independent affiliants. This number is not less than the number 
of irreducible invariants of the lower quantic aj, diminished by the number of syzy- 
gies of the first Hnd. Prom such invariants there can be derived covariants 0{a) 
by an Aronhold process, which shall replace coefficients of aJJ by those of the 
polar, aja* "". The latter will be independent save as derivatives of the syzy- 
gies shall indicate relations. Such covariants O will not vanish simultaneously 
except by virtue of special invariant properties of the lower quantic. There is 
lacking a proof that each such Q has corresponding to it a determinate solution 
L of the equation 

G^(a + aZ(a)) = 0, 

As I have no complete proof of this, it may be left for the present to be investi- 
gated in each separate case discussed.* 

A question of some interest may be mentioned here. Suppose two affiliants 
determined by characteristic equations, and the latter put into normal form {vid. 
(22)), so that we may write 

A(a + aZi(a)) = 0, 
Z^(a + aZ^(a)) = 0. 

If now these equations be combined linearly, how will the solution depend 
upon the solutions Li and L^ of the separate equations ? If, namely, 

G^{a + aJL^{a)) = {Xy.L^ + ^.^){a + a^{a))=0, (23) 

what relation subsists between i^, Z^, Zs? 

Expanding (23) by (19), and using (21), we find 

A (a) = ^'L,{a)+^,ma) ^ ^^4) 

*The most obvious point of attack for this problem is offered by equatioii (21a). 
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The same considerations show that for any number of equations, Oi (a + oZ,) = , 
with determinate solutions Li, 

2X,A(a + ^:^|ML)) = o. (24a) 

Loosely stated, this would show that the solution ofXXiLi=0 is [^ * . 

The linear aggregate of cJiaracteristic equations is protectively related to the 
aggregate of corresponding soliUions, and is perspectively related to them, if the 
characteristic equations are in normal form. 

For the solution of (24a) is identically 

X\.a + aX^jLj (a) 

and this is 2^- (a + aLi{a)) 

2A^ 

wherein every term of the numerator (a + «A(a)) is the solution of the corres- 
ponding characteristic equation 

This shows how a given equation may have its solution indeterminate. If in 
(24a) we assume 2^ = 0, the solution would become 

X^ia + aX^i Li (a) = a . 2^1^ Z, (a) . 
Since this is necessarily a semi-combinant, the solution of characteristic equation 

X\Li{a + aU) = 

is indeterminate. It is namely the quantic a^ multiplied by an arbitrary quantic 
U of order m — n; for we have by (21) 

XXiLi{aU) = — X^.U=U.XXi = 0. 

Equations of this sort may be regarded as forming a singular system for defining 
the quantic a^, which is indeed a semi-combinant by virtue of being a covariant 
and unaltered by the substitution 

Every linear combination of normal characteristic equations has a determinate 
solution except when the combination 2XjZ{ = is one of the sirugvUar system having 
2/l< = 0. Of any singular characteristic equation the solution is indeterminate, 
being the quantic of lower order multiplied by an arbitrary fmu^ion. 
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§6. Every Semi-Gombinant Qround/orm is an AjffUiant. Production of Us 

Gharacteristic Equation. 

The inquiry for a single semi-combinant groundform in the system of two 
quantics a^, a^ (or a and a) resulted in the finding of a whole class of such 
groundforms, the aflBliants of §6. Every affiliant is a semi-combinant groimd- 
form, and as such suffices for the determination of all covariants that share its 
semi-combinant property. It is now to be shown that, conversely, every semi- 
combinant groundform is an affiliant. 

Let the rational covariant of a^ and aj: 

or for brevity A =a + a.L{a)J 

be a semi-combinant ; i. e. let it be unaltered by the substitution 

Then the N^ equations involved in the identity or definition (25) may be 
regarded as equations of the first degree in coefficients of a, by whose aid those 
coefficients are to be expressed as rational linear functions of coefficients of A. 
But the quantic a is by hypothesis not determinate when A is known ; on the 
contrary, it contains implicitly the N^^n parameters of wj~". Therefore all 
determinants of a matrix having N^ rows and {Nf^ — N^^^) columns — linear in 
coefficients of A, but not usually so in those of a — must vanish. These 
several zero-determinants can be multiplied with suitable power products of 
variables {xiy x^f x^y • * • • Xr), so that their sum equated to zero will constitute 
the covariant characteristic equation described in §5, by virtue of which the 
quantic A is an affiliant. This process of proof is, however, unnecessarily 
expanded, and can be compressed into the following symbolic form, a repro- 
duction of (22). 

Since J. is a semi-combinant, 

a +a. U+aL{a + aU) = a + aZ{a) ] 
therefore a f7 + aZ (a CT) = ,. 

L{aU) = -U, 

JJ denoting an arbitrary quantic U=u^^*^. This property of the covariant L (a) 
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depends only upon the order m — n of the quantic U. Hence for U we may 
write L itself: 

L(aL{a)) = -L{a)s 
or X(a) + i(aZ(a)) = Z(a + aX(a)) = 0, 

and this is exactly the characteristic equation of an aflBliant in its normal form 
(vid. (22)). This theorem may be formulated as follows : 

If a semi'combinant groundform be written in symbols of two qtiantics a and a 

A=za + a.L{a), 

where L{a) is a rational covariant, linear in the coefficients of a, then this semi^com- 
binant gromtdform is an affiliant of a , satisfying the equation 

L{A) = 0. 

As L is always fractional, it remains only to multiply it by a suitable invariant 
of a to make it an entire covariant of A and a. 

§7. Further Examples of Affiliants. 

4u In accordance with the foregoing, we can write immediately the character- 
istic equations of the semi-combinants calculated in §3. Of the binary quartic 
and cubic, the semi-com binant A% satisfies the defining equation (see (11)) 

{aby{ac){bA){cAyA, = 0. 

This is obviously derived from the discriminant of the cubic 

{ab)\ac){bd){cdf. 

The other semi-combinant groundform A'J {vid. (12)) has for its equation 

{aA)\bc)\bA)c, = 0. 

This can be simplified by equating to zero its transvectant with the Hessian of 
the cubic: {defd^e^. This gives 

(a^)»(6c)X6^)(cd)(cfe)» e, = . 

One reduction brings this into the form 

{aJCf A, . {bc)\be){cd){def = , 
/. (a^)»^« = 0, 

if the cubic al has no square factor. This is evidently. a derivative of the iden- 
33 
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tically vanishing invariant (aft)'. Just as the two linear covariants L[il and X(.) 
are found to give characteristic equations having the same solution A' (= Aj^), 

80 the solution ^(=-4^, formula (11)) of L^{A) = satisfies the fourth, the 
only remaining independent linear covariant equation L^{A) = 0. For Z'^ is 
the transvectant of Z" with the Hessian of the cubic. 

In the second example, the system of the ternary quartic and cubic, the 
characteristic equations of i^i, -F,, F^, F^ can be written down directly from the 
symbolic expressions of Z^, Z", Z"^ Z^. Our special interest will be directed 
toward the fifth linear covariant Z^ (a) of degree 8 in the coeflBcients of the cubic. 
By reason of its degree alone it was found impossible to have a corresponding 
semi-combinant groundform, since there is no invariant of degree 9 . But if we 
use this covariant in a characteristic equation for an affiliant, must it not disclose 
a corresponding semi-combinant? Making trial, I learn that Z^ (a) is itself a 
aemi-combinantf and henoe canTiot determine an affiliant. The proof is condensed 
by the use of Gordan's notation and reductions as follows : 

Z^(a) = afa;(«te), (26) 

where u^ and ul are fundamental contravariants, 

uj = {abc){ahu){acu){bcu) ,| . ^^^^^ 

To prove U (a) a semi-combinant we must show that 

Z^(a+ Ua)=iU{a)) i. e. Z^(Z7a) = 0. 

Since CTand a denote u^ and aj, we have 

2U ( Ua) = v^a^a^ {six) + a\a^u^ {stx) 

= \S. {Ox) u*+ \ t\x88) u,t= 0, 

both parts vanishing identically. 

When the two fundamental quantics are of orders differing by one, and the 
lower order is even, one affiliant can be found very simply, whatever the number 

* Oordaa, Ueber tern&re Formen dritten Grades, Math. Ann. I, p. 104, Taf el IV, 2. 
t Ibidem, p. 108, Taf el Xn, 5. Cf . Math. Ann. YI, p. 467. 
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of variables in the two quantics. Assuming two quaternary quantics of orders 
2n and 2n + 1 > 

a»» + » and o|», 
I mean the affiliant ar+ ^ + 7, .af = A** + ^ 

which satisfies the characteristic equation 

(a&c^)»M, = 0. (27) 

Expanding this equation, 

= (aicarax + ;£^ («*«?)»"?, ; 

• 7 — _ 4n4- 2 (aftca)*''aa 

• " ~ n + 2 • (a&cd)»» ' 

• ~ ' n+2 ' (aicd)*' • •• 

For quantics in r variables, the same equation will give 

^g>^.^^„.i_ r(2n+l) (a& .^.g^q, ,^^ (28) 

Two binary quantics, the lower of odd order, aj*''"\ th^ other of order higher 
by unity, a]^"*"*, have an aflSliant determined almost as simply as the above. Set 
-42?*"*^' = a?*^* + 4«?*^^ a^d take as characteristic equation 

(aJ)«^-^M^ = 0. (29) 

This is, when expanded, 

(««)»»+'«. + ^i-2 (a6)»«+'Z, + g±| (aWaO i, = 0. 

Since the second term contains the vanishing invariant (a&)***"'■^ the equation 
becomes 

(aa)^ + ^a. + ^±\ {ahr{al)h, = 0. 
For convenience, denote by^, the left-hand member of this equation, and by AJ 
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the covariant {cd)^^c^dx. Since ^,^ = 0, we may equate to zero its transvectant, 

= (crf)»*(aar + \ac) d, + ^^^. (ai)»»(cd)»"(ac)(6d) . l, , 



7 = J- 4(n+l) {ab)^{cay''^\aa)K 
' "^ 2n + 1 • (a6)^(cd)»«(ac)(6d) ' 



^' -''^ ^ ■27r+T • (a6)«-(crf)^{ac)(6d) •"*• ' ^ ^ 

Whatever the number of variables, if the orders of the two quantics diflfer 
only by unity, the discriminant of the lower quantic furnishes by evectation a 
characteristic equation whose solution can be obtained immediately as in (27) 
and (28). Thus there is proved in general the existence of an ajffUiant when the given 
farms are of order n and n + 1 . Where the diflFerence in orders is two or more, 
the existence of affiliants is yet to be confirmed. 

As showing interesting processes capable of extension, consider a binary 
quartic and sextic, aj and a*. Let it be required to determine the affiliant 

Al = al + riai 
from the equation {aAyA\ = , 

or Q from the reduced equation 

{aaYal + i {ahyn + * {ah)\aiy &| = . 
Transposing, this gives 

g=-8(gg|^-tw;w>t. (3.) 

{aby (ahy 

The scheme for solving this equation without leaving the domain of rational 
covariants is now to substitute the value of ZJ., given in this second member, into 
the second term of that second member, then to repeat the process ad infinitum. 
This is admissible if the resulting series shall be found to converge. For the 
convenient execution of this plan I will designate by P the operation which from 
any quadric u% derives {uayal. Then for the second term of the second member 
of(31)Ihave 

_ 6 {la y{ab)H \_ p,.n>. 
T JaBy ^-^V^'^ 

where • / r\4 6 
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Calling the first term F^ 

F=-t{aayal 
equation (31) gives the series 

T^, = F+tP^{F) + 7^P'{F) + 7^P'{F)+ 

= (H-rP« + r*P' + r^i^+ ){F). (32) 

The problem is reduced to the summation of the infinite series of operations 
upon a quadric F, 

(7(J?^) = (1 + rP» + r^P* + ) (^). (33) 

There is a reduction-formula given by Clebsch* which is, when adapted for 
even powers of the operator P: (y = (a6)*(6c)*(ca)*) , 

Applying this in the series G after the third term, I have 

Since P* can be reduced, 
this gives the sum, 

— 4oi» + 3y» ■'' 80i» + Qp ^ ~ 4oi» + 3y» • 

Substituting this in (33) and (32), together with the value of ^, there results 
« = - ^Jl 3y, {8t» + fyP- 6i/-f ((««)* aj), 

This completes the determination of the affiliant 

A somewhat simpler affiliant exists, a linear combination of the one just 
found with that whose characteristic equation is derived from the invariant y, 

{ab)\aA^)\hA!YA': = 0. 
*ClebBoh, Binare Formen, p. 219, (9). 
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The simplest affiliant should be used in discussing the reduced form-system 
of semi-combinants. For that purpose, however, the simplest would probably be 
not thai whose symbolic expression is of simplest type, but that whose characteristic 
equation is of simplest type. 

This last example gives a form of solution which, if applicable in any par- 
ticular case, is certainly more elegant than the separation of the characteristic 
equation into its constituent parts, the determination of the auxiliary quantic 
C*"** from these parts as a determinant quotient, and the reduction of this quo- 
tient to simpler covariants. The longer process, however, gives occasion to 
investigate directly whether the solution is determinate. For any one case such 
an investigation can be made to depend upon a canonical form of the quantic of 
lower order, if a canonical form is known. An interesting alternative is offered 
by the series C{F), formula (33). In general, P would be replaced by some 
covariant process which preserves (as P does) the order of the operand in the 
variables and its degree in the coeflScients, say by the process 11. The general- 
ized problem would be to find under what conditions the series 

(1 + rn + r«n* + in inf.)(i^) 

represents a uniformly convergent series, where r denotes some invariant factor. 
Only one such series fully treated has met my eye, that referred to above 
in Clebsch's treatment of the system of a binary quartic and quadric. By the 
aid of his results it is possible to find affiliants of any order n to the binary 
quartic aj, which shall satisfy the equation 

(a^)Mr* = 0, 

or the equation (a6)^(a-4)*(6il)'-4j""* = . 

I should mention, of course, the system of a quadric and an n*°, where the sum- 
mation of a geometric series is sufficient for calculating an affiliant or apolar 
quantic. 

§8. Applicability to Normal-form Problem^ with a Special Theorem. 

In geometric research, two quantics equated to ssero denote two algebraic 
loci. The relative positions of these two loci may be investigated projectively, 
when the aggregate of all simultaneous covariants must be discussed. If, how- 
ever, not the two loci but their intersection is to be investigated projectively, 
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then the sub-group, their semi-combinants, is alone to be discussed. For the 

intersection of two loci, 

ar = 0, a: = 0, (rw>n), 

is equally the intersection of the loci 

a? + <"*«?= 0, aj = 0; 

that is, of the lower-order locus with the conjunctive of the two. Projective 
covariants of the intersection-locus are therefore co variants of the conjunctive 
and of the lower-order locus, independent of the arbitrary coefficients of u^""" i 
that is to say, they are semi-combinants of a~ and a^. Ordinarily speaking, an 
intersection-locus is a geometric form when the two quantics contain at least 
three variables. Thus semi-combinants of two ternary quantics belong peculiarly 
to the complete system of points in which two algebraic curves intersect. More 
interesting is the consideration that projective properties of such twisted curves 
as are complete intersections of two algebraic surfaces (** elementary curves") 
will be represented by relations among semi-combinants of the intersecting 
surfaces (i. e. of their associated quantics).* For point-systems in three dimen- 
sions, or for curves in more than three dimensions, systems of at least three 
quantics and their semi-combinants will enter the discussion. If, further, the 
orders of two intersecting loci be equal, then not semi-combinants but complete 
combinants (doubly semi-combinants) of these two quantics must be considered. 

A special problem arises in the theory of Abelian integrals on ** elementary" 
twisted curves, i, e. on the non-singular intersection-curve of two algebraic 
surfaces, usually of unequal order. Normal-forms for integrals of the diflFerent 
species are to be fixed by algebraic considerations. For the reasons above 
specified, a normal-form ought obviously to be a semi-combinant of the two 
surfaces. For this as well as for other applications, tlie following theorem is 
valuable : 

Theorem : If a covariant of two quantics of unlike order ^ jP(a?, aj) or jP(a, a) 
ha^ been fotmd which changes only by multiples of oC «wd aj when subjected to the 
suhstitution 

or a '^ a + Ua, 

* Semi-combinants of the two surfaces would be, for example, the tact-invariant, the equation of the 
developable having the intersection-curve for its edge of regression, and the equation of the locus of 
triple-secants of the intersection-curve. 
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then a semircombinant of a and a can be derived from F{a , a) by the addition of 
caoariant multiples of oC cmd aj, 

F' (a, a) = F' (a + Ua, a) = ^(a, a) + M.a + N.a, 

where M and N denote covariants. 

In proof of this I assume, what is not yet fully demonstrated, that there 
exists an affiliant groundform J. = a + Z.a. In use, this must be tested until it 
shall be generally proven. Substituting A for a gives a semi-combinant 

F'{a, a) = F{A, a) = F{a + a.L, a). 

But by hypothesis 

F (a + a.Lf a) = i^(a, a) + multiples of a and a, 
(say) =F{a, a) + M.a + Nm] 

that is to say, the semi-combinant F' (a , a) differs from F(a , a) by covariant mul- 
tiples of a and a, q. e. d. 

For precision in any proposed application the assumption spoken of must be 
verified for that case ; then the domain of rationality of the covariants F, M 
and N must be specified and the theorem restated. 

§9. AffUiants and Semi^ombinants in a System of more than two QiuinticSj and in 

Systems of Mixed Forms. 

In a system of more than two independent quantics of diflFerent orders in a 
given number of variables, those invariant concomitants are semi-combinants of 
the system which are semi-combinants of every pair of quantics taken separately. 
These must all be obtainable as concomitants of a derived system of ground- 
quantics, where each of the given quantics, except the lowest, has been replaced 
by an affiliant of all , quantics of lower order. If, for example, three quantics : 
fijfmifn are the groundforms of the system {l^m^n), then these are to be 
replaced by 

Fi = f + F^L,, « (/) +/,Z, , (/,), 

F^ being an affiliant of /„; jP,, a simultaneous affiliant of/„ and F^. Then it is 
evident, as in the case of semi-combinants of two quantics, that 
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Every simultaneofos covariant of the three quantics /«, i^m» ^i ^ <^ semi-com- 
binant of the quantics /m/w,/; (ind conversely, that every semi-combinant of the 
latter set is a simultaneous covariant of the former set. 

The proof that semi-combinant groundforms are affiliants of the several 
quantics of lower order, and the discussion of the complete system of differential 
equations satisfied by semi-combinants, appear more interesting even than the 
corresponding parts of the foregoing, where the number of quantics has been 
limited to two. 

So far, forms in a single set of variables have been treated. In addition to 
these, the theory of algebraic forms must deal with those containing two or more 
independent, or cogredient, or contragredient sets of variables ; first of all, if we 
follow Clebsch, those containing two sets of the same number of variables, mutually 
contragredient. Such mixed forms he calls connexes, and speaks of them by the 
use of two indices, as (mi, m,), denoting respectively the order in the one set and 
the order in the other set of variables. Without going into details, I may offer 
here the outline statement that. 

If two connexes have the indices (mj , m^) of the one not less than, and at least 
one of them greater than the corresponding indices (wi, n^, respectively, of the other ; 
then there exists in the aggregate of their simultaneous covariants a subgroup, their 
semi'Oombinants ; and their semi-combinant groundforms and affiliants can be found 
by a method exa^ctly analogous to that here given for quantics in a single set of 
variables. 

Univbksity, Evanston, III., November 80, 1894. 
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Simplification of Gausses third Proof that every 
Algebraic Equation has a Boot. 

Bt Maxihe Bocher. 



While Gauss's first and second proofs of the fundamental theorem of algebra 
have found many commentators, some of whom have even succeeded in essen- 
tially simplifying them, Gauss's third proof (Q^s. Werke, p. 59 and p. 107), which 
was evidently considered by the author himself as not the least worthy of notice, 
is seldom referred to and, as far as I am aware, no attempt has been made to 
simplify it. This last fact is doubtless due to the very simplicity of the original 
proof which precludes any very great simplification, while its apparent failure 
to excite the interest of mathematicians may probably be in part explained by 
the fact that it appears at first sight to consist of nothing more than a skillful 
manipulation of formulaB. I have shown on another occasion^ that Gauss's 
proof amounts practically to the application of a familiar theorem in the theory 
of the potential to the real part of the function 2/' (z) //(«), where /{z) = is the 
equation for which we wish to prove the existence of a root. The simplified 
proof which follows is really equivalent to the application of the same method 
to the function l//(z) . I have, however, followed as closely as possible the form 
of Gauss's proof. 

We will write the equation for which we wish to prove the existence of a 
root in the form 

OoZ" + ajz*-^ +.... + a^-iZ +1 = 0, 

and we will suppose that the coefficients a©, ai, . . . . a„.i are real.f Let us 

* In a note recently sent to the Bulletin of the American Mathematical Society. 
t Botli the proof here given and Gausses proof could easily be extended so as to cover the case of 
complex coefficients. 
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write z = r (co8 4> + i siii4>). Then the first member of the equation may be 
written t + ui where 

t = a^r^ cos w^ + air*~^ cos (n — 1) 4) + .... + a^-ir cos 4> + 1 , 
u = aor" sin np + (hf"^ sin (n — 1) 4> + , . . . + a^-ir sin ^. 

We have to prove that for some pair of values of r and 4>, t and u both vanish. 
Let us consider the double integral 

in which 

tf = a^nr^ cos n^ + a^{n — 1) r"""^ cos (n — 1) 4> + • • • • + «n-i^ cos ^, 
ti' = aonr" sin n4> + ai (n — 1) r"~^ sin (n — 1) 4> + • • • • + «»-i^ sii^ 4>- 

The function y which stands above under the signs of integration is evidently 
single-valued and continuous for all values of r and ^ except such as make 
<* + w* = , i. e. such as make t and u vanish together, since the factor r which 
appears in the denominator occurs also in each term of the numerator. If, then, 
there were no values of r and ^ for which t and u vanish together, we could, in 
computing the value of ft, perform the two integrations in either order. 

We have the following indefinite integral formulaB, as is seen by direct 
differentiation : 



fy^'=^^^ fy^=7{¥TW) 



If we take this last integral between the limits 4> = and ^ = 27t, we evidently 
get the value zero, since the indefinite integral vanishes at both limits. Thus 
by integrating first with regard to ^ and then with regard to r, we get 

Let us now integrate first with regard to r and then with regard to 4>. We get, 
by using the first indefinite integral given above, 

where T and U are the values of t and u when r= B. We will now take jB, 
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which has so far been entirely undetermined, greater than the largest of the 
following positive quantities : 



VSnloil J \^^n\a^\ V>\/8 n|a,| ll ^n 



«o| ' |«o| ' ^ |ao| ' Kl 

It is easily seen that for every value of 4> at least one of the following inequali- 
ties will hold : 

\T\>n. |?7|>«, 

viz. the first when \QO^n^\>\/\, the second when |sin ri4)|>>\/i. To prove 
this let us indicate by Cp, 4, >7p quantities numerically less than 1 except that 
I >7i 1 5 1 • Then we can write, when | cos ti^ | > V i , 



VSn 



P_^/8n|ai| p2_ V8n|aJ ^_ 

^1/ j j , ±h — j j , • • • • Xl/ -j j , 

KUi |«o|e» |«o|en 

T= ,^ Taocosn^. + 1^ + Kl-^ + . . . . + i^^l 

_ s/'in r Kl , JooK] _ 2n r 1 , >7» 1 _ n 
|«oUnLV2>7i 2V2J 6„ L,7i 2 J e^yl^' 

In the same way it can be proved that when |sin w^|>Vi, | U\^n. 

This being the case, 

T _ T^ + IP— T 
T^+U^ — ^ T^+IP 

will certainly be negative for all values of 4>, and its integral from ^ = to 
^ = 27C will be negative. Our hypothesis that there is no pair of values of 
r and ^ for which t and u both vanish thus leads us to the contradiction that £i 
has the value zero when computed in one way and a negative value when com- 
puted in another way. Our original equation must therefore have a root. 
Harvard University, March, 1895. 

* I a I means the absolute (numerical) value of a. We might easily have found smaller upper limits 
for R had there been an object in doing so. 



Note 8ur les lignes cyclotdales. 

Par Ren£ de Saussube. 



Les formules g6n6rale8 relatives aux roulettes ont 6t6 donn^es sous diverses 
formes, correspondant i, divers syst^mes de coordonn^es. II y a certains cas oil 
I'on arrive k des 6quations tr^-simples en se servant simultan6ment des coor- 
donn6es cart6siennes et des coordonn6es intrins^ques. 

Une courbe dont l'6quation intrins^ue est p = 4> (a) roule sur une droite; 
un point m du plan entrain6 dans le mouvement d6crit la trajectoire y =/(a5), 
Faxe des x 6tant la droite sur laquelle roule la courbe. Le probl^me consiste, 
6tant donn6e Fune des courbes 4> ou/, k trouver Tautre. 




Lorsque la courbe ^ toume d'un angle da= — , le point m vient en p, le 

point n en n', et Fordonn6e mn en n!p. L'angle mv/p = rfa = ■== = — . 

Si Ton d6crit I'arc de cercle pm' en prenant n' comme centre, on aura 
mn = nip = n'm^ et par suite nn' = mm' = dj/. D 'autre part Tangle nan' = da 
n^ dy 



na 



X 



. Egalant les trois valeurs trouv6es pour cftx, on a finalement : 



dc 
P 



dy &j 

a — x~'^ ' 
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6quatioiis qui resolvent le probl^me. Ces Equations permettent de plus, etant 
donn6e la courbe / de trouver la courbe ^ sans eflFectuer de quadrature, car en 
les r6solvant on obtient : 

da 

et il n'y a qu'i 61iminer x entre ces deux Equations. Supposons par exemple que 
la courbe /soit une conique dont un des axes coincide avec Faxe des x. Son 

Equation peut se mettre sous la forme: y*= ay? + 6, d'oii Ton tire : y ^ = ckb, 

et par suite: 

((T= (a+ l)aj, 
jp = (a+l)y. 

Eliminant a et y, on trouve pour Equation de la courbe roulante: p* = 
OCT* + 6 (a + 1)*. Lorsque la conique est une ellipse, (a<0), cette Equation 
repr6sente une 6picycloide ; d'ailleurs dans ce cas h doit etre positif. Lorsque la 
conique est une hyperbole, (a >• 0) , Tequation pr^cedente repr6Bente une famille 
int^ressante de courbes, dont la forme varie suivant que h est n^gatif ou positif 
(c'est-Srdire suivant Faxe de Thyperbole qui est pris comme base du roulement). 
Ces courbes ne semblent pas avoir 6t6 jusqu'ici consid6r6es comme appartenant ^ 
la famille des "lignes cycloidales " ; or chaque fois que la recherche d'un lieu 
conduit & une ligne cycloidale, les courbes prec6dentes satisfont aussi au probl^me, 
ce qui montre qu'elles ont les memes propri6t6s. C'est ainsi que Mr. Puiseux les 
a rencontres en cherchant les courbes qui sont semblables & leur d6velopp6e 
vH^^. Mr. Laisant et Mr. Cesaro en parlent aussi conjointement avec les lignes 
cycloidales, ^ propos d'autres propri6t6s, mais je crois sans les consid6rer comme 
des lignes cycloidales. Or, elles peuvent etre engendr^es par le roulement d'un 
cercle sur un autre cercle, elles rentrent par consequent dans la definition ordi- 
naire des lignes cycloidales. Cette g6n6ration, ^ pen prfes 6vidente, m6rite 
pourtant d'etre prise en consideration et il serait desirable de donner ^ ces 
courbes des noms appropri^s ^ leur nature. On pourrait par exemple appeler 
"paracycloide" toute ligne cycloidale pour laquelle a>0 et 6<0 et **hyper- 
cycloide " celle pour laquelle a > et ft > . Ainsi I'hyperbole est engendr^e 
par le roulement d'une paracycloide sur son axe principal ou par celui d'une 
hypercycloide sur son axe conjugu6. 
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Comme r6quation intrins^ue des lignes cycloidales engendrees par un point 
d'un cercle de rayon r roulant sur un cercle fixe de rayon R est : 

on voit que lorsque jB et r sont r6el8 la courbe est une 6picycloide, Si Ton pose 

R 

r= — +g'i (jB 6tant toujours r6el), P6quation pr6cedente ne contient pas 

d'imaginaires et de plus a >-0, 6< ; la paracycloi'de est done engendr^e par le 

R 
roulement d'un cercle imaginaire de rayon — - + qi (q 6tant une constante 

R 
arbitraire) sur un cercle r6el de rayon J? * Si Ton pose ^ = "s qi on retrouve 

la meme paracycloide ; celle-ci est done susceptible d'une double g6n6ration 
comme les 6picycloides (car r + r^ = R). La forme de la courbe est analogue k 
celle d'une d6veloppante de cercle ; elle a un point de rebroussement qui corre- 
spond au sommet de Phyperbole. Lorsqu'elle roule sur une droite le point qui 
d6crit Phyperbole est toujours le centre du cercle R. La paracycloide admet 
pour asymptotes les deux spirales logarithmiques p = :t ^/aa, qui correspondent 
aux asymptotes de I'hyperbole (ces asymptotes sont imaginaires pour les 
6picycloides) ; enfin la normale de la paracycloide est toujours ext6rieure au 
cercle R, le centre instantan6 des deux cercles devant etre imaginaire. Lorsque 
6 = 0, Fhyperbole se r6duit aux droites y= iVaa et la paracycloide d6g6nfere 

en spirales logarithmiques p = rfcVa a . 

R 

Si main tenant Fon pose r = p + -^ i (^^ rayon du cercle fixe 6tant Ri etp 

6tant une constante arbitraire) les coefficients de r6quation intrins^que sont 

encore r6els et de plus a >0, 6>0; Thypercycloide est done engendr6e par le 

roulement d'un cercle imaginaire sur im cercle imaginaire fixe dont le centre est 

R 
r6el. C'est toujours ce centre qui d6crit Phyperbole. En posant 7^= — p+ -x-t 

on trouve la meme hypercycloide et par consequent le meme th6or&me sur la 

*n est facile de voir comment une courbe imaginaire pent en roulant sur une courbe r6elle (ou 
imaginaire) engendrer une courbe rMle, car pour d^finir un d^placement du plan, il faut d^finir les 
d6placement8 de deux de ses points. Done un point unique peut ddcrire une trajectoire r6eUe sans que 
pour cela le d6placement du plan soit nteessairement r^l ; mais si le d^plaoement est imaginaire, il n'y 
aura jamais plus d'un point du plan d6crivant une courbe r^elle. 
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double g6n6ration (car r +7^ = Bi). La courbe a toujours la forme de spirale, 
mais le point de rebroussement a disparu. EUe admet les memes asymptotes 
que la paracycloide. Enfin la d6velopp6e de Fhypercycloide est une paracycloide 
et r6ciproquement. 

Si la conique donn^e est une parabole y*= 2p», on trouvera par la meme 
m^thode que la courbe roulante est une d6veloppante de cercle f? = 2/xt, c'est-i- 
dire encore une ligne cycloidale. Ainsi toute conique peut etre consider6e 
comme engendr6e par le roulement sur Fun quelconque de ses axes d'une ligne 
cycloidale; le point d6crivant la conique est toujours le centre du cercle B. 

II peut etre utile de reniarquer que les quantit^s p et a sont les coordonn6es 
cart&iennes du centre de courbure de la courbe roulante, correspondant au point 
de contact, puisque a est 6gale k Uabcisse de ce point de contact. Done les 
Equations donn^es plus haut qui font d6pendre x, ^ de p et or, permettent de 
trouver directement le lieu de ces centres de courbure lorsque la courbe /est 
donn6e ou r6ciproquement. Pour les coniques on a trouv6 que a et p sont pro- 
portionnels h x et y, le lieu des centres de courbure est done une conique 
semblable. 



Note an Lines of Ourvatttre. 

Bt Thomas Hardt Tauaferro. 
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In a note in the Comptes Rendus for March 26th, 1896, Professor Craig has 
given a condition for the determination of surfaces having lines of curvature 
corresponding to a system of conjugate lines on a given surface. 

Suppose the surface to be represented by the equations 

^=/i(p» 9i)y 

.2 =/8(p, pi), 

where p, pi are the parameters of a system of conjugate lines ; then in the note 
referred to it is shown how surfaces can be found whose coordinates are given by 

x=M^)^ Y=My)^ ^=^8(2), 

on which the original conjugate lines are lines of curvature. 
The condition to be satisfied is of course 

axax arar az az^Q .^. 

"3p" ^^ •" ap api ap api * v ; 

The first difficulty in the problem is in finding an initial surface whose coordi- 
nates are given explicitly as functions of the parameters of a system of conjugate 
lines. Certain methods are known for this, especially the elegant method of 
Eoenigs (Darboux, Vol. I, page 112), but all are very difficult of application in 
any particular case. 

I have ventured in the following brief note to give a simple application of 
the problem to the case of tetrahedral surfaces where wi = n, and also to give 
two examples. The tetrahedral surfaces are given by the equations (Darboux, 
Vol. I, page 142) : 

x = ^A{p — af{p, — aY,>i 

y = tiB{^-bnp,-bYA (2) 

2; = r(7(p — c)'»(pi — cf, I 
36 
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where p, pi are the parametei's of a system of conjugate lines; m, n, A, B, G 
any real constants ; and ^, fi, v either 1 or i. 

The left-hand members of (2) all satisfy the equation 






(3) 



since p, pi are the parameters of a system of conjugate lines, but as sc* + y* + z* 
does not satisfy equation (3), p, p^ are not the parameters of the lines of curva- 
ture. It is readily seen that the condition to be satisfied in order that p, p^ 
should be the parameters of the lines of curvature is 

aM» (p — a)^-Xpi — ay--' + fi'B' (p - b)^-'\p, — 6^"^ 

-|.^»(7»(p — c)«~-Xpi — ^r"'=0- (4) 

I. — Tetrdhedral Surfaces^ when m = n. 

When m = n, the expressions for the cartesian coordinates a:, y, « of the 
tetrahedral surfaces in terms of the parameters p, pi of a system of conjugate 

lines become 

x = %A{if — aY{f^ — aY, I 

y = ^J?(p-6r(pi-6)-, V (5) 

z = vC7(p — c)'"{pi — cy. ) 



The equation of condition (4) becomes 

;iM» (p — a)»«-\pi — a)*'"-i + ii^B' (p — 6r-Xpi — i)**""' 

+ ^2C'»(p — cy~-Xpi — c)^'"^^=0, (6) 

The equation of the tetrahedral surface on eliminating p, pi is readily seen 
to be of the form 



<or-H,9""+K^)""='. 



(') 



where 



a ^ 



(a — h){a — c) ' 

1 
{a—.h){h — c)' 

1 
(b — c){a — c) ' 
a — |3 + y=0. 



/3 = 



y= 
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On adopting the convention 

it is seen that a, /3, y are real, positive quantities fulfilling the condition 

I say that writing 

X=A^x^/«^ T=hy^^. Z=z^iz), 

where Jci , k^ are arbitrary constants, <I> (z) can be so determined by means of 
Craig's formula that on the derived surface p, p^ will be the parameters of the 
lines of curvature, and furthermore that the derived surface will be a quadric 
surface depending on -4, £, C, A*, /tz, r, A^i, fc^ for its form. 

Since equation (1) consists of a single equation between three quantities, 
two of them may be assumed and the third determined. 

Let 

^x(x) = A^x^/'^ ^,(2/) = *,y^/^ ^3 (.) = <!>(.), (8) 

where <I> {z) is to be determined. 

Substituting these values (8) in equation (1), the following equation is 
derived : 



,8m-lti » 






'• * («) = ^^ \ (^^)''"^ + (Z*^)''"^ }*• (9) 



The derived surface has for its cartesian coordinates X, T, Z the following 
expressions : 

r=&,(^5V/^(p-6)*(Pi-i)*, \ (10) 

z— =b i{;tf (A.^)'/*" +;5^ (^J5y/"}*(p-c)* 



)*(px-c)J 



276 Taliaferro: Note on Lines of Curvature. 

Equations (1) and (3) are satisfied, and the equation of the derived surface on 
which p, pi are the parameters of the lines of curvature is 

"* m^Af^ ~^T4 (jiBy^'^ ~^J^ (a.ii)^^-+ Ji (iiBy^- ~ ^ ' ^^^^ 

Equation (11) is the equation of a quadric surface depending on A, ^, C7, 
X, fij V, ki, k^ for its form. 

II. — Examples. 

I. m = n = i, X = i'=l, (i^=^i. 
Equations (5) become 



\: 



■x= ^(p_a)»(p, — a)», 
y = .-5(p-6)»(p,-6)*. 
.z= C7(p-c)'((h-c)». 
Equation (7) becomes 



which is the equation of an ellipsoid. 

The equation of condition (6) that p, pi should be lines of curvature on the 
original surface reduces in the case of the ellipsoid to 

Equation (8) becomes 

'^1 (») = *ia:, '4^, (y) = A^y , '4^8 (») = 4> («), 

The derived surface has for its cartesian coordinates X, F, Z the following 
expressions : 



I 



X= ^^(p — a)*(pi — a)*, 

Z = ± (AJ5»- A?^«)»(p-c)*(p,-c)*. 



The equation of the derived surface becomes 



X* . ^_yi . __j£!__-i 



which is a quadric surface. 
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Making certain suppositions on Jci, Jc^ the following surfaces are derived: 

k, = l, i,= l, a^+(3^ +y^g^^!^3 = l,5>4, an ellipsoid; 

X* F* Z^ 

ki = i, Jc^ = lj —a - g- + ^ -y^g- + y -m t a^ — ^» ^^ hyperboloid of one sheet; 

A?! = 1 , A:^ = i, a —j^ — /? -^ — y p^ .^ = 1, an hyperboloid of two sheets. 

Writing the equation of condition (1) for the case of the ellipsoid, it 
becomes 

(f)'^'-(f')'^+(f )■''•=«• c^) 

On writing 

equation (12) is satisfied and the values of ij/i, -^i, if's are 

ii(a!)=£(7x, ^,(y)=V2C^y, ■4>,{z) = ABz. (13) 

The expressions for the cartesian coordinates X, Y, Z of the derived sur- 
face on which p, px are the parameters of the lines of curvature are 



= _ i?(p-a)*(pi— a)*,) 

= V2iZ?(p-5)*(pi-6)*.^ (14) 

= Z?(p-c)*(pi-6)',3 



X= i)(p_a)*(pi-a)*, 
F= 
Z 

D-ABG 



The equation of the derived surface is represented by 

jD» "'" /^ 2D» "•" ^ !)» 



«-rr + ^onJ + y-7^ =1' (15) 



which is an ellipsoid. 

On writing %=l,|u = v = t, the initial equation becomes an hyperboloid 
of one sheet, and for % = |u = l , v = i, the initial equation is that of an hyper- 
boloid of two sheets. In both cases there can be derived, as in case of ellipsoid, 
quadric surfaces depending on h^yTc^, A, B, C for their form. 
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2. in = n^2, ;i = |[i = v=l. 

Equations (5) become 

rx = ^(p — a)»(pi — a)^ 
\y=B(f-hf{^,-h)\ 
U=t7(p-c)Mpi-c)«. 
Equation (7) becomes 

<x)'-^a)'+K-^)'='. 



which is the equation of Steiner's surface. 

The equation of condition (6) that p, p^ should be the parameters of the 
lines of curvature on the original surface reduces in the case of Steiner's 
surface to 

Equation (8) becomes 

^1 (») = *i!B*, -4/, (y) = Avy*, i>t (a) = <I> (2) , 

«D (z) = ± ^vvz+vi?. 



{ 



The derived surface has for its cartesian coordinates X, F, Z the following 

expressions : 

X=A^ilKp-«)*(pi-«)*, 
r=A^5*(p-6)*(p,-5)*, 

Z = =bi{A^^*+ ^5*[*(p — c)*(pi-c)*. 
The equation of the derived surface becomes 

"^AjJ^* '^ij^* ^A^A* + ;i|i?*~^' 

which is a quadric surface. 

Making certain suppositions on A^i, A;,, the following surfaces are derived : 

X^ y« 2^ 

A^=l, \=:i, a-jj- +/3--gj- +y -gj— ^^^==1, £> ^ an ellipsoid ; 

fcj = i, ijj = i, — a -jp + p -^ + y p^ .^ = 1 , an hyperboloid of one sheet ; 

X^ y2 2P 

A?! = 1 , ijj = 1 , a -jy- — /? -j^ — y p^ '^ = 1 , an hyperboloid of two sheets. 
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Writing the equation of condition (1) for the case of Steiner's surface, it 
becomes 

+ G'{^)\9-<^yipi-oy=o. (16) 

On writing 

equation (16) is satisfied and the values of i^j, 4^9) 4^8 ^^^ 

^,{x)=AA^BGx^, ^,{y)=W2iABWy^, ^,{z) = 4.ABG^2^. (17) 

The expressions for the cartesian coordinates X, F, Z of the derived surface on 
which p , pi are the parameters of the lines of curvature are 

X= .D(p — a)*(pi — a)*,^ 

Y=V2iDip-by{p,-by,y (is) 

z= D(p-cy{p,-cy,) 

D = ^ABG. 

The equation of the derived surface is represented by 

X* T^ Z^ 

a-;^ + /?2;p + y^ = i, (19) 

which is an ellipsoid. 

In the case of quadric surfaces, and also of Steiner's surface, there can be 
derived other quadric surfaces by assuming any other two of the ^''s and deter- 
mining the remaining one as above. 

It is also readily seen that it is necessary and sufficient for X, F, Z to have 
the following values : 

in order that (24>(z) should be an exact differential in the case of tetrahedra 1 
surfaces when m'=^n. 

For write X^h^^"^, Y—\]^^'^, Z=*(z), (20) 
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where t is any constant, then the following expression for d^ (2) is derived from 
equation (1) : 

rf«D (a) = ± it\lA{p^AY"^ (p - a)«-' (p^ — a)«-» 

+ ^(^5f/-(p-if-Upi-6f-M»{(Pp^y'«P+ (^^)V}- (21) 
Write 

it { T^ {%AY"{f - a)«-»(pi - a)"-! + 1^ (/z5f /""(p — 6)«-'(pi — Jf-^* = U, (22) 
the condition for the integrability of equation (21) is 

dpi \p — c/ dp \pi — c/ 

\p — c/ 9pi \pi — c/ dp 



(23) 



Since in general 



Pi — c . p— c ^ 
p — c pi — c' 



(24) 



it is necessary, in order td satisfy equation (23), that 

dp api 

or 

^i<{^(;iX)«/"(p-a)«-v-a)"-*+*i(i^5r'"(p-ir-'(pi-&r-n*=o, 

|-t<|AJ(X4)«/-(p-a)«->(p,-a)«-»+A|((u5)«/-(p-6)»'->(p,-5)«-»}» = 0, 

which requires 

zV|A^(A,^)«/-(p— af-Xpi— «)"~'+>^(i^^r^^^ (26) 

for which it is necessary and suflBcient that t=^\. Hence 

Other special cases may arise where ^ =5^ i, but they will obviously require some 
relation to exist between the constants in equation (25). 
Johns Hopkins University, May Ut, 1895. 
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On the Deformation of Thin Elastic Wires. 
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1. An account of the various attempts which have been made to construct a 
theory of the deformation of a thin elastic wire, together with the solution of 
various problems of interest, will be found in the second volume of Mr. Love's 
recent Treatise on Elasticity. The above work also contains a variety of geo- 
metHcal investigations connected with this subject, and the methods employed 
are of considerable novelty, power and elegance. But Mr. Love's treatment of 
the physical portion of the subject is not at all so satisfactory ; and this is in great 
measure due to the fact, which I have commented upon in my recent paper on 
the Deformation of Thin Elastic Plates and Shells,* that he appears to entertain 
some objection against the method of expansion, and has also been unable to 
emancipate himself from the imperfect methods of the German and French 
schools. 

* Amer. Journ. of Math., Vol. XVI, p. 256. 
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I am of opinion that the most satisfactory way of constructing a complete 
theory of the small deformations of thin wires is to employ the method explained 
in my paper on the Theory of Elastic Wires ;* but unfortunately that investiga- 
tion contains a slight slip in the work, which arose from my having copied an 
equation wrongly and used the wrong equation in a subsequent portion of the 
paper. In consequence of this, the values of the two flexural couples are not pro- 
portional to the changes of curvature, as ought to be the case. This circumstance 
may possibly have led Mr. Love to entertain doubts as to the soundness of the 
principles upon which the theory was based ; whereas the real fact is that the 
theory is a perfectly sound and unimpeachable one, and when the error is cor- 
rected it leads to results which have been established by methods of a more or 
less imperfect character, which agree with those obtained by Mr. Love, and 
are now generally admitted to be correct. 

Under these circumstances I think that a further exposition of the theory 
of wires is needed, and this is what I propose to give in the present paper. I 
shall commence with the theory of the small deformations of a naturally curved 
wire ; I shall then discuss the theory of finite deformations, in which finite 
changes of curvature and twist occur; and I shall lastly work out the solutions 
of various problems of interest. 

In most problems of practical interest, the wire is made of flexible and well- 
tempered metal such as steel; also its cross-section is uniform and circular, and 
the radius of the latter is small in comparison with the radius of principal curvar 
ture of the wire at any point of its length. Wires of this description are called 
thin vdres, and to such wires the following investigation will be exclusively 
confined. It is also obvious that the central axis of a metal wire may usually be 
regarded as inextensible, since any extension of the axis which might possibly 
be produced by any given forces is extremely small in comparison with the 
flexion and torsion actually produced. We shall therefore suppose that the 
-extension of the central axis may be neglected. 

The General Equations of Equilibrium. 

2. When a thin wire, whose natural form is any curve, is deformed, the lines 
which before deformation coincided with the principal normal, the binormal and 
the tangent to the central axis will not usually coincide after deformation with 
the principal normal, the binormal and the tangent to the deformed central axis ; 

•Proc. Lond. Math. Soo., Vol. XXIII, p. 105. 
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and as our object is to obtain equations which are applicable to a wire finitely 
deformed, it is convenient to choose as our axi^of reference the above-mentioned 
lines in the deformed wire. If, however, the deformation is small, it is imma- 
terial whether the axes are supposed to refer to the deformed or the undeformed 
central axis, since any error which might be introduced would be of the second 
order of small quantities. 

The resultant stresses which act across any transverse section of the 
deformed wire are six in number, and consist of 

7^ = a tension along the tangent to the central axis, 

i^i = a shearing stress along the principal normal, 

iVi = a shearing stress along the binormal, 

J5r = a torsional couple about the tangent, 

(?i = a flexural couple about the principal normal, 

(7, = a flexural couple about the binormal. 

To obtain the equations of equilibrium, let Q be any point on the central 
axis ', Qx, Qt/y Qz the principal normal, binormal and tangent to the central axis 
at Q. Let Q be any point on the central axis near Q\ 0^ O the centres of 
principal curvature at Q and Q ) let 5^), hri be the angles of contingence and 
torsion at Q, so that QOQ =^h^, OQO =^hYi\ let p, a be the radii of principal 
curvature and torsion at Q. Also let T+Sr, Ni + hN^, etc., be the values of 
the resultant stresses at Q, and ^, ^, X; %, ^, ^ the components of the 
bodily forces and couples per unit of length of the wire. 




The equations of equilibrium are obtained by resolving all the forces and 
couples which act upon the element 5«, parallel to Qz^ Qx, Qy. We thus obtain 
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'I-';^^ 


dNi 

ds - 


-?+;+* 








^-v» 


dGy 

ds ' 


-f+f-^.- 




1."'+:'+^.- 



= 0, 



= 0, 



= 0, 



= 0, 



= 0, 



= 0. 



(1) 



In statical problems the three couples ^, gfit, ^ are usually zero; but in 
dyaamical problems they must be replaced by the time variations (taken with 
the negative sign) of the components of the angular momentum of the element. 

Equations (1) in their present form do not enable us to solve any statical or 
dynamical problems ; in order to do this we require the values of the three 
couples. We shall hereafter show that the flexural couples are proportional to 
the changes .of curvature, whilst the torsional couple is proportional to the 
change of twist; and these theorems combined with (1) are suflScient to enable 
us to solve a variety of problems relating to finite deformations. When the 
deformation is small, the values of the three couples (and consequently the 
changes of curvature and twist) can be expressed in terms of the displacements 
of the point Q, together with a certain angle /? which is connected with the 
twist; and these results combined with the condition of inextensibility will 
furnish a suflScient number of equations for the solution of every problem. 



Theory of Small Deformationa. 

3. In the theory of thin plates and shells, the three stresses R^ S, T vanish 
at the free surfaces of the shell, provided the latter are not subjected to any surface 
pressures or tangential stresses; and I have shown in my previous papers that, 
subject to this limitation, the terms of lowest order which these stresses contain 
are quadratic functions of h and A^ where 2A is the thickness of the shell and h! 
is the distance of a point in its substance from the middle surface. The coeflfi- 
cients of h and h! in these quadratic functions are unknown quantities which 
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cannot be determined by any direct method; but I have shown that if the inves- 
tigation is confined to an approximate solution which does not involve higher 
powers of the thickness than the cube, it is not necessary to ascertain the values 
of these unknown quantities ; in other words, the three stresses which vanish at the 
surface may he treated as zero. Under these circumstances it appeared to me that 
the most natural and appropriate course was to employ a similar hypothesis as 
the basis of the theory of wires. 

In the figure let P be any point in the cross-section through Q, and let 
Q^i Qif^ Q^ be a subsidiary set of rectangular axes of which the axis of ocf passes 
through P; also let P, Q, R, S, T, U be the six components of stress at P 
referred to this subsidiary set of axes. Since the cross-section of the wire is 
circular, the three stresses P, T, U must vanish at the surface provided the 
latter is free from stress ; and from analogy to the theory of thin plates it is 
natural to suppose that within the substance of the wire these stresses are small 
quantities ichich may he treated as zero provided the solution is confined to a cer- 
tain degree of approximation. And I found that if the terms of lowest order in 
P, y, CTwere quadratic functions of c and r, where c is the radius of the cross- 
section and QPz='r, the values of the three couples could be calculated as far 
as i\iQ fourth power of the radius by treating P, T, U as zero, since the reten- 
tion of these quantities would lead to terms involving higher powers of c than 
the fourth. I accordingly based the theory on the following fundamental 
hypothesis : 

The three stresses P, T, U are small quantities lohich may he treated as zero, 
jrrovided the surface of the loire is not subjected to any surface forces such as pres- 
sures or tangential stresses ; and provided also that the approximate expressions for 
the energy and couples do not include any higher poioers of the radius of the cross- 
section than the fourth. 

This hypothesis may possibly appear a bold one, especially as I was unable 
to bring forward in support of. it evidence furnished by the general equations of 
elasticity of the same character as can be produced in the case of the corre- 
sponding hypothesis which forms the foundation of the theory of thin plates and 
shells; but the results to which this hypothesis lead conclusively establish its 
correctness. 

4. The development of the theory of wires has been retarded by an erroneous 
assumption of Saint-Venant, that the three stresses P, Q, CTare accurately zero. 
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Saint- Venant made this hypothesis the basis of his theory of the torsion of prisms, 
and it is remarkable that he was thereby led to results which are undoubtedly 
correct when the prism is infinitely long* I have considered this theory in my 
paper on wires,* and have shown on page 125 that all the results can be obtained 
without the ciid of this highly objectionable hypothesis. The fallacy of writers 
who have followed Saint- Venant lies in the fact that they have imagined that a 
iypothesis which happens to be true in a class of problems of a very special 
character, can be made the basis of a general theory of wires. It can be shown 
that when the cross-section is circular, Q will vanish to a certain order of approx- 
imation provided P does ; consequently if P may be treated as zero, Q may also 
be so treated. But a result which drops out incidentally in the course of the 
work is a totally different thing from an assumption which dogmatically asserts 
that the result is true ; and the objection to assuming that Q may be treated as 
zero lies in the fact that, since it does not vanish at the boundary, no valid reason 
can be assigned for supposing that in the interior of the .wire it is a small quan- 
tity which may be neglected. 

The fact that the stress Q may not in general be treated as zero, unless the 
cross-section is circular, may be seen by considering the case of a wire of elliptic 
cross-section. If the ellipse be supposed to degenerate into two infinite parallel 
straight lines, the wire will become a thin plate, and the stress P in the theory 
of wires becomes the stress R in the theory of plates ; whilst the stress Q in the 
theory of wires becomes the stress P (or Q) in the theory of plates. Since P 
(or Q) in the theory of plates may not be treated as zero, it follows that the stress 
Q in the theory of wires may not in general be so treated. 

6. The mathematical development of the fundamental hypothesis and the 
procedure employed for calculating the values of the three couples are so fully 
explained on pages 108 to 116 of my paper on the Theory of Wires previously 
referred to, that it will be unnecessary to reproduce the investigation. I shall 
therefore proceed to show how the error I have alluded to arose, and how it is to 
be corrected. 

The strain g is correctly given by equation (11) of that paper, but in copying 
out equations (13) to (18) on p. Ill a term has been omitted in (15). The cor- 
rect equation is 

g= — ^r^--£-^-«'co80+t/8in0y (2) 

^ p — r cos \ a^) a ad J ^ ' 

*Proc. Lond. Math. Soc., Vol. XXIII. 
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The value of ti/ is correctly given by equation (31), and when the omitted term is 
supplied in equation (32) it will be found to lead to exactly the same values of 
the two flexural couples as those given by Mr. Love,* which are, as he has shown, 
proportional to the changes of curvature. The value of the torsional couple 
given by myself is quite correct, and it is proportional to the change of twist. 
For brevity write 

^ _du . w V dv ^ u ,_. 

^-^ + 7--T ' '' = 5; + v (^) 



P 






where u^v^w are the displacements of a point on the central axis along the 
principal normal, binormal and tangent, and we shall obtain the following 
equations : 

u' = rai + 1/ cosd + t; sin e + (^~^)^ (gcos© + <S|sine), 



4tm 



4m 



(5) 



e=/=(y, + (^-^)^ (gcose + <j|8mg), (6) 

gr = (T3-r(f cos0+<S|sin0), (7) 

m — n^ , V 

(Ti = (T8= 2^ (T3. (8) 

From equations (6) and (7) it follows that P= Q, and since P has been 
assumed to be a small quantity which may be treated as zero to the order of 
approximation adopted, it follows that Q may also be treated as zero; accord- 
ingly Saint-Venant's assumption with regard to the latter quantity drops out as 
an incidental result in the case of a wire of drcvJar cross-section. 

From equations (6), (7) and (8) we obtain 

e=/= ^9. (9) 

This result shows that for any fibre which is parallel to the axis of the wire, 
the ratio of lateral contraction to longitudinal elongation is equal to Poisson^s ratio. 
Equation (8) only establishes this proposition for the central fibre. 



•Theory of Elasticity, Vol. II, pp. 168-169. 
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Again, if J8 be the normal traction at any point of the cross-section, 

B=:{m + n)g + {m-n){e+/), 
(3m —n)n 



(10) 



by (9), where q is Young's modulus. We have, therefore, proved the following 
theorem : 

When a mre of circular cross-section is ttoisted as well as bent, the normal trac- 
tion at any point of a cross-section is equal to the product of Young^s modulus and 
the extension at that point. 



6. The values of the two flexural couples are 

G^ = fjJ^Rr^ sin QdrdQ, 
(?, = —fJJ^'Rr^ cosBdrdO. 



(H) 



Now we have stated that in most practical applications the extension of the cen- 
tral axis may safely be neglected ; under these circumstances (Tj = , whence if 
we substitute the value of iZ in (11) from (10) and (7), and the values of ^ 
and (^ from (4), we shall obtain 



which may be written by virtue of (3), 



(12) 



(13) 



which agree with the expressions for the flexural couples obtained by Mr. Love. 
The value of the torsional couple H as shown in my paper is 

1 dv 



^=*-Kf + f5 + ^) 



(14) 
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Energy of the Wire. 

7. The potential energy of the deformed wire per unit of length is 

i/* r[(w + n)A»+n{a«+6*+c^— 4(e/+/flr + ^e)}]p-^(p — rcose)r(ird0. (l) 

By the fundamental hypothesis the strains h and c are to be neglected, since on 
integration they would lead to terms involving higher powers of the radius of 
the cross-section than the fourth. The value of the strain a is shown in my 
paper to be 

The values of e, / and g given by (6) and (7) of §5 only include the first 
power of r, and in order to calculate the potential energy when the central axis 
is supposed to undergo extension, it would be necessary to proceed to a higher 
degree of approximation so as to obtain the terms in r^ ; for if e contained the 

term ^r*, the expression (1) would contain a term / / ^^/TiT^ drdd which is 

proportional to the fourth power of the radius. If, however, the central line is 
supposed to be inextensible, the terms a^ a^ are zero, and the expression for the 
potential energy becomes 

Recollecting the values of the couples given by (13) and (14) of §5, and 
putting A and G for the flexural and torsional rigidities, this may be written 

W=i{Oi/A+Gi/A + E*IC), (3) 

a form which is often useful. 

The kinetic energy ^ per unit of length is given by the equation 

S = i7i/ic*(w« + v^+t^) + inhc'jS' + inhc'(yi? + /i*), (4) 

where h denotes the mass of a unit of length. 

8. These formulaB may be verified by means of the variational equation of 
motion, which thus forms a test of the correctness of the work and of the funda- 
mental hypothesis on which the theory is based. 

The equation in question is 

8W+6^ = SU+6^, 
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where 

5g = 7th(?f\uhu + vh} + whw + i <*0hp + i c» {J<Z% + ^V) \d8, 

hU— C{Xhu + r5» + Zhw) ds , 

(jL8 

and if we work out the variation by the ordinary methods of the Calculus of 
Variations, and take account of the condition of inextensibility, we shall find 
that (i) we shall reproduce the values of the three couples which we have 
already obtained; (ii) we shall reproduce the third of equations (1) of §2; 
(iii) we shall reproduce an equation which is the result of eliminating y between 
the first and second of (1). 

Theory of Finite Deformations. 

9. When a thin wire is slightly deformed and the central axis undergoes no 
extension, the expressions for the flexural and torsional couples are given by (13) 
and (14) of §5; and it is shown in Mr. Love's treatise that the expressions in 
brackets in these equations are respectively equal to the changes of curvature 
and twist. It may therefore be anticipated that these couples are proportional 
to the same geometrical quantities when the deformation is not small ; and this 
we shall now show to be the case. 

The method of constructing a theory of finite deformations, which has been 
adopted by Mr. Love in the second volume of his book, appears to me to be very 
unsatisfactory and diflScult to follow. I do not find the argument on p. 93 at all 
convincing, and on p. 157 he does not attempt to give any formal proof that 
these three couples are proportional to the changes of curvature and. twist, but 
dismisses the subject with the perfunctory remark that " as there is some contro- 
versy about this result, it may be as well to indicate another method of proof," 
which occupies a paragraph of about a dozen lines. It was no doubt unfortunate 
that, owing to the slip which I have corrected in the previous part of this paper, 
I failed to obtain the correct values of the two flexural couples ; but surely the 
author of what purports to be a classical treatise on Elasticity ought to have cleared 
up this point and not to have left it in doubt. 

10. If we fix our attention on a small element of a finitely deformed wire, 
whose centre of inertia is P, the displacement of any point Q of the element 
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will be made up of three distinct parts, viz. (i) a translation of the whole element 
from one position in space to another, (ii) a rotation of the whole element about 
some axis through P, (iii) a distortion of the element which produces an altera- 
tion in the position of different points of its substance relatively to one another. 
The first two parts are displacements such as a rigid body might undergo, and 
cannot therefore produce any strain in the element. The internal strains which 
the element experiences accordingly depend solely on the third kind of displace- 
ment, that is, on the displacement of Q relatively to P. 

Let PQ be the central axis of the undeformed element ; draw any plane 
through the tangent at P, let (7 be the centre of curvature of the element in this 
plane, and the centre of principal curvature. 

O 




The bending can obviously be effected by means of two opposite couples 
applied to the ends of the element, whose axes are perpendicular to the plane 
PGQy which will be called the^?aw6 of bending. The effect of the bending will 
be to change the curvature at P in the plane PCQ, and also to extend or con- 
tract all filaments, such a^pq, which are parallel to PQ, but the lines pq and 
PQ will remain sensibly parallel after bending. 

The torsion can be effected by applying equal and opposite couples to the 
ends of the element, whose axes coincide with the tangents at P and Q. The 
effect of the torsion will be to twist all lines such as pq which lie on the surface 
of the cylinder ApqB through small angles, so that after torsion they will assume 
positions slightly inclined to their former ones. 
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The flexion and torsion will also produce various deformations of a secondary 
character, but these may be neglected in working out the approximate solution 
which we shall obtain. 

Let p , p' be the radii of curvature in the plane of bending before and after 

deformation, pi the radius of principal curvature; also let qQO^=d, qQG = ff, 

Qq — T. 

Before bending, 

pq _ Pi — T cos Q 

PQ~ Pi • 

The effect of the bending will be to displace the point q through a small 
space r^o cos ffj where 80 is the rotation due to bending about a line through Q 
perpendicular to the plane of bending. Now if C' be the centre of curvature in 
the plane PCQ after bending, 

whence the displacement of q along pq is 

rSo) cos ff = PQ f—f- — — J r cos ff, 

Vp' p y 

consequently if (Xg be the extension, 

r So cos ff 

pq \p' 

if higher powers of r than the first be neglected. 

The effect of the torsion will be to displace the line pq to the position ps, 
and therefore the above expression for the extension is not rigorously accurate 
when there is torsion as well as flexion, but the error depends upon the square of 
the small angle qQs and may be neglected. 

If R be the normal traction perpendicular to the cross-section, we have 
already proved that when the deformation ie small, 

R = q(yi (2) 

where q is Young's modulus ; and since our results in the present case must be 
consistent with those which we have already obtained when the deformation is 
small, we shall a^su/me that (2) is true when the deformation is finite. This is the 
only assumption which it will be necessary to make. Under these circumstances 
we obtain from (1) and (2), 

E=—q(\ — —^rQOH&. 



ori = = — ( — p — — j r cos e', (1) 
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The flexural couple O about the normal through Q to the plane of bending is 



G = —^J^R'i* co8» Ur dff , 

=w,(|-|), 



(3) 



and is therefore proportional to the change of curvature in the plane of bending. 
The flexural couple about QG is obviously zero. 

11. We shall now resolve this couple about two arbitrary axes Qx, Qy 2Lt 
right angles to one another in a plane perpendicular to the tangent at Q. 




In the figure, QG is the normal to the wire in the plane of bending, ^iV^is 
the normal to this plane at Q, and G is the centre of curvature in this plane. 
Let GQx = NQt/ = q> ; then if (?,, G^ be the flexural couples about Qx, Qy, and 
A the flexural rigidity, 

(?^ = — (? sin <^ = — ^ ( JL _ ±^ sin <^ , (4) 



Gy= Gcoa^= A f-^ -^ cos <^. 



(5) 



Let QOj QO be the principal normals at Q before and after bending; 
0, O the centres of principal curvature; also let GQO^=^x^ GQO^=^'x!* ^^^ 
R^y R!g, Ryj Ry be the radii of curvature before and after bending in planes 
perpendicular to Qx, Qy, and let pi, pi be the radii of principal curvature 
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before and after bending. Then 

—f-=z—f COS y 

P' pi * 



R 



1 1 • / JV 



1 

P 
1 

i2» 



P> 



cos;^ 



= — sin (^ — ;c), 



-^ = -^008(4,-^), 



^- = — C08(^ 



i2. 



Pi 



■X)' 



(6) 



Since the curvature in the plane through the tangent which is perpendicular to 
the plane of bending is unchanged, 

1 



—r sin y = — sin y . 
pi ^ pi ^ 

From the first and second of (6) combined with (7) we get 

11. 1 
-EFT = — sm A cos A sm y , 

11. 1 

= — sm d) cos A sm y , 

P ^ Pi ^ '^ 



(7) 



B. 



whence 

accordingly 

and in the same way 






- -^(^1^--^;)' 



sin ^, 



a. 



(8) 



(9) 



where A=:i7tqc^ is the flexural rigidity. This shows that the flexural couples 
about the normals to any two planes at right angles to one another are propor- 
tional to the changes of curvature in those planes. The negative sign in (8) is 
accounted for by the fact that owing to the way in which the quantities are 
measured (?, is positive when the curvature is diminished. 

12. We must now find the torsional couple. 

The flexion simply displaces the point q along pq ; the torsion produces a 
displacement along the circular arc to «, so that the line pq assumes the posi- 
tion^. 

Let the angles 

qps — '4^, qQ8= r.PQ, 
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then r<t.PQ='P8.'^, 

whence , PQ ort 

pq p — r cos 

Now tl/ is the shearing strain perpendicular to Qq in the plane QqB, whence if 
H be the torsional couple, ♦ 

= i7tc*nT. (10) 

The quantity t is the change of twist, and is the same quantity which Mr. Love 
denotes by r' — t. 

Potential Energy. 

13. Since the work done by a stress is equal to half the product of the stress 
into the strain produced, it follows that the work done by flexion is 

by (1) and (2). 

The work done by torsion is 

in/ / '\i/rdrd$=^^7uMn^. 

It therefore follows that if W be the potential energy per unit of length, 

TF=i«'*|i?(-^-y)+nT»|, (11) 

which agrees with the results we have already obtained when the deformation is 
small. 

Equilibrium of Naimrdtly Straight Wires, 

14. The preceding formulsa can be simplified when the wire is naturally 
straight. In this case the curvature in every plane through the axis of the wire 
is zero before deformation ; and since the change of curvature in that plane 
through the tangent to the deformed wire which is perpendicular to the plane of 
bendmg is zero after deformation, it follows that the curvature in the above- 
mentioned plane is also zero after deformation. Hence the plane of bending is 
the osculating plane of the deformed wire. 
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From this it follows that 

whence, by the fourth of equations (1) of §2, 

ds "• 
or J5r= const., 

which shows that the torsional couple is constant throughout the length of the 
wire. 

This is a very important proposition. 

16. We shall now proceed to integrate the equations of equilibrium of a 
naturally straight wire. 

Since n\a constant and 6^1 = 0, it follows that if w denote the curvature so 
that ar= 1/p, equations (1) of §2 become 

^-N,<,= 0, (1) 

^_f.+ n.=o, (2) 

f + f=0, (3) 

-^-flW + iSr, =0, (4) 

^' + M =0. (6) 

Since 0,= Aw, we obtain from (1) and (5) 

dT dm_ 

whence T=P — ^An^, (6) 

where P is a constant. 

From (4) we get ^^ ^ ^^_ A>^ ^^ ^^^ 

and from (1) and (6) ^f — A— (S) 

%Af8 

From (7) and (8) combined with (3) we get 

dw , d /nj*' 



^'t-^iii.T^"' 



38 
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^^"^^^ A = i^+«, (9) 

(T to 

where Q is a constant ; accordingly by (7) 

N^=(\H--^^m. (10) 

To obtain a third integral, substitute the values of T, N^, N^ from (6), (8) 
and (10) in (2) and we get 

^»^ + (|if» — P^)m— ^+ i^V = 0. (10. A) 

Integrating we obtain 

(Am ^y= - UV + {AP - \H^) w' + Ea^-Q', (11) 

where R is another constant. 

16. From (11) we see that {dn^/dsf is a cubic function of t»^, and therefore 
m* can be expressed in terms of s by means of elliptic functions of the first kind. 
Let i-4.*Z denote this cubic function ; then collecting our results from (6), (9). and 
(11), we have the following three first integrals of the equations of equilibrium, viz. 



T=P — 



(12) 



The first of (12) merely determines the tension, but the second leads to 
important results. If the curve assumed by the wire is a plane curve, <t = oo ; 
whence if Q is not zero, m must be constant, and therefore the curve is a circle. 
If, however, Q is zero, a is constant, and therefore the curve assumed by the 
wire is one of constant tortuosity ; and if we suppose the curve to be plane, so 
that or = 00, it follows that H must be zero and the wire devoid of twist. From 
these results it follows that if a naturally straight wire is twisted as well as bent, 
the circle is the only plane curve which is a possible figure of equilibrium ; but if 
the wire is bent without being twisted, a family of plane curves exist whose 
curvature is expressed in terms of the arc by means of the last of (12). The 
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curves are of course the elastica family, whose properties have been discussed by 
various writers.* 

17. We shall now proceed to integrate (11). Writing n^=:», the equation 
becomes 

The form of this equation shows that the right-hand side is equivalent to 
{z+a){z — ^){Y — z)^-^ + ^ (^ + y_a) + z(a/? + ay - /?y) - a/?y, (14) 

and we must now discuss the possible values of a, ^3, y. 

(i) Let a be real and positive; then if ^3 and y are real they must both be of 
the same sign, and this sign must be positive, otherwise {dz/dsf would be nega- 
tive, which is impossible. It also follows that y^z'^ ^. 

If (3 and y were complex, we should have 

(2 _ ^)(y — z) = — {z-p— Lq){z—p + tq), 

which would make {dz/dsf negative. 

•(ii) Let a be real and negative ; then if we suppose ^ is real and negative 
we fall back on the previous case with a and /? interchanged. But if a is real 
and negative and fi is real and positive, we must have y real and nega- 
tive, so that, writing — a, — y for a and y, the left-hand side of (12) becomes 
(a — z){z — /3)(2 + y) , which is the first case with a and y interchanged. 

It is also impossible for a to be real and negative and ^ and y complex, for 
this would make the cubic expression complex, since we should have to write 
(3=p+ tq,r= — {p—tq). 

(iii) Let a be a complex of the form p + tq^ then if y is real and positive, 
^ must be a complex of the form^ — iq, since the product a/? must be real and 
positive ; but in this case 

{z + a){z - I3) = {z+p + iq){z—p + iq), 
which is complex. 

If y is real and negative, /3 must be of the form — (p — tq), in which case 
{z + a){z-^) = {z+p+iq){z+p — iq) = {z+pY + q\ 

which makes {dz/dsY negative. 

* A very complete account of the elastica will be found in Halphen^s Traits dea Fonetions EllipHqueSy 
Vol. II, Ch. V. 
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(iv) Let a be complex, and ^ positive ; then y must be of the form p — iq, 
so that {z + a)(y — z) = — (2 + ^ + iq){z — p + tj') , 

which is complex. If/? is negative, we must have y = — {p — iq), so that 
(2 + a)(y — 2) = — (2 + ^ + Lq){z -^ p — iq), 

which makes {dzjdsf negative. 

We therefore conclude that the only possible case to consider arises when 
a, |3, y are all real and positive, and y >• |3. 

The expression to be integrated now becomes 

da 

Let i^=(2 + a)*, 

then 2dM 

^-(u«_a — |3)*(y + a-uy 

Writing a» = a + y, V = a + ^, 

we obtain , _ 2du 



iy—vy{a^-uy 

In this write w* = a' cos* ^ + i* sin* ^ , 

and we get , , d$_ 

{a* — (a* — J*) sin* <^}** 

giving ti = adn(ia« + |^), A:* = (a* - i*)/a*, (15) 

where J^ is the constant of integration. We therefore finally obtain 

tn*=(a + y)dn*]i(a + y)*/r + |^}-a, (16) 

A:*=21=:^. (17) 

y + a 

The constant ^ may be put equal to zero if s be measured from the point 
where xa'=>ify* 

18. The greatest value of dna occurs when a = and the least when 
aj = if , and since y^ ^ , it follows that the maxima values of to* occur when 
i(a + y)*«= 2nJE', in which case mis equal to \/y, and the minima when 
i(a + y)*«= (2w+ l)if when it is equal to V/?. Hence the curve cannot 
have any points of inflexion unless ^ = 0. 
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We shall now suppose the wire to form a closed curve, and that there are n 
maxima and minima values of w; if { be its length, we must have 

ir=i(a + y)*Z/n. 

Now the least value of iTis ^n, whence the above equation requires that 

n<l{a + yyi2n, 

and consequently the number of maxima and minima cannot be greater than the 
integer which is nearest to l{a + yy/2n. It also follows that there are no 
points of inflexion since o^ can never vanish. 

19. The conditions of the problem, as we have already shown, require that 
a, j3, y should all be positive and that y>i3. It is however possible for a or j3 
to be zero, and we have accordingly two special cases to consider. These par- 
ticular results may of course be deduced from the general one, but it will be 
simpler to start from (11). 

If a or ^ is zero, it follows that Q=0, in which case the curve assumed 
by the wire is one of constant tortuosity ; under these circumstances m' cuts out 
from both sides of (11) and the equation becomes 

Since dm\ds is essentially a real quantity, it follows that if B}IA^\P , R 
cannot be negative, and consequently if £ is negative H^/A must be less than 
4P, and we have therefore two cases to consider. 



20. Case I. Let R be positive, and write 



then (18) becomes 






(19) 



2^ = («' + «^)*(i*-«^)S 
which shows that this corresponds to the caae of |9 = 0. Putting or = 5 cos ^, 
weget -2^ = (a« + 6»-y8in»^)S 
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whence » = 6 en i (a* + 6*)* s, (20) 

the constant being chosen so that w=^b when « = 0. 
Since m vanishes and changes sign when 

- i{a* + b*ys=i{2n+l)K, 

it follows that the curve has points of inflexion. 

21. Case II. Let B be negative. We must now write 

4B 



and (18) becomes 






2^ = (a» — «»»)*(«» -5»)*, 



(22) 



which corresponds to a = in the general case. The integral of this is 

w — adn^as ,| 

Aj = (a» — J2)Va,) 
and since w can never vanish and change sign, there are no points of inflexion. 

Stability of a Deformed Elastic Wire. 

22. The stability of a deformed elastic wire may be investigated by three 
methods, which we shall proceed to explain. 

23. The first method consists in supposing the wire to perform small oscil- 
lations about its configuration of equilibrium and finding their periods; the 
condition of stability is that the roots of the period equation should be real. 
This method possesses advantages when the periods are of acoustical interest ; 
its chief defect is that it is somewhat indirect, and often leads to rather long and 
complicated expressions. 

24. The second method, which has been employed by Prof. Greenhill * in 
considering the stability of a column under thrust and twist, depends upon sorae- 

*Proc. Inst. Mech. Engineers, 1888. 



Basset: On the Deformation of Thin Elastic Wvrea. 303 

what refined considerations, and will be best illustrated by considering a special 

problem. 

Let a naturally straight wire be bent and twisted and the ends joined 

together. It is easy to show, and will afterwards be proved, that a circle is a 

possible figure of equilibrium. Let us now assume that the circular form is stable 

when the torsional couple H is less than Hq , where Hq is the quantity whose 

value we wish to determine. If ^is very slightly greater than Hq, a figure of 

equilibrium will exist in which the wire assumes the form of a sinuous curve 

which differs very slightly from a circle, and will be derived therefrom by 

supposing the wire to undergo small displacements u, Vy to and /?. We must 

therefore solve the equations of equilibrium on the supposition that the sinuous 

form is a possible one when the torsional couple has an arbitrary value H. 

Since Uj v, w and /? must be periodic with respect to the vectorial angle 4), each 

of these quantities must be proportional to e'**, where s is any integer greater 

than unity, since « = 0, 8=1 correspond to rigid body displacements which 

can produce no alteration in the state of strain ; and we shaU thus be led to an 

equation of the form 

H=F(8). 

When J? is less than the minimum value of F{s), if such exist, it will be impos- 
sible to satisfy this equation, and consequently equilibrium in the sinuous form 
cannot exist, from which it follows that equilibrium in the circular form is stable. 
But when His slightly greater than the minimum value of F{8), equilibrium in 
the sinuous form is possible, and the precise form of the curve can be determined 
by means of a Fourier's series. If Hq denote this minimum value, the condition 
of stability is that 

25. The third method is the energy method, and the condition of stability is 
that the potential energy in the configuration of equilibrium should be a minimum. 
If 6r be the resultant flexural couple, A and C the flexural and torsional rigidities,* 
the value of the potential energy per unit of length is 

W=h{GP/A + H^IC). 

* The cro68-Bection of the wire is supposed to be circular. There does not appear to be much advan- 
tage in taking into account any deviation from circularity in wires ordinarily met with. When the 
wire is a flat one, resembling a clock-spring, the theory of thin plates is more applicable* 
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Let W+W'j G+GP, H+H'he the values of the potential energy and the 
flezural and torsional couples in any slightly displaced configuration ; then 

W = i(G^7il + J?7C+ 2G&/A + 2HH'I G). 

Now & and H' are proportional to the small changes of curvature and twist 
which occur in passing from the equilibrium to the disturbed configuration, and 
these quantities can be found in terms of the displacements by means of the 
formulae given by Mr. Love on p. 168 of his book; but in order to apply the 
energy method it is essential that we should know the correct expression for the 
potential energy to the second order of small quantities, whereas Mr. Love's 
formulae only give the correct values of the product terms in Tf^ to the first 
order. This method would therefore require us to calculate the changes of 
curvature and twist to the second order of small quantities ; and this has not yet 
been done. 

Stability of a Straight Wire stibjeded to Thrust. 

26. The stability of a straight wire which is subjected to thrust is discussed 
in (amongst other places) Mr. Love's Treatise on Elasticity ; but as his investiga- 
tion does not bring out at all clearly the precise nature of the terminal condi- 
tions, I shall consider the subject afresh. 

As there is no torsional couple, it will be sufficient to treat the problem as 
one of two dimensions. From the argument in §25, it follows that when the 
pressure or thrust at the extremities of the wire is sufficiently great, the wire 
will begin to bend and to assume the form of a curve of the elastica family, and we 
have to find the value of the thrust which is just sufficient to produce this state 
of things. 

The equations of equilibrium of the deformed wire are 

^-^■m=0, (1) 

^+?W = 0, (2) 

A^ + N =0, (3) 

since G — Aw. From (1) and (3) w.e get 

T——P — hAj^, 
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as before ; and since the curvature is a very small quantity, we may in (2) put 
7'= — P, where P is the thrust applied to the ends of the wire. Whence by 
(2) and (3), 

A^^ + P.= 0, 

the integral of which is 

w= Ccoa (is+ D sin (18, (i^ = P/A. (4) 

27. Case I. Let the lower end A of the wire be firmly clamped, whilst the 
upper end B is pressed vertically downwards by a force P, but is otherwise free ; 
also let I be the length of the wire, and let the arc 8 be measured from A. 

At the end B, O and therefore w are zero ; whence 

O cos /E£? + Z) sin fiZ = . (5) 

Also by considering the equilibrium of the whole wire, it follows that N=' 
at A, whence by (3) dw/d8 = when « = 0, accordingly Z) = 0. This requires 
that cos ^Z = , whence fiZ = (2n + 1) i n, or 

P=i7e(2n+iyA/P. (6) 

The least value of the right-hand side of (6), which occurs when n = 0, gives 

the thrust P which must be applied to the upper end of the wire to produce an 

infinitesimally small deflection ; if, therefore, the thrust is less than this quantity, 

no deflection will take place and the wire will remain straight. Whence the 

condition of stability is that 

P<in»4/?. (7) 

28. Case II. Let the wire be pressed between two parallel planes which 
are perpendicular to its undisplaced position. If the planes were perfectly hard, 
smooth and rigid (a condition which can only be approximately realized in 
nature), the ends of the wire would tend to slip on the slightest pressure being 
applied ; we shall therefore suppose that the ends are in contact with mechanical 
appliances which will prevent any such slipping taking place, but are otherwise 
free. 

Under these circumstances the terminal conditions are tir = when 5 = 
and 8=1. Whence by (4) 

(7=0, 8in/£Z=0, iil=^nf 
39 
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and the ecmdition of staUlity is that 

P<itAlV. (8) 

29* CaM IIL Let both endfl of the wire be clamped. The terminal ooodi- 
tionn re^iaire that the valoes of S and at the two ends should be equal to one 
another. Consequently 

D(l — coe^O= — Ceiniil, 

C{1 — cos fd)= Dmifd. 

Eliminating C and D we obtain 

sin*hfil=0, kl = n, 

and the condition of stability is 

P<^A/P. (9) 

The value of w may now be written 

19= (7 cos 2n8/l^ 

which shows that there are two points of inflexion, which occur when 8 = il 
and $=IL 

The first case corresponds to a column or pillar whose lower end is cemented 
into a bed of concrete, whilst the upper end supports a building which simply 
rests upon but is not fastened to the pillar ; and we see that in this case the 
weight required to cause the pillar to collapse is less than in the other two cases. 
The second case corresponds to a pillar or rod both of whose ends rest on bear- 
ings to which they are not cemented. The third case corresponds to a pillar 
whose ends are respectively cemented to the foundations and the building sup- 
ported* In the third case, the force required to cause the pillar to collapse is 
four times greater than in the second and sixteen times greater than in the first 
case. 

Stability of a Straight Wire under Thrust and Twist. 

30. We shall now suppose that a torsional couple is applied to the ends of 
the wire as well as a thrust, and shall investigate the conditions of stability. 

In Case I, w vanishes at one end because there is no flexural couple there ; 
in Case II it vanishes at both ends ; whilst in Case III the tangents at both 
extremities are parallel, and consequently there are at least two points of 
inflexion. Now from (16) of §17, and (23) of §21, it follows that w can never 
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vanish unless the constant /? which occurs in these equations is zero ; accordingly 
the constant Q which appears in (12) of §16 must be zero. 

The curvature is given by (10. A) of §16, in which Q must be put equal to 
zero and P to — P; also the term "i^lV being of the third order must be 
neglected and the equation becomes 

where P now denotes the thrust ; also by (8) and (10) of §15, 

N,= -A^, (2) 

iVi = iiJar. (3) 

We have therefore 

m=. G cos /^ + Z) sin |ii« , (4) 

where . H^ , P /-n 

Case I. At the end B, tir = 0, whence 

GcoB(jil+ Z)sin/E£?=0, (6) 

whilst at the end A the shearing stress Ni, which is along the principal normal, 
must also vanish, which gives Z) = . Consequently the condition of stability is 

E* P .7^ ,. 

Case II. Here = when « = and 8=7, when the condition will be 
found to be 

Case III. In this case symmetry requires that the values of at and Ni should 
be equal when « = and s^l. This leads to the condition 

^ + 1^^^ (9) 

All these results agree with our former ones, as can be seen by putting Jr= 0. 

Eqtdlibrium and Stability of a Naiwrally Straight Wire deformed into a Helix. 

31. It has been well knowil for many years that a helix is a possible figure 
of equilibrium for a naturally straight wire which is twisted as well as bent. 
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This result may easily be deduced by means of the general equations of equilib- 
rium (1) of §2. In the helix 

1 cos' a 1 sin a cos a 



p a ' <T a ' 



(1) 



where a is the pitch and a is the radius of the cylinder on which the helix is 
traced ; also in the helix the principal normal is the normal to the cylinder. 
Since the natural form of the wire is straight, 

5^= const. (?i = 0, G^ = A/p; (2) 

also none of the quantities can be functions of s, whence it follows from the 
general equations that 

^i = 0, T=^-4-f iVi = — -— . (3) 

These equations combined with (1) give 

jETsin a cos a A sin* a cos* a 



T= 



a a* 



^7- ff cos* a J. sin a cos' a 
^» = — z — — 1» ^ 



a 
G.= 



A cos* a 



a 



whence 



(4) 



a — -y, sin a = , \ 

I \T «^„ — ^ ^^^ ^ ^^^ ^ cos* a f 

a + iVg cos a = — cos a s . I 

a or J 



Tcos a — -y, sin a = , 
Tsin 



(5) 



Equations (5) show that the resultant force F which must be applied to the 
ends of the wire must be parallel to the axis of the cylinder on which the helix 
is traced, and that its magnitude is 

F=. — cos a 5-sin a cos* a. (6) 

a or 

The resultant couple i& is 

«*=^ + -^cos*a. (7) 

a* ^ 

The resultant force and couple are therefore to a certain extent arbitrary, 
since both contain the torsional couple H, the only limitation on whose value is 



Basset : On the De/armatim of Thin Elastic Wires. 309 

that it must not be large enough to break the wire or to produce a permanent 
set. We have therefore two special cases to consider. 

32. Case I. Let JJ=0; then the terminal stresses consist of a pushing 
force or thrust P, whose value is 

P = A/a\am a cos* a, 

together with a flexural couple G^,, whose value is J./a.cos*a. The pitch of the 
helix is sin"^ (Pa/ (r,), from which we see that in order that equilibrium may be 
possible Pa must not be greater than G^ • 

33. Case II. Let F— , then 

A A 

JJ= — sin a cos a = — , (8) 

a a ^ ' 

whilst ^ = J./a.cosa. The torsional couple is therefore proportional to the 

tortuosity ; also since 

-ETcos a — G^8 sin a — 0, 

^sina+ G^,cosa = -4./a.cosa, 

it follows that the terminal stress consists of a couple whose axis is parallel to 
the axis of the cylinder on which the helix is traced, and whose magnitude is 
A/a. cos a. 

34. We shall now suppose that the wire is bent and twisted into a helix and 
the ends firmly clamped ; and we shall investigate the condition that the helical 
form may be stable. 

Let the wire be slightly displaced from its equilibrium configuration, and 
let fT^ +^ be its curvature. Substituting this value of w in (10. A) of §15, we 
obtain 

which determines the small change of curvature. 

By (3), (6) and (9) of the present article, we obtain 

p^^-A + A 



«=(4-'^)^. 
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consequently (9) becomes 

the solution of which is 

pz=, C 008(18 +0 8111 (18, (11) 

where ^y ^ ^^ _ 2Ay_^ ^ ^^j) 

Let Rj 0, Z be the stresses along and perpendicular to the radius and par- 
allel to the axis of the cylinder upon which the helix is traced ; then 

ysini 



ia — N,Bma= &,> (13) 

a + J\^, cos a = Z.) 



Since these equations are true in the case of the helical and the disturbed 
configuration, they will also be true when the variations of the stresses are sub- 
stituted for their original values, in which case we have from (6), (8) and (10) 
of §15, 

9 



iv;=(i^+gp>. 



(14) 



Let us now suppose that the two ends of the wire lie on the same generator 
of the cylinder, so that the wire forms an even number of complete convolutions. 
Prom (13) and (14) the terminal conditions give 

\d8 Jo KdaJi 

IPo—lPu 
which by (11) become 

— Z) (1 — cos /EiZ) = (7 sin yH, 

(7(1 — cos (J) = B sin (d^ 
whence, eliminating G and Z), we get 

sin*i/E£Z= 0, 
or (d = 27«. 
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Using the value of /a given by (12), we get 

Now (6) may be written 

i^sina=^-^, (16) 

accordingly by (15) the condition of stability becomes 

Since the ends of the wire are supposed to lie on the same generator of the 
cylinder, there must be m convolutions ; whence the pitch of the helix is deter- 
mined by the equation 

2m7ta sec a = Z, (18) 

where m is an integer. 

Prom (17) and (1) the condition may be written 



{H— —J < -j^ (1 — m» cos» a), 



which is impossible unless sec a ]> m . 

When there is only one convolution m = 1 and the condition becomes 

£r<^sina, a>0. 

36. We shall now consider the two special cases. 

In Case I the helix is held in equilibrium by a flexural couple and a thrust, 
and the condition (17) becomes 

cos* a (1 + 3 sin* a) < 4n^a*/P < cos* a/m*, 
or 1 + 3 sin* a < m~*, 

which is impossible, and therefore the equilibrium is unstable. 

In Case II the wire is held in equilibrium by a couple whose value is 
J /a. cos a, and the condition becomes m < 1 , which is impossible. 

It therefore follows that in the two special cases the wire is unstable when 
it makes one complete convolution. When the wire does not make a complete 
convolution, the terminal conditions, and consequently the conditions of stability, 
will be represented by a different set of equations ; but the investigation of the 
various cases which arise may be left to the reader. 
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Equilibrium and Stability of Circular Wire. 

36. We shall now consider a problem concerning the stability of a naturally 
curved wire which covers a good many special cases. 

A wire whose naiwral form is a tortuous curve is first unbent; secondly, the 
wire is trmsted, and thirdly, the ends are joined together ; it is required to find the 
condition that the circle is a possible figure of equilibrium, and that the circular form 
may be stable. 

When the circle is a figure of equilibrium none of the quantities can be 
functions of «; we therefore obtain from (1) of §2, 



r = , iVi = 
-Er= const 



iVi = , 0^1 = ,1 ,jv 

Q^ = const. iV; = HIa.) ^ ^ 



The constancy of Q^ and H requires that the changes of curvature and twist 
which occur in passing from the natural to the circular form shall be constant 
quantities. These conditions will be satisfied if the natural form of the wire is a 
helix, which includes as a particular case a circular coil of fine wire, the radius 
of whose cross-section is small in comparison with the mean radius of the coil. 

37. To investigate the stability we shall employ the second method. In the 
circular and the sinuous forms respectively let JJ= CV, and Jr+ -Er'= CV be 
the torsional couples; then H* => 0{^ — r) where t' — r is the small change of 
twist which occurs in passing from the circular to the sinuous form. This is a 
small quantity which can be expressed in terms of the four displacements 
u,v,w and ^ which the wire experiences in passing from one form to the other, 
whence by the third of equations (38) on p. 168 of Mr. Love's book, 

Let Gi , G» + G% be the flexural couples when the wire is sinuous ; then 
from the same equations it follows that 



«=4($+«) . 

since the wire is supposed to be inextensible. 



(3) 



/ 
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The radius of torsion of the sinuous curve is given by equation (23) on 
p. 163 of Love's book, and in the present case is 



The equations of equilibrium when the wire is slightly sinuous are now 



(4) 



dG[ 



<^^ AT n 

dNi 
d^ 



= 0, 



(6) 



iG'l Gi /CPv , d/0\ , H /cPu i \ , rri \7^ _ A 

J_^! + j,. = „. 

a d^ ^ 

Let D = d/d^] then by (2) and (3) the fourth of (5) becomes 

a(C7i)» — ^)/8 + (^+(7)I?»t; = 0. (6) 

Differentiating the fifth and taking into account the fourth of (16) and also (2) 
and (3) we get 

(A+ G) D"^ + a-^G— Aiy - aO,iD* -\- 1)] I^v + H{C^ + l)Du= 0. (7) 

Eliminating T and Ni between the first, second and sixth, we get 

ffa{D'+l)D'v-\-A{C^ + iyDu=0. (8) 

Since the circle is complete, all the quantities must be fiinctions of e***, 
where a is any integer greater than unity, since « = and « = 1 correspond to 
rigid body displacements which can produce no alteration in the state of strain. 
Our equations accordingly become 



a (C«» + il) /3 + (^ + C) «»t> = , 
{A + G)8^-\-a-^ {G^-A^ + aG, («»— l)f»tj + iH{^—l) 
Hasv + lA («»— 1) « = 0. 
40 



t*=0, [■ 



(9) 
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Eliminating ti, v and ^ we get 

g'a»={g,a + ^^^-^^) }j(^-l). (10) 

If, therefore, 

Wd><[G,a + ^^^^]A{^-l), (11) 

it will be impossible to satisfy the conditions of equilibrium, consequently (11) 
is the condition of stability. 

If the curvature is increased by deformation, Q^ is a positive quantity, and 
the least value of the right-hand side of (11) occurs when « = 2; under these 
circumstances the condition becomes 

^a»<3^|G,a+;3^^}. (12) 

But if, on the other hand, the curvature is diminbhed by deformation, Q^ will be 
negative, and the inequality (12) involves the subsidiary condition that 



should be positive. 



''•» + 3TT5 ("> 



38. Before discussing the general condition, it will be desirable to consider 
the subsidiary condition (13). Let p be the radius of curvature of the unde- 
formed wire, and let p <C a ; then 

and the condition becomes 

a _i^ 3(7 



p ^^+4(7" 

For metal wires 5/n = i about, so that -4/(7=1, and the last equation 
becomes 

a<¥p. (14) 

It therefore follows that the circular form will be unstable if its radius is greater 
than Vths of the radius of principal curvature of the undeformed wire. 

When the natural form of the wire consists of a circular coil which is 
unrolled and the ends jouied together, the preceding result shows that the circu- 
lar form will be unstable when the length of the coil is greater than about one 
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and a half complete convolutions. We shall presently consider what will happen 
when this length is exceeded. 

39. When the natural form of the wire consists of a complete circle of radius 
a, which is cut and then twisted and its ends joined together, 6r, = since the 
twist produces no change of curvature. Under these circumstances the condi- 
tion (12) becomes 

Assuming that -4/(7 = 1, this condition requires that the total twist should 
not be greater than 7f X 3.27 ; that is, about six and a half right angles. 

Let the natural form of the wire be a helix of pitch a, and let 2nl be the 
length of a complete convolution. Then 7 cos a is the radius of the cylinder upon 
which the helix is traced, and I sec a is its radius of curvature ; whence the sub- 
sidiary condition (13) becomes 

acosa<^Z; 

that is to say, the projection of the length of the wire upon a circular section of 
the cylinder must not be greater than V^ths of a complete convolution. 

When the above condition is satisfied, the circular form will be stable when 
a torsional couple is applied to the ends of the wire before they are soldered 
together, provided the twist does not exceed a certain magnitude which is 
determined by (12). 

40. We shall now consider the period equation when a complete circular 
wire is performing small oscillations about its configuration of stable equilibrium. 
The method employed is precisely similar to the investigation given on p. 121 of 
my paper on wires,* and equation (50) on p. 122 is a particular case of the more 
general result which we shall proceed to consider. I find that the periods are 
given by the following cubic equation : 

2n»cV[a»(l+i;iV)Ay 

- \[q -h 2rw?» -f \7}^{q +2q^+4n + 2rw*) -f JXV {f — l)qB\hf 

x[]^ + l + JX«(^-l)»}Ap^-^V^^j 

H- J?*«^ («« — 1)* {q + 2n^ — 2a»Ap») = 0. (15) 

♦Proo. Lond. Math. Soo., Vol. XXni. 
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In this equation c is the radius of the cross-section X = cja , q and n are 
Young's modulus and the rigidity, h the density, p the period, and R = 1 — a/p, 
where p is the radius of curvature of the natural form. 

Omitting superfluous positive factors, the term independent of ^ is 

and the condition that one of the roots of the cubic should be real and positive 
is that this quantity should be negative. This condition is easily seen to be 
equivalent to (11). 

To investigate the conditions that the remaining roots should be real and 
positive would be a somewhat troublesome operation ; but there can be little 
doubt that the conditions of stability already given are sufficient to insure that 
this should be the case. 

41. We shall now consider the case in which there is no twist. Under these 
circumstances the cubic splits up into two factors, the second of which gives the 
periods of the vibrations of a Hoppe's ring, whilst the first factor leads to an 
equation equivalent to (50) of my former paper, with which it becomes identical 
when i2 = 0, as was the case in the problem there considered. We therefore see 
that the vibrations consist of two distinct types, viz. flezural vibrations in the 
plane of the ring, and vibrations which involve torsion and flexion perpendicular 
to this plane. The periods of the purely flexural vibrations are always real, and 
consequently the ring is stable for displacements in its own plane ; but if JR is a 
negative quantity whose numerical value is greater than the least value of 
2w (s* — 1 )/(§'+ 2n^), the absolute term of the first factor will be negative and 
the motion will be unstable. This leads to the subsidiary condition (13). 

Prom these results we see that when the circular form becomes unstable the 
ring will not collapse like a boiler flue, but will assume the form of a bent and 
twisted tortuous curve. They also to a certain extent show what the form of 
this curve will be. Assuming that .4/ (7= 1 , it follows that the value of 

when « = 2 is I, and its value when « = oo is unity. If therefore G^a/A has a 
negative value whose numerical value lies between | and 1 , a sinuous figure 
diflFering slightly from a circle will be possible; but if this numerical value 
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is considerably greater than unity, a sinuous form will be impossible and the 
unstable circle will make a sudden jump, and will assume the form of some 
entirely different curve or may even turn itself inside out. 

42. A great many other special problems can be solved by the above 
methods; but when a wire whose natural form is a straight line is twisted 
and the ends soldered together, the condition of stability cannot be obtained 
by means of the general formula (11). The problem is one of those special 
cases which so frequently occur in mathematics in which a formula of 
apparent generality fails to give a correct result in some particular instance 
and a procedure of a special kind has to be resorted to. When the wire is 
naturally straight W is constant and 0[ is zero, so that the fourth of (5) disap- 
pears as well as the term dGi/d^ in the fifth equation. Under these circum- 
stances the first of (9) disappears whilst the second becomes, since G,a = ^, 

Hau — lA8v=^ 0. 

The third of (9) remains unaltered, so that we get 

i5Pa* = JL«(«»— 1), 
which gives 

2na 
as the condition of stability. 

This result appears to have been first given by Mr. Michell,* who obtained 

it by supposing the wire to perform small oscillations. Assuming that q/n = I, 

he found that the total twist must be less than 27t X 2. 16, that is, less than 

eight and a half right angles. 

FuEDBOBOuaH Hall, Holyfort, Bbrks, Enqland. 

«Me88. Math., Vol. XIX, p. 184. 



Investigations in the lAinar Theory. 

By Ernest W. Brown, 
Professor of Applied Mathematics at Haver ford College, Pa. 



This paper is an outline of a plan for the development of the expressions 
which represent the coordinates of the Moon, together with certain theorems 
connected with the infinite determinants which determine the motions of Perigee 
and Node, and, in addition, some results concerning the constant part of the 
expression which gives the Parallax of the Moon. 

It has been pointed out that the algebraical expressions of the coordinates 
show slow convergence chiefly when the coefiScients of the periodic terms are 
arranged in powers of the ratio of the mean motions of the Sun and Moon, and 
that when we use the numerical value of this ratio from the start, keeping the 
other constants arbitrary, slow convergence in the series arranged in powers 
and products of the other constants, is unusual; also, the observed value of 
the ratio of the mean motions is determined with an accuracy far surpassing that 
with which the other constants are known. These reasons have seemed to point 
towards a semi-algebraical development, in which the ratio of the mean motions 
is given its numerical value while the other constants are left arbitrary. 

The developments given below are built up on this basis. The orbit of 
Dr. Hill, which depends on m only, is, therefore, a numerical one, and is used as 
a first approximation or " intermediate " orbit. 

But there are several methods by which we might proceed with the develop- 
ment from this point. It is possible to use polar or rectangular coordinates, and 
the equations of motion in each case can be given several different forms. Of 
the forms which the equations may take when rectangular coordinates are used, 
there are two which seem specially adapted for continued approximation. Of 
these one set are of the second degree and second order when we neglect the 
Parallax of the Sun and the Latitude of the Moon. When these quantities are 
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included, two equations still keep a form in which the principal terms are of the 
same kind, while the third equation is a sufficiently simple one. These are the 
equations (8) below. Some of the elliptic and parallactic terms have been 
determined from these equations. 

Another method is to use the equations of motion in their original form. 
This requires the expansion of such expressions as {x^ + hx)\{T^ + hrf^ where 
a?oj ^0 represent the values of a:, r in the intermediate orbit. These being trigo- 
nometrical or exponential series, entail a certain amount of labor in the develop- 
ments. How this is effected and in what way we gain or lose in comparison to 
the former method is shown with some detail in Part I. It is on these lines that 
the developments there given are carried out. 

The chief difficulties which arise in any method of treating the Lunar Theory 
are those connected with the determinations of the motions of the Perigee and 
Node. When Hill and Adams conceived the idea of the infinite determinant, and 
succeeded in solving one, there appeared to be an opening for the determination 
of these motions with an accuracy which should leave nothing to be desired. 
The equation for the latitude in rectangular coordinates is in a form which gives 
the principal part of the motion of the Node — that depending on m only — ^by 
means of an infinite determinant directly, and thence the . coefficients of the 
periodic terms are easily obtained. But in the case of the Perigee this is not so. 
Several transformations are necessary before a suitable determinant is evolved, 
and when these have been made and the coefficients of the transformed solution 
obtained, the return process to find the coefficients of the periodic terms in 
rectangular coordinates is a laborious one. Once the motion of the Perigee has 
been obtained, however, we can use the equations in any form we choose. 

So far the question, then, of finding the principal parts of the motion of 
Perigee and Node is resolved, and the coefficients dependent on these can be 
obtained. But we are again met by the same difficulties when we try to find 
further approximations to these motions. We again obtain an infinite set of 
linear equations. But they now contain constant terms, and though an infinite 
determinant can be obtained for the new part of the Perigee or Node to be found, 
it is in a form which does not admit of easy solution. The equations can be 
solved by continued approximation, but this is very laborious. The difficulty 
has been turned by a slight artifice which eliminates all the unknown quantities 
from the set of equations but that required, and the resulting equation is one 
which does not present any unusual difficulties in calculatioii. 
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The equations thus obtained not only showed methods by which the motions 
of Perigee and Node can be obtained at any stage by simple processes, but 
indicate the way in which Adams' theorems connecting these motions with the 
constant part of the expression of the Parallax arise. The remarkable proof 
Adams gives of his theorems is well adapted to the end in view, but it shows no 
indication of any possible extension to the higher terms. The methods given 
below, though cumbrous, have perhaps the advantage of shedding a clearer light 
on the theorems and of giving them a form which admits of further development. 
The investigation of these occupies Part II. Other theorems are also proved 
which may be of value when a verification of results is required. 

Part III contains one or two deductions from the infinite determinant con- 
cerning the orders of the coefiScients, and especially deals with the cases in 
which short-period terms may have large coefficients. 

For convenience, the papers referred to in the following pages — 

On the Lunar Theory : 

I. G. W. Hill. — Researches in the Lunar Theory. American Journal of 
Mathematics, Vol. I, pp. 5-26, 129-147, 245-260. 

II. G. W. Hill. — On the Part of the Motion of the Lunar Perigee, etc. Acta 
Mathematica, Vol. VIII, pp. 1-35. 

III. J. C. Adams. — On the Motion of the Moon's Node in the case, etc. 
Monthly Notices R. A. S., Vol. XXXVIII, pp. 43-49. 

IV. J. 0. Adams. — Note on a Remarkable Property of the Analytical 
Expression, etc. Monthly Notices R. A. S., Vol. XXXVIII, pp. 460-472. 

V. C. Delaunay. — Th6orie de la Lune. M^moires de PAcademie des Sciences, 
Vols. XXVIII, XXIX. 

VI. C. Delaunay. — Note sur les mouvements du p6rig6e et du noeud de la 
Lune. Oomptes Rendus, Vol. LXXIV, pp. 17-21. 

VII. E. W. Brown. — The Parallactic Inequalities in the Lunar Theory. 
American Jour. Math., Vol. XIV, pp. 141-160. 

VIII. E. W. Brown. — The Elliptic Inequalities in the Lunar Theory. 
Amer. Jour. Math., Vol. XV, pp. 243-263, 321-336. 

And on the Infinite Determinant : 

IX. H. Poincar^. — Sur les determinants d'ordre infini. Bulletin de la 
Soci6t6 math, de France, Vol. XIV, pp. 77-90. 
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X. Helge von Kock. — Sur les determinants infinis, etc. Acta Math., Vol. 
XVI, pp. 217-295. 

— are gathered together and the reference is made by means of the number in 
Roman numerals standing before each. 

The portion of I dealhig with the intermediate orbit is also found in 
Tisserand's Mecanique Celeste, Vol. Ill, Chapter XIV. The Memoir II is given 
in Chapter XV, and III and IV m Chapter XVI of the same volume. 

PAKT I. 
Development of the Theory. 

1. The Differential Equations. 
The notations to be adopted below are as follows : 

n , n', the mean angular motions of the Sun ajid Moon about the Earth ; 

2a' J /, e/, the major axis, radius vector and eccentricity of the Sun's orbit, sup- 
posed elliptic ; 

», y, z, the coordinates of the Moon referred to rectangular axes, of which those 
of aj, y are moving in the plane of the Sun's orbit with angular velocity 
w', and that of z is perpendicular to this plane. The positive direction 
of the X-axis is directed to the mean place of the Sim; 

i; , the solar equation of the centre ; 

/S'=a;cosi; + ysini;; 

u = x + y^— 1, « = a; — y^— 1, r* = t^ = a:* + y*; 

n'* a'*, the mass of the Sun ; 

/[£, the sum of the masses of the Earth and Moon in the same units ; 

r-=:-n — n', ^ m = n/v, x = \l\v^ ; 

With the limitations here adopted — the same as those considered by Delaunay 
(V) and Hill (I) — the potential function is 
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X — 2n'y — n'*x = 
y + 2n'x — t^y = 



and the equations of motion are 

an 

If il' = Il + in"(sB» + 3^ = ii + inV, 

the equations may be written 



X — 2n'y = 
y + 2ml X = 



ari' 

dx ' 

do: 
ail' 



(1) 



TransformiDg to the independent variables u^ s, z and the dependent ^, the 
equations become 

ir OS 



1^8 —2mD8 = — 
IPz = 



2 dCi' 

with the expression 

Vus + 3» ^ '>/?'' — 2Sr' + us + i? 1^ ^ 



n''a!' 



This becomes by expansion 



— £1'=: 



- ^ 



vWuS + 7? 



where 



2x 

Vus + ^f 



of* 
+ m'us + m» ~r IBS* — us — z»] 

+ i m» (tt + «)» — mV + fti , 



ft,= 3»n2[-^ ^» — i(w + «)»] — m»(tM + 2»)^-?J^— l) 



+ -^-7i-[5^-3^(t« + 2»)] + 



(2) 
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It is necessary, before going further, to see in what way flj involves w, «. 
We have 

^ = (a cos i; + y sin i;)^ 

= i(tt + «)'— i(ti' + «»)sin»i; + ^ {u^ — 8^ sin 2v, 

and if a'" , , 

the first two terms of £1^ become 

3m« [-L (ti + «)» — L+£(u»+ ^) sin* t; + A + £.(u»- ^) sin 2i;]-pm»(w+2»). 

From the known properties of elliptic motion p, sin i; are of the order e! at least. 

Hence fti is of the order e! or 1/a' at least. When we neglect 1/a', fti takes 

the form 

fli = i (^w« + 25w + (7^— 2pmV) , (3) 

where A, B^ G depend on ef and the angle nft + ^ only. When 1/a' is not 

neglected we can put 

^1 = 0), + 03 +...•, (30 

where o^ is a homogeneous function of u, s, z, o{ degree q free from fractions. 
Also since the time enters explicitly into fti only through the coordinates of the 
Sun, when ef = 0, Hi does not contain the time explicitly. 
In the general case the equations may now be written 






(4) 



which are the equations to be used in developing this theory. 

Taking the general value of fti, multiply the first of these equations by Sj 
the second by u and subtract, we obtain 

D{uD8 — 8Du — 2mu8)+im^(u^ — 8') = 8~^ — u^. (5) 



d24 
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With the same multipliers for the first two equations and the multiplier 22 for the 
last, we have by addition 

sifu + Mi?»» + 2zD^z + 2m {sDu — uDs) + f ni» (« + »)• — 2mV 

2x _ / dcii , dcii, ariA 



= -Z?'», by (3'). 

9 = 3 



(6) 



Again, multiplying the three equations by Z>6', Du, 2Dz respectively and adding, 
we obtain 

D [Du.Ds + {Dzy + im'{u + .)' - ^V + . ^^^^^J 



Now in the general case £1^ is expressed explicitly in terms of u, a, z, t, hence 

Dt, 



ou ds oz dt 



and therefore the right-hand side of the previous equation is 



aril 



DCii 



dt ^ vh/— 1 Ct 

where ZyXli denotes the operation D performed on fli only with reference to t 
(or ^) so far as it occurs explicitly in fli, and Z>"^ denotes the operation inverse 
to Z), i. e. integration with respect to ^ followed by a division by ^. 

If, then, with these substitutions we integrate, the equation becomes 

Da.Da + (Z>z)» + f m» (« + *)"- tnV + ^^ J^^^, = G — £i,-\- D-^D'Cl,). (7) 

Adding this to (6) and writing down again equations (6) and the last of equations 
(4), the three transformed equations of motion are 

D'iw + i?) — Du.Ds— (Dz)*— 2m {uDa—aDu) + Jm» (« + «)»— 3mV 

«=» 
Z? (ttZ)« — « Z)w — 2mi«) + 1 »»* (w' —»') = « ^* — M ^' . 
xz < , d£ii 



D^z — m*z — 



(8) 
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There are some special cases to be noticed : 

(i) 6^ = 0, the last term of the first equation disappears and Oji = ; 
(ii) -7- = 0, then o^ = 0, except for the value g' = 2, A^ = ug; 
(iii) z = , the third equation disappears ; 

(iv) d = 0, —7 =0, all the terms on the right-hand sides disappear except 

the constant O ; 

{y) d =0, l/a' = 0, z = 0, the equations reduce to those studied by 
Dr. Hill (T, II) and they give those inequalities which depend on 6, m only. 

We are going chiefly to study the equations of motion under the form (4), 
and it will be advisable to write down the special forms to which they 
reduce for zero values of certain of the constants. In the majority of the cases 
to be treated 1/a' is neglected, so that A^ has the value (3) and the equations 
become 

(Z>« + 2mD + f m») w + I m»« + 5u + (7a - . ^^., = , 

HZ 

(It is not necessary to write down the a-equation, since t« is a complex quantity 
and the w-equation includes both the a>-equation and the y-equation.) The par- 
ticular cases of (9) are 



(9) 



9(i) 

9(ii) 
9 (iii) 



g = 0, «' = 0, 5 = 0, C=0,p = inequation 9 (i), 

e' = 0, 5 = 0, (7=0, p=0 in equations (9). 

We shall require the equations (9) expressed in terms of aj, y, 2. They are 

i — 2n'y — ZnTx + A'x -{■ By = — ^^ ^ ^y , 

y + 2n'» +JB'a+Cy=— — ^ 

z •\-n'*z+n''fz =• — (^ 4. 



J*? 



(10) 
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where J.', B^ O^ p are quantities depending on e! and arising from the part c^^ of 
the disturbing function. 

2. Method of Development. 

We take first the equation 9 (ii). It is known (Hill, I) that in this case the 
equations admit of a solution which can be expressed in the form 



s 



= tio=ao2a,^^^ I i = _«. ...+«, (11) 



where ai depends on m only. This is Dr. Hill's primary solution or intermediate 
orbit. It contains only two arbitrary constants, while the general solution of the 
equation 9 (ii) contains four. It is desired to know the general solution of this 
equation and also of equations 9, 9 (i), 9 (iii). We shall for simplicity at present 
take the equation 9(i), the extension so as to include the terms dependent on z 
being perfectly evident. We may write it 

{D+mYu^^m^u + imh—'^ = — Bu-Gs, 

where the terms on the right-hand side are of the order e! at the lowest. If now 
we put 

tio, ^0 satisfy the equation 

(i) + m)»tio + lmX + f^\-(^, = 0, 

and 3ti, hs will therefore be determined by means of the equation 

(Z) + m)*5« + im»«« + |m«3. - [ (^ + ^^)r(,, + g,)i - i^j] 

= — 5(mo + ««)— C^ + ^J). (12) 

We now suppose that hu, he are small enough for the expression in 
square brackets to be expanded in powers and products of these quantities. 
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The expansion of this portion is 



2 tio 
3 ju^ 






+ 



4 tio«o 



16 tig 16 «S 16 tig^o 16 tio«S "^ J 



As Wo, «o are supposed known, we can, from their values, obtain the coefficients of 
the various powers of Su, hs in the form of known series. It is understood that 
the numerical value of m is always used, so that these series can all be expressed 
as odd or even power series in ^ with numerical coefficients. Since 

all the series can be expressed in terms of even positive and negative powers of 
^ , so that, by a suitable arrangement, the largest coefficient is that of ^. It is 
assumed, unless otherwise stated, that the summations include all positive and 
negative integral values oft, including zero. 
Let 

When f~^ is put for f , u^ changes to *o *^d ^g to ti^. Hence Mi^:^ ULi and 

As for the calculation of these, Mi is immediately obtained from the value 
of x/rj given by Dr. Hill (I, p. 249). For Ni we have 

We calculate l/rj and the real and imaginary parts of 14*^""*. These are easily 
done by the method of special values, which method will also give quickly the 
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required coefficients. Id the same way we may find the other coefficients 
Pf Q, R . . . . The whole process does not entail very much labor. 
The following table gives the values of M^ N, P^ Q: 



M, 


= + .58902 


22856 


4 


M^,= + .00000 


06029 


7 


^± 


I = + .00630 


84231 


2 


Jf±4= + .00000 


00066 


6 


if-tj 


, = + .00006 


28883 


4 


Mj_t = + .00000 


00000 


6 






JVi= + 1.75707 


88032 7 






^l 


= + .03686 


55171 


8 


N_i = + .01078 


63527 


2 


N, 


= + .00054 


79401 


6 


N_,= +.00001 


26690 


4 


N, 


= + .00000 


70129 


7 


N_i = + .00000 


00982 


3 


Ni 


= + .00000 


00824 


6 


J\L4= + .00000 


00007 


6 


N, 


= + .00000 


00009 
Po = 



: 1.17166 


77322 






Pi 


= + .02280 


40093 




P_,= + .01084 


18484 




p» 


= + .00032 


38766 




P_,= + . 00010 


24640 




Pz 


= + .00000 


40164 




P_,= + .00000 


09526 




p. 


= + .00000 


00465 




P_ 4 = + .00000 


00092 




p. 


= + .00000 


00006 
ft = 


= 1.17132 


P_8= + .00000 
34260 


00001 




Qi 


= + .03476 


15314 




Q_i=— .00112 


12092 




ft 


= + .00066 


73632 




Q-a = + .00000 


31923 




ft 


= + .00001 


04714 




g_,= + . 00000 


00337 




ft 


= + .00000 


01462 




Q_i = + .00000 


00007 




ft 


= + .00000 


00020 











The numerical values of these coefficients have been given here because 
they are fundamental for this method of development. Further, they are the 
same for every series of inequalities which it may be desired to calculate. The 
values of M, N, P, Q given above will suffice to determine all terms in w, «, 
depending on e, ef, 1/a', y* as far as the first and second powers and the products, 
two at a time, of these quantities are concerned^ and in z of the same classes of 
inequalities each multiplied by y. These form by far the larger portion of the 
expressions given by Delaunay. 

When we wish to determine the terms dependent on a' there are certain 
parts of the disturbing function to be added to the right-hand sides of the equa- 
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tions. But as these are homogeneous functions o( u, s of the second, third, • • • • 
orders, their expansion is quite easy, and in order to keep the exposition aa 
simple as possible they have not been written down. 

The various cases will now be considered in the order which seems most 
suitable to the objects in view, namely, the development of the theory and the 
special theorems to be treated in Part IL 

3. The Terms whose Coefficients depend on m, e! only. 

We take equation (12) and it is desired to find a particular solution of it 
such that the coefficients depend only on m, ef. As the primary solution depends 
only on m, and as the introduction of ef brings with it multiples of the angle 
n't -f a', no new constant of integration will be introduced. Also Sm, 8s will here 
contain e' as a factor. 

At the beginning we neglect powers ofef, and therefore of 8u, Ss above the 

first, and put for these terms 

8u=u^, 8s = s^, 

and the equation may be written 

The coefficients -B, C contain t only in the form ^^ {n't + ^) or in the form ^^"•. 
(The constant part of the angle may be omitted since we suppose that m is not 
commensurable with any whole number, and ^ plays no part in finding the 
coefficients of the terms in w,, «,.) The solution is therefore of the form 

where j takes all positive and negative integral values including zero. 
The equations which determine the coefficients yjj, riLj are 

{2j+l + 2myyij+XiM,rij-., +XiNtnLj =coeff. of ^^•+~ in -2,. [5a^+(7a_^.i]^; 
{2j - ly nLj +XiM,,nLj +2iMi>7i-<= coeffi of r«— in-2, [5a,+ (7a.,. J ^. 

From these we can find ly^ riLj in terms of m by continued approximation. 
The next step is to find the terms of order ef^ by putting 

Su = u^ + u^, Ss = s^ + s^, 

(where the terms in u, s of the order ^' are t*,i, «,t), and separating out those 
42 
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terms which are of the order eT. The equation for them becomes, according to 
the previous notation, 

= coefiF. of e" in - ^> [5 («, + «,)+ C7 («, + «,)] . 

The terms on the right-hand side and the known ones on the left-hand side 
necessarily contain ^ in the form 

the solution is therefore of the form 

and a similar expression for s^%. The coeflScients (W)/) ^tc, are the numerical 
quantities to be found. The method of procedure is the same as before. There 
are certain multiplications to be performed in the calculation of such a term as 
f ^""*u52P-ii7^ but they can be performed in two steps by first computing 
^u^.XP^iQ^ (this result being wanted in the determination of the terms of order 
ee!) and then multiplying the result by ^w, . 

We can thus proceed to find the terms dependent on all powers of c', m by 
successive approximation and arrive finally at a solution 

«*«'=^) + ^i, + w,.+ ... ., 

U^t ^^Sq + ^, "1" *ij» + • • • . 

It may be noted that the notation used here is intended to be a suggestive 
one and to point at once to the order of the terms and to the power of ^ to 
which they belong. The letter rj is associated with ef or the index m of f . In 
the coeflScients, rjj is the coeflScient of ^■'"■* in w, {yiyi)j or {yi^)j that of ^ "•"**, etc. 
This method of notation for the coefficients is found to be a convenient one and 
it is used for the inequalities all through. For example, if 2q be an even positive 
number, 

In particular we must notice that the terms in u which do not contain the 
angle n't + e' in their argument are 

a,Xj [aj + 6" (W)i + ef* (W), + ....']^. (13) 
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We can suppose now, for theoretical purposes, that all the terms dependent on 
ef, m have been calculated with the necessary accuracy, and by using the nunaeri- 
cal value of e' in (13) we can take that for the primary value of w© instead of the 
value (11). But in the actual developments of the lunar theory this simplifica- 
tion has certain disadvantages. It is easier to find the extra small terms due to, 
for instance, the difference between (13) and (11), than to calculate the corrections 
to if, N which would be necessary. Hence we commence, when finding the terms 
depending on the lunar eccentricity or latitude or the parallax of the Sun, by 
using the primary orbit defined by the equations (11). 

5. The Terms whose Coefficients depend on m and the Eccentricity of the Moonls 

Orbit. Motion of the Perigee. 

In accordance with the remarks just made, we omit the terms depending on 
e!j and in those results which are of a general character we shall merely state 
how they may be included and in what way the various expressions are altered 
by their presence. 

We take the equations 9 (ii) and putting 

W = -Wo + ^e + ^e« + • . . . , 

S ^ Sq -f- *« I ^«» !"••••» 

where Uq, Sq have the values (11), obtain for the determination of t^^, s^ 

^-'{D + myu, + ^-'u,.XM,^ + ^s,.XN,^ = 0. 
The solution of this equation is known to be of the form 

Since c is supposed incommensurable with any whole number, the constant of. 
the argument, an arbitrary of the solution, is not put into evidence. It can be 
restored at any time if necessary. This remark applies generally. 

When the substitution is made in the equation of motion, we obtain a set of 
linear equations to find e,., e- without constant terms, and this fact necessitates 
a relation between them which determines the quantity c. Since the extension 
of Adams' theorems proved in Part II, and the results in Part III, depend on 
this relation to a large extent, it is necessary to develope it somewhat fully and 
to see in what way c is involved. 
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Equating to zero the coefficients of ^^^% we obtain the series of linear 
homogeneous equations in 6j, ej, 



d{c) 


d 


d 


d{-c) 



(14) 



(2/ + 1 + «i + c)» f, + %iM^B].i + SjiVicLi =0,1 
(2; — 1 — m + c)» eLi + 2, Jf_,e/_j + 2,iVl,6^_,= J 

The determinant formed by the elimination of e^, e'j we may denote by 



A(c) = 



where the cross lines denote that d,d{c),d{ — c) merely occupy the positions 
in the determinant assigned above. We have put d{c) for 



I (6-|-m+c)'+J/., Jf_, , iC. , iC, 

• if, , if. , (H-»n+c)'+J/;, iC, 

: Jf. , Jf. , if» , C-l+m+c)*+if., 



if. 



if. 



if. 



if. 



if-, 
i/-. 



, (-3+»n-|-c)'+if., 



and d{ — c) for the same expression with the sign of c changed. Also d stands 
for 



9 • • 


Ml, 


N-t, 


Ms, 


• • • • • • • 

M4, : 


: ^1. 


N, . 


Ml, 


M„ 


M3, : 


:n„ 


^1 , 


N, , 


M,. 


M„ : 


i^s, 


N, , 


^i . 


No , 


M„ : 


_ 1 • • 1 


Ns , 


N, , 


N^ , 


^. , : 



When these are placed in the expression for A (c) in the positions assigned and 
the cross lines taken away, we have the required determinant. 

This is a third form of the infinite determinant giving c. It differs from 
that obtained by Dr. Hill (II) in being what may be called ** doubly-infinite," 
that is, it is infinite towards the directions not only of the outer sides of the 
square but also towards those of the cross lines. In this feature it resembles 
that which I obtained (VIII) by the use of the equations (8), but differs in one 
most important aspect, namely, that by a suitable system of divisors it can be 
put into a convergent form. 
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I repeat the observations there made as to the number of roots and the rela- 
tions which hold between them. Denoting by q the number of coeflScients of the 
series 61, at, • • • • 6^, there are 4^ + 2 unknowns in the 4gf + 2 equations; the 
determinant has 4^+2 rows and columns, and it forms an equation for c of the 
order 2 (4gf + 2). If Ci, c^ be two roots of this equation not diflfering by an even 
integer, the whole series of roots is 

itci, =t(ci=t2), ±(ci±4), , 

±ci, =fc(ci±2), ±(c,±4), 

Either c^ or c^ is shown to be zero, since 

is a solution of the equations for u^^ 9^. 

Now these two sets of roots are also roots of the equation 

(rin.i^-.m'IS)(.m.^-.m.if) = 0, 
or of the equation 

{cOSnc — cos 9CCi)(C0S TtC — 1) = 0. 

Hence we have 

A{c) = A (cos Ttc — cos 7tCi)(C0S TtC — 1), 

an identical equation in which A is independent of c. We most easily find the 
constant A by equating the coefficients of the highest power of c in each member 
of the equation. In A (c) this is unity, and in the right-hand side it is 

41 48 41 _ . / 4 4 4 V 

^ '^■?-"9*"-25* '^'^T-O • 779 -"'V 

and therefore 

(444 \* 

— . g . g ... .J 

=V(c). 

The new determinant v (^) is put into a convenient form by multiplying the 

middle rows of the upper half of A (c) by 4 , the two rows on either side of this 

4 4 

by 24 — r > the next two rows above and below by -| — - and so on. The lower 

half being treated in the same way, all the divisors are accounted for. We might 
then proceed as Dr. Hill has done to obtain the determinant in a better form, 
with every constituent in the central diagonal unity. The new determinant and 



I 

I 
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V ip) &re both convergent, that is, in each case the product of the constituents of 
the central diagonal is finite and the sum of the other constituents is finite. (Poin- 
car6 IX, Helge von Koch X). But since the determinant will not be used for 
finding c, and since it has been treated as far as is necessary for the purposes of 
this paper, it does not seem to be of advantage to develope it further. Two 
points are of importance in what follows: firstly, the determinant A{c) ie a 
eymmetrical on^, and secondly, in consequence of this and also since it van- 
ishes for the special value of c which denotes the principal part of the motion 
of the lunar Perigee, Uie coefficients f,, ej are proportional to the first minors of the 
constituents of any row or column. 

It is not difiScult to see what changes are made by the introduction of the 
terms dependent on e'' and its powers. Instead of using the values (1 1) of t^, ^oi 
we must use the values (13) ; also, instead of ifj, Ni we shall have 

{M)i = ifi + terms containing eT and its powers. 

No other alteration is necessary in the equations since the terms arising from 
Af B, G [equation (3)] can be included in (if), (N). We, however, do not 
have {M)i=^{M)^i. All the results concerning the infinite determinant for o 
still hold. Let for brevity 

(ji)j = f. (1 + terms containing ef* and its powers) , 
{^j = e({l+ " " " " " ), 

(c) = c + terms containing ef^ and its powers • 

be the new values. Then as before (c)^, {^)j are proportional to the minors of 
the constituents of any row or column of the new determinant, which remains 
symmetrical. 

It remains to state that when c has been found, all the coefficients €<, ei can 
be found in terms of one of them by any suitable method of continued approxi- 
mation. The minors of the determinant do not seem adapted to calculation. It 
is found that sq — Eq is approximately 2e where e is Delaunay's eccentricity, and 
therefore this quantity is a suitable arbitrary. The letter s is used in all coeffi- 
cients involving the lunar eccentricity just as the letter rj is in all coefficients 
involving the solar eccentricity. 
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6. Further ApproximcUions to the Terms dependent on the Eccentricity of the 
Moon^s orbit and to the Motion of the Perigee. 

The next process is to find the terms of the order c*. These follow in the 
same way from the results just obtained as those of order ef* did from those of 
order ef. If the part of c depending on e, before neglected, be 5c, we can easily 
see that Sc is of the order ^ and that we need not know it to obtain the coeffi- 
cients of the order c*. We suppose the coefficients of the order ^ found. 

We proceed, then, to find the terms dependent on c" with the corresponding 
new part of c. We are only going to consider the terms depending on the 
indices 2jdb (c + Sc) of ^, since it is by these terms alone that Sc is determined. 
Stopping at the third order we put 

U = tLQ + u^ + u^ + U^t, 
where 

and similar expressions for the complementary variable. The last two coeffi- 
cients are of the order e^, and therefore on substitution in the equation of motion 
we can put c for c + Sc when this quantity appears as a factor of these coeffi- 
cients. We obtain, by separating out the terms of the order c", 

[(2y+ 1 + m + c + ScY-{2j+ 1 + m + cf^sj 

+ {2j+l+m + cY {^^)j + ^,M, {H\^, + 2,iV; (6 A-i 

= coeflF. of ^+^+*^ in ?^ {u^ + w* + w,.)-*(«o + «, + ««•)"* of the order 6», 

a© 

and a similar equation. Omitting negligible quantities on the left-hand side, 
.the equation becomes 

2«c(2y + l+fii + c)6,.+ (2y-fl + m + c)»(6»4+2,if,(i?»^^^^ 

= same expression as before. (16) 
Similarly the other equation gives 

2«c(2y— l-m+c)fi,.+(2y-l— 7w+c)(60-i+2iiC*K).-,+ 
= coeflf. of ^-v-c-«c ij^ ?fl' (^^ ^^^ ^^^^-i (^^^ ^^^ ^^^)-f ^f ^^ Q^^^^ ^ (15) 

The terms on the right-hand sides of these equations are known, those on the 
left-hand sides are to be determined. We can get an equation of the first order 
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for Sc free from the as yet undetermined coefficients {^^)j (s^*). There are, in 
the notation of the last section, 4q+ 2 equations and 4^ + 3 unknowns to be 
determined. One of these is arbitrary, and it involves a new definition of the 
"eccentricity constant" of integration. We may define this as may be most 
convenient. At present we proceed to the determination of Sc , which is not 
afibcted by this observation. 

Multiply the first of equations (15) by f^, the second by sLjj and sum the 
two for all values ofy. Now, in these equations the coefficients of {^^)jj {b^^)^j 
are exactly the same, term for term, as those of bj^ sLj in equations (14). If, 
therefore, we multiply the equations (15) by the respective minors of A(c), all 
terms involving (e*f')j , (ee'*) _, will disappear. But as these minors are proportional 
to 6y, sLj, the same object will be attained if we multiply by fy, eLj^ If, however, 
we conceive of difficulties arising from the fact that A (c) is not in a convergent 
form and therefore that its minors are infinite quantities, though their ratios are 
finite, we can proceed as follows. After the multiplication by €^, bLj and the 
addition of the equations for all values of J, the coefficient of {^^)i is 

(2i + 1 + m + cy 6, + ^jMje,^j + ^jNjb}^,, 

which, by equations (14), is zero. And so for all the other similar terms. This 
process is, of course, algebraically identical with the previous one. 
Hence we have 

2Sc:Sj [(2y+ l+m + c)^j + {2j— l-m + c)b1j'] 

= SJejX coeff. of ^^^^'^ in "^ {uo + u,+ u^)'^{so + s. + s,.)'^ 

+ eLj X coeff. of ^-«-«-»« in ?^ («„ + t*. + «,.)-* («b + ». + «..)!'*, 

aQ J 

where the terms on the right-hand side of the order e^ alone are considered. But 

and therefore, using this on the right-hand side of the previous equation, we 
obtain 

2^Xj[{2j+l + m+c),^ + {2j- i — m + c) e'lj] 

= const, part, order «*, in i^ • ^'^"*" %t "j^V ' ^^ • W 
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Transforming to real coordinates and putting 

-^.• = «o + «« + »^, 5^e« = yo + yi + y««, i2j, = z|, + f/„ 

the right-hand side becomes 

const, part, order e*, in expansion of-^ . ^^ ""pg — — , (16^ 

an expression of somewhat remarkable form and simplicity. When first ob- 
tained, it seemed to suggest that Adams' theorems (IV) as to the connection 
between the constant parts of the Parallax of the Moon and certain parts of the 
motions of the Perigee and Node, must really arise naturally from this mode of 
development of the lunar theory. After some trouble I succeeded in proving 
again these theorems and extending them so as to show them not merely in the 
form of ratios but in an exact form. They will be given in Part II of this paper. 
It is easy to extend these results so as to include all powers of e'. When 
we do so the formula (16) or (16') becomes 

2«(c)2,[]2y+ 1 + m + {c)\{b)] + (2y- 1 - /n +c)(e')L,] 

== const, part, order e\ in 4. l^^kM^jl^^ , (17) 

where the brackets round the various symbols have the same meaning as that 
given at the end of section 4. 

The coefficient of he or h (c) remains the same if we are finding the terms in 
the motion of Perigee dependent on the latitude of the Moon or the parallax of 
the Sun. If we are in the process of finding i(c), that part that depends on «'* 
can be obtained as in equation (16) by finding the constant of order ^e!* in the 
expansion of 

"^ • (i2)J. 

where (X)^, (Fj^, {R\ contain merely the terms, supposed to be previously 
found, dependent on e, e!, e'*, ee! and m . There are also the terms arising from 
02 to be included. So that in all cases the determination of the new part of c 
depends only on an equation which contains known terms found in previous 
approximations. 

Similar results will follow for the terms dependent on higher powers of 
c*, e!^ m c. For example, the equation necessary to find the part in c of the 
43 
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order ^ may be easily obtained by looking at equations (15). It is ^c where 5*c 
is given by 



2S'cSj [(2y + 1 + m + c)^j + {2j-l — m + c) bUj] + {ScfSj [ef + ^iV] 
[{2j + l + m + cfB^{^^\ + {2j- 1 -m + ( 

= const, coeflr., order 6*, m — , . — ~ — f>3 — ^^^^ 



+ 2i [(2y + 1 + m + c)« ^,(1^^), + (2y- 1 - m + c)' .i, (6.")^,] 5^ ^^^^ 



where JCe* = »o + *« + sp«« + ^«« + a?,*, etc. 

The coefficients to be determined therewith by the equations from which this 
expression arises, are those of the order ^ with arguments {2iD±: T), where 2D 
is the argument of the Variation and I that of the principal elliptic term. 

If we wish to determine the terms dependent on the square of the parallax 
of the Sun, similar results will follow. On the right-hand sides of the equations 
we shall have further terms arising from Hj, but these terms will be all known 
by previous computations, so that the general result for all terms in the motion 
of the perigee is this : In any stage of the approximations toe can always find tlie 
new part of the motion of the perigee hy simple computations withovi being compelled 
either to solve an infinite determinant or to find hy successive approximation the new 
coefficients arising therewith. The new coefficients can then be found by the usual 
methods. 

These results hold for any terms whatever in the motion of the perigee, and 
also, as will be seen immediately, for those in the motion of the node. The 
most important feature in them all is that just stated in italics. The solu- 
tion of an infinite determinant, in whatever way performed, is very laborious, 
and the continued approximation method applied to Sc and to the coefficients 
simultaneously, is not much less so. The method here given, when once the parts 
dependent on m only have been calculated, avoid these laborious processes — an 
important point quite independent of its mathematical interest. It is not to be 
forgotten also that in one respect theory here goes hand in hand with observa- 
tion. The motions of perigee and node are now capable of being determined by 
observation with much greater accuracy than the majority of the coefficients of 
the periodic terms. In the method outlined above theory also gives the new 
parts of the motions before the coefficients of the corresponding periodic terms. 

We now proceed to find the efibct of including in our equations the motion 
of the Moon in latitude, 
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6. Terms dependent on the Latitude of the Moon. Motion of the Node. 

For these terms we use equations 9 (iii), omitting those dependent on the 
solar eccentricity. Since 2 is a small quantity in powers of which we 
suppose that expressions are possible, and since the second of these equations 
contains it in its first, third, fifth, . . . • powers only, while the first equation 
contains it in its second, fourth, .... powers only, we are able to treat the 
equations separately, going first to one and then to the other as we obtain 
each new approximation. This fact facilitates the performance of the actual 
calculations very largely. 

Let y denote generally a quantity of the same order as 2. The 2-equa- 
tion is 



^-(•"■+(?f?)')'="- 

r» I • • • • > ^ 
y+ • • • . , > 

y4 1" . . • • • • 



Let z =Zy + ZyM + z^,+ . . . . , 

* = ^0 + V + V 

Expanding the last term in the 2;-equation, we have 

^-(•"■+f)— 1^+"^+-- 

The equation for Zy will be 

I)^Zy-(m'+^)zy=0. (20) 

The solution of this equation can be put into the form 



zy- 1 = ao2 [Kj^^^^ + ^i,r^-^] , y= + oo...._<x, (21) 

where g must be found, and Kj, KLj are of the order y and such that Kj= — KLj. 
The arbitrary constant attached to the new angle which the presence of g intro- 
duces can be understood, as in section 4, to be present. 

It is known from Adams' work (III) that g is found from an infinite deter- 
minant. Expanding x/rj, we have from section 2 

B'Zy-2ZySMi^'=0, 

and therefore on substitution of the assumed value of Zy and on equating the 
coefficients of ^"''^ to zero, 

{2j + gyKj—2XK,Mj,, = 0. (22) 
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This set of equations gives a symmetrical infinite determinant which, after 
certain transformations, was calculated by Adams (III) to find g. The coeflScients 
Kj are proportional to the first minors of the constituents of any row or column 
of this determinant. When g is known and we have thence obtained the ratios 
of J^- to any one of them, say Kq, which we take as the arbitrary constant of the 
solution, we substitute the resulting values of z in the first of equations 9 (iii) and 
find by the same methods as before the values of u^t, Sy%, which, as the suflSzes 
indicate, are of the order y*. 

Returning with these to the z-equation, it is desired to find the terms in z 
of the order y' together with those in g of the order y*. Confining our attention 
to the latter object, we assume 



We omit the terms which depend on the indices 2idb 3gr, as their coefl&cients 

can be determined to the order y' with the known value of g. We have 

{K^K% = — {KK'')^j. Equating to zero the coefficients of ^•+^+«<' for all values 

of y, we get a set of equations for the determination of the new coefficients and 

Sg. Let 

Xy. = Xo + Xy., Ty. = y, + yy,, i2;. = -ZJ.+ P?., (23) 

then, by reasoning similar to that used in the determination of Sc, the set of 
equations may be written 

2Sg{2j + g)Kj + {2j+gy{K'K')j-^Mj,,{K'K^), 



= coefi-., order /, of ^+^+^^ in /'^~^,, • (24) 

Multiplying this equation by Kj, and summing the set of equations so treated for 
all values of y, we have by equation (22) (as in the last section) the new coeffi- 
cients disappearing and 

^9^ (2y + g)K?=z[xKjX coeff., order /, of ^•+^+*^ in 7^^~jJ . (25) 

Similarly, 

%2 (2y + 9) KHj = 2 [KLj X coeff., order /, of ^-v-'-^ in _^^^^=^] . (26) 

Now, since jKLj = — Kj, and therefore 
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we obtain, by addition of the two previous equations, 

%2(2y + ^) J?7= const, coeff., order /, in .,^1 ,,| , (26) 

which is the formula for obtaining hg. 

This formula is easily extended so as to include all powers of e!. In deter- 
mining ^., instead of using r© we use (ro), where the notation is that used in 
section 5. Let the corresponding values oi K^, g, Sg, etc., be (iOj, {g), S{g), 
etc. The equation then becomes 

45(s^)2]2y + (sr)KJr)?=const.coeff., order/, in al\{B^\{z)l\r ^^'^ 

The part of the motion of the node which is of the order c*, and that of the 
motion of the perigee which is of the order y*, will be required for the investi- 
gations in Part II. They are not difficult to write down if we look at the 
results (16') and (26). Let z^y be the part of z of the order ey. This can be 
found when we know the principal parts of the motions of perigee and node only. 
It can then be easily seen that the part of Sg depending on ^ is given by means 
of the equation 

^^g^jW + 9)^= coi^st coeflF., order 6»/, in ""^y^^y^^^^ . (28) 

Also that the part of Sc of the order j^ is given by the equation 
2«c2,. [(2/+ l+m + c)BJ + {2j- l — m + c)e!lj'] 

= const, part, order 6»/, in 4 . f, ^r ^'X'l\''vt!'^\tl'^^ ^»^l ' (^9) 

Finally, by putting brackets ( ) round each letter, we may include as before 
in the formulae (28) and (29), all terms dependent on e'* and its powers. 

The equations (28) and (29), with powers of e'* included, will be named (30) 
and (31) respectively. (30), (31) 

It is unnecessary to go further with these expansions. Sufficient has been 
said to indicate the manner of treating the whole Lunar Theory after this 
method. The terms which depend on the parallax of the Sun are a little trouble- 
some owing to the new terms which arise from Hj, but they are much less so 
than when treated by the simultaneous equations (8), since, for a given degree of 
approximation, they are one order lower in Uj s in the former case than in the 
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latter. Nevertheless, should it be considered that in finding the terras of high 
orders in c, e', y, 1/a' the method indicated above becomes too troublesome, 
nothing prevents us from returning to equations (8), these being available at any 
stage. No increase of labor results from the mere change of method. 

After the experience gained in the calculations of the coefficients made up 
to the present time by both methods, it seems probable that the equations (8) 
will involve less labor than (9) for terms of the fourth order in 6,6^, y*, 1/a', if 
not for the third. Nothing even then stands in the way of the determination of 
the new parts of c and g by the methods just exhibited." 

7. Order of Proceeding. 

Having resolved the chief difficulties in the theory, namely, the determina- 
tion of the motions of Perigee and Node, it is possible to give a consistent plan 
for the computation of the complete expressions of the coordinates. The order 
which seems to arise most naturally from the previous results may be sketched 
out as follows : 

Terms dependent on 

(i) m only. 

(ii) m and ef, c'*, e'' . . . • in succession. 

(iii) m and e, eeff eef*, . . . . , c*, e^ef, 6*6^', . . . . , e^, e^ef, • . • • 

(iv) m and y, ye', ye'*, . . . . , y*. yV, . . . . , y*, . . . . 

(v) m and any other combinations of y, e, el. 

(vi) m and 1/a' and combinations with y, 6, e'. 

This order may be varied somewhat. 

The arguments in Delaunay's notation are, 2D that of the variation, I that 
of the principal elliptic inequality, 7 that of the annual equation, F that of the 
principal term in latitude. The expressions of the coordinates should then be 
arranged in the order 

2iZ), 2iD±:V,2iD±2l',...., 2iDdtl, 2iD±l±V, 2iD±l±2V, , 

and so on. The chief difference from Delaunay's arrangement being that the 
terms whose arguments differ only by multiples of 2D are to be placed together 
in all cases. 
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It is proposed to carry the computations suflBciently far in cc, y, 2 to enable 
the coefficients in longitude and latitude to be found accurately to one thousandth 
of a second of arc. This makes it necessary to carry some of the earlier calcu- 
lations to a somewhat greater degree of accuracy than is actually needed for the 
special coefficients. But in any case the terms in m only, and the principal parts 
of the motions of perigee and node, carried to 15 places of decimals by Hill and 
Adams (I, II, III), are amply sufficient. . 

8. The Arbitrary Constants. 

The constants which arise in the arguments by the integrations are the 
same as those of Delaunay. Those outside of the signs, sine and cosine have 
been referred to generally as a©, c, y. As for a©, we can define it in such a way 
that the determination of the coefficients is made as simple as possible, and this 
will cause in general a determination of a new part to a^ whenever we are 
making an approximation which contains a constant term. It would seem better, 
however, to define a^ as that value given by Dr. Hill (I) in terms of {(i/n^y and 
m , making the necessary changes after each approximation when the latter has 
been made under the previous method. Similarly, it seems the best to define 
the ** eccentricity " constant so that it is the coefficient of sin I in x/a^, and the 
latitude constant so that it is the coefficient of sin Fin z/oq. Then Oq differs 
from Delaunay's a by terms which vanish with ?n; the first approximation 
(neglecting m and all powers and products of the constants) to the eccentricity 
constant is 26, where e is Delaunay's constant; and the similar first approxima- 
tion to the latitude constant is the quantity defined by Delaunay as y. 

The numerical value of m is used all through, the other constants being left 
arbitrary. 

9. Verification of the Results. 

For verification purposes we have several equations at our disposal. The 
most useful of these when the coefficients of ^ are not under consideration, is 
the second of equations (8). If it be desired to verify the coefficients of f^■+^ 
where A is some linear combination of m, c, gr, we substitute in this equation 
the results obtained and find therefrom an equation of the form 

;if^ + ;i'^-^ = o, 
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where >l, 7J contain integral powers of ^ only. The coefficients of the various 
powers of ^ ought to vanish identically after substitution, and therefore if we 
put ^=1 in >l, A,', the results ought equally to be zero identically. When 
^=1, ;i + ;i'=z:0, and therefore this method will not be available when A is 
zero. In this equation of verification all the terms are of the second degree in 
u, 8, and the combinations of the coefficients are totally different from those 
arising from equations (4) used for finding them. 

As for the coefficients of ^, the results proved in Part II concerning the 
constant part of 1/r used in connection with equation (6) will verify all coeffi- 
cients of the orders e*, j/*, ^, 6^y*, y* and all powers e'*. For practical purposes, 
then, we have only the terms of orders e'*, ef\ . . . . 1/a'*, e^/a'% . . • . , etc., out- 
standing. Equation (6) can be used for these by expanding 2x{us + s?), and, 
after choosing out the terms of the required order, putting ^ = 1 . 

10. General Observations. 

It will be well to contrast the method here outlined with that used in the 
development of the Elliptic and Parallactic Inequalities (VII, VIII). It must 
be premised that both methods are built up on Dr. Hill's primary solution. 
These remarks refer merely to the best method of continuation. 

The chief disadvantage of the present treatment lies in the frequent multi- 
plication of series of ^ with numerical coefficients. Although every multiplica- 
tion is available for several classes of inequalities, besides the one for which it 
was especially made, in terms of high order these computations will become 
very tedious. But there are several advantages which may render the method 
worthy of consideration. In the first place there are no numerical coefficients to 
be computed after the multiplication of series has been performed, like those 
arising from the use of equations (8). In the latter, for instance, when finding 
the terms of order 6* we have to compute ^ 

for all values of i, the portion in brackets being a somewhat complicated func^ 
tion of m and c, and different for different values of i,J (VIII, p. 322). Such 
calculations are fruitful in producing errors. Secondly, the terms arising from 
111 ^^^ very simple and, when 1/a' is neglected, of the first order in u, s, so that 
only a very few short operations are necessary. Thirdly — perhaps the most impor- 
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tant point to be mentioned — the multiplications of series, being always of the 
same nature, can be performed by a computer from one general formula. This 
would require little extra knowledge on his part beyond that of logarithms, and 
his results can be checked by a computation with a special value of ^. 

The method here outlined has been successfully employed in computing the 
coeflScients of orders e', e'*, ee! with the numerical value of m ;* much labor appar- 
ently was saved by the readiness with which the work was reduced to easily 
remembered operations and by the diminished opportunities of making errors in 
calculation. Certain difficulties owing to the near equality of the coeflScients of 
^^^ and ^i^^-"*) and also to the large divisors, were more readily bridged. I hope 
shortly to test the terms in 6*, and also the part of the motion of the perigee of 
the order 6* (VIII, p. 337). This last diflFered somewhat from Delaunay's value 
(YI), and before it can be accepted, ought to have a further test applied and the 
errors, if any, corrected. 

PART II. 

Theorems concerning the Constant Part in the Expression of the 

Parallax of the Moon. 

In the investigations which follow, the Parallax of the Sun is neglected. 
With this exception the results obtained are perfectly general. 

Let x^X^, y—^q^ % — Z^ 

be the general solution of equations (9) or (10), neglecting quantities in the coeflGi- 
cients beyond the order fpy"^'^ (pznO, 1, 2 * .* . q). We define e, y as the 
arbitrary constants of integration in eccentricity and latitude, of the same order 
of small quantities as those used by Delaunay. 

Let -^9= »o + a^i +*-«»+^«» 
Yq= ycr+yi + +ygi 

where a:,, y, are of the form a^e^ + a^^%e^~^y^ + a,_4 6''~*y* +...., 
and Zq is of the form a^.i^^'^y + a^^z^^^T^ + . . . . 

From what we know of the expressions of the coordinates of the Moon, 
««>««-«»•••• *re functions of m, ef and of the angles 2v{t — t^), n't + ^, 

• Monthly Not. B. A. a, Vote. LTV, p. 471 ; LV, pp. 8-5. 
44 
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ov{t — <i), 2gv{t — <,) and a^^i, a,_8 • • • • of ^> ^ ^^^ the angles 2r(< — ^), 
vlt + fi', cv (< — <i) and odd multiples of gv{t — t^. According to the notation 
previously used there should be brackets ( ) round all the symbols X, x, etc. 
These must be understood to be present, but are omitted here for the sake of 
simplicity of expression. We proceed to prove some theorems. 

11. If X, y^z have been calculated to the order 2j — 2, the constant part in 
the expansion of l/\/(a5* + ^ + ^) can be obtained to the order 2q without further 
reference to the equations of motion. 

With the notation just outlined, this theorem may be more fully stated by 
means of the equation, 

const, part, order 2^, in the expansion of 



Rfq 



= const, part, order 2q^ in the expansion of 



(S3) 



The proof of this is based on Adams' method of proving his theorems referred to 
below (IV). The equations (10) are, if r* = «» + y*, 



x—^y- 3n'*x + A'x + B'y = - j^^., , 



y+2n'i +^«+^y = -7P&Yi' 

i + n'*z + nf'pz 



{f-{-^)* 



(r»+^)i-J 



(34) 



Let ajo, yo, z^ be the values of a?, y, z, expressed by the same formulae and 
with the same angles, but with different arbitrary constants of eccentricity and 
inclination (i. e. different values of <5, y). We have then 



yo+2n'i, +Bx,+ Oy,= -j-M^ 



+ n'\ + n'"pZo 






(36) 
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Let the suffix correspond to zero values of 6, y. We suppose as before 
that expansion may be made in powers of e, y* Since equations (34) hold 
generally, they must hold if, after the right-hand sides have been expanded, we 
stop at any given order in e or y in all terms. They will therefore hold if we 
stop at the order 2q in 6, y . Hence we can put x = X^, y = Y^^ z = Z^^^^ as 
Zlq^i is the value of z correct to the order 2q. Multiply the first two of equa- 
tions (34) by Xq, yo respectively and subtract the sum of the results from the 
sum of the first two of equations (35) multiplied by X^, F,q respectively. We 
can put the resulting equation into the form 



= -MX^«,+ F^yo)(-^— ;^) 



Since the expressions of the coordinates contain t only under the signs, sine 
cosine, we deduce immediately, 
const, part to the order 2q inclusive, in the expansion of 

{x^x, + T^yo){^ ~ :^) = ^ • (^^) 

Let the notation C^^ [§] denote "the constant part, order 23^, in the* expan- 
sion of Q " according to any parameter — which we can put into evidence when it 
is necessary for the sake of clearness. The equation (36) then gives 

= (7^[^i?L+i^o]^ (37) 

since the parts of Z,,, F^ of order 2q are sc,,, i/p, and ^=Z?+ I7=a^+yo=»o' 
The equation (37) holds for any positive integral value of q . 
Now, if we stop at the order 2q, 

Big = i^,_i + ^o«», + 2yoy«, + 2ziz,j_i, 
and therefore 

-3(x; + 3^)5?^i±J^!%±^^2=i]. (38) 
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Putting r^ for 5c5 + 3^, we deduce from (37) and (38) 

Again, by expansion, 
Hence by (39), 

where we have put 

aSo, 2g-i = aroOjeg-i + yol/tq-^i + ^z^q^tj 

Hence by expansion we obtain 

- W + ^0. i)(— 3 ^^ + 16 ^0- »^7 ^"'1 -3 ^i^)] 

which formula, since 2b= 0, proves the theorem. 

12. jicJam^' First Theorem. 

We can deduce this theorem immediately from the above result. It states 

that in the constant part of the Moon!s Parallax all the terms of orders ^ and ^ are 

zero. 

In equation (33') let g' = 1 . We obtain, since 2o = , 



' (33') 
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First, let y = ; this shows that the term in «* is zero. Next, let c = , then 
similarly the term in y*= 0. Also it is to be remembered that 6, y occur only 
in the const, part of 1/jB in even powers. In the above, ef^ and its powers are 
included. 

13. Adams^ Second Theorem and its Extension. 
This theorem may be stated as follows : 

^ G, [-^] = Ee' + 2F^y' + Gy' (40) 

and (7, [(c)] =ff^ + Ky", 

(7,[(^)] = ife»+JV, 

where E, F, G, jS", K, M, N are functions o/m, ef only, then 

^_ E M^_ F 
K -"T"' N - G' 

The proof of this theorem may be found in Adams' paper already referred to 
(lY). It is based on the consideration of the orders of certain functions. In 
the extension of this theorem which follows, I shall prove again Adams' 
theorem by another method which, though lacking altogether the neatness of 
his demonstration, has the advantage of putting the connections between the 
constant part of the Parallax of the Moon and the motions of the Perigee and 
Node in a rather clearer light. 

Extension of Adams' Second Theorem. 
Let 

. ^T.= 2^XjU^j + 1 + m + (0)} {ey^+{2j-l-m + (o)KO?-i], 

(see equations (17) and (27)), where T^, Ty are expressed m terms, of the same 
eccentricity and latitude constants {which we have called e, y) as IfB, (c), (g) ; then 

HT^ = QE, MTy = 6 J', 
KT, = 62?, NT^ 

and thence T^ M 



)~^^A (41) 
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As before we omit the brackets which denote the presence of powers of e!, for 
the sake of simplicity of expression : it is understood that they exist in what 
follows. 

We have from equations (17) and (31) in this notation, 

^fKT. - G^ L|(^ + ^^.). + (r. + y^)* + (^ + On*J • 
These can be included in the equation 

^HT. + ^^KT. = O,. „ [^^'\ ■ (42) 

For since x, y contain only even powers of y, xi = ««, yi = y«, and when y = 0, 
X, = Xet, etc., it therefore includes the first equation. If we want the second 
equation we neglect powers of e in X, F above the first, hence Z!i = X^ + x^., 
etc., for this case. 

Again we have from equations (30) and (27) 

and these can be likewise included in the equation 

^Y^MT, + y^NT, = G^., ^ [^»] . (43) 

since z contains only odd powers of y . 

Now, since constant terms contain only even powers of e, y, we have by 
addition of (42) and (43) , 

^RT, + e»y» {KT, + MT,) + y*i^7; = G, [^^+^1^+^] . (44) 
By means of this equation we can reduce the four equations (41) to two, namely, 

G T^ '\ — G r ^-^* + yi^» + zi^n / a \ 

^••»' L(i^ + 2z,z.)«J - ^•^' L:^J • ^^> 

For, suppose (A) and (B) to be proved. In (A) put y = 0, then z = , and by 
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(44) and (40) the first of the relations (41) holds. Next, suppose e = 0, then 
in a similar manner the last of relations (41) holds. Finally, consider the terms 
in (A) of the order 6*y*. Owing to (B), the second and third of equations (41) 
will hold. Hence all that is now necessary is to prove the two equations (A) 
and (B). Since the methods of proof may be of value in investigating similar 
relations for higher powers of e, y in the parallax than the fourth, they are given 
separate statements. 

14. To prove that 

^.[^]='^.[ ^-^(^|-^:;^ ]- (A) 

Attach to a^, as,, ^1, etc., a factor a with an index of the same order in e, ^ as 
the quantities to which they are attached. Thus for x^ we put axi, for y^, a*y,, 
etc. ; a will be omitted where its presence is unnecessary. Let 

Sr, = XrX, + yry,- 

Then Bl = rl-^ a*Su + a*S„ + 2aSoi + ^*S„ + 2a' iS„ + a» 2? . 

Hence, reducing to a common denominator, the expression 

^_25»:^^M» = -^(24+3a»>S„+3a»^ + 3a*;Si,+ 5a,S'oi+ 6a*S„+ 6a>S„) 
= ^ (47^+5a»ASix + 6a»2^+ 6a*AS'„+ 9a/S'oi+10a»iS'o,+ lla»^) 

■" " ' (aVo + a^»^i+ aVx + a«-Si,+ 2a»AS'oi+ 2a}''S„+ 2a"/^,)* 



+ 



XrX, + y,7, + 4 



5 <i /^ 1 \,xi^±yiT^±^ 



^a' 



0+ 



da KR^J ^ Bl 



Now, owing to the definition of a we can consider 1/^ as expansible in 
powers of a, and it is easily seen that 

d 



, d / 1 \ 
" ~d^ KBiJiO 
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contains no term of the fourth order in a. Hence 

G,[^-2 ^0^^+yoL] = c, [^^L+.|A+i] . (46) 

Let now ^ = 2 in the theorem of Art. 11. Equation (33) becomes 
Hence from (45), 

-''*\- (i^+5te,a,)i -I' 
which is the result required. 



The proof of equation (B) will be divided into two parts, of which the first 
contains a method of general application to the terms which involve both the 
constants e, ^. 

16. Lemma. To prove that 

G,^r P^'^"^ ^^^" - "'"^''^ ^"^^'j = 0' (46) 

Let, for the purposes of this proof only, 

? = Oo + ». + a.., ^' = Oo + ajyt , 

r* = f + »7* , ^=z. 

Then i^, 97 contain the terms inx, y, independent of y, as far as the order 6*, and 
$'» Vi ?'i ^1 the terms in x, y, 2, r, independent of 6, as far as the order y^. 

The proof of the lemma is not diflScult. We proceed as in section 11. 
Taking the equations of motion (34) and substituting therein for x, y, z first 
f , »7, and then £', Vi ^'» we have 

'^—2n'^ — Zn''^ + A'^ + Byi = — ii^, 
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^"^^ f — an',/- 3w'T+ A'e+ Brl- — (i^r, 

r 



i^'+ 2n'^' + ^r + ^V= -/i-^ 



the right-hand sides of the first pair being expanded as far as the order ^ and 
those of the second pair as far as the order y^. Take the sum of the first pair 
multiplied respectively by i^', y{ from the sum of the second pair multiplied 
respectively by i^, ^7. The terms on the left-hand side of the resulting equation 
form a perfect differential, and therefore contain no constant part. Hence those 
on the right-hand side as far as the orders e^, y^ contain no constant part. We 
have then in particular 

<7.v[(^f+W)(-^-^)] = 0. 
Since p contains no terms in y* and p' contains no terms in 6*, we have 

whence follows immediately the equation (46). 

From this result we can deduce the result (B). This seems to be most 
quickly proved by simple expansion. 

16. Tcprooe that 
Let /Soi = aJoa^. + yoy«» S^ — ^ts^-.^^ry^y-.^y 

^ = a:oar^.+ yoye». Sy^^ — x^x^ + y^yy^ ^ 

Sn = ^e +y! » ^r = »«««y•+y«1yy«• 
The orders of any terms will then be denoted by the suffixes of S. We have, 
with this notation, to the order required, 

and therefore, by expansion of equation (46), 
45 
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or, after reduction and multiplication by 2, 

C^ r_ 6 ^L^ — 3 ^^^ + 16 ^i^ + 3 ^1 = 0. 
*- rg rj r J /^ -* 

Rearranging, this equation may be written 
^ev ['Sii |- 3^ + 15 ^»^»1+M^j 

which is the expansion of 

p r ^01 + Six + /?!>/ — 4 1 — o 

Referring to the notation defined by equations (32), this is evidently the 
same, if we omit superfluous terms, as 

This equation is easily shown to be the same as 

whence follows the equation (B). 

The above results give some insight into the nature of the connection 
between the constant parts of the Moon's Parallax and the motions of its Perigee 
and Node, If we had assumed the results of Adams' second theorem (which is 
here a deduction from the equations (A) and (B)), it would have been unneces- 
sary to prove (B). But it is desirable to see exactly by what means the results 
come, and thence to get an idea as to the way in which they might be extended 
to higher powers of c, y. The methods followed above appear to be sufficient to 
indicate further relations if they exist. The chief trouble is to investigate the 
terms depending on both 6, y, those depending on one only of these constants 
requiring much less labor. The results are independent of the particular method 
of defining 6, y, so long as these quantities are of the same order as the coeffi- 
cients of the principal elliptic term in longitude and of the principal term in lati- 
tude respectively. In fact, their definition is restricted only by the assumption 
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that the coordinates are expressible by means of the same angles at any stage of 
the approximations. We simply approximate to the coefficients. A reference to 
Adams' paper (lY) will make these points clearer. 

17. Extension to Terms of Higher Orders. 

It is not difficult to extend these formulaa when terms of higher orders in 
the expressions of c, g are under consideration. But simple relations with the 
constant part of the Parallax of the Moon, like those which exist for ^ = 1 and 
9= 2, do not seem to be present in the terms of higher orders. The methods 
used here should give any relations which may exist, and it is not at all improb- 
able that there are such. 

The connections between the motions of Perigee and Node and the Parallax 
are really due to the fact that these are all independent (in the sense of the 
theorem of section 11) of the coefficients of the next higher order than the terms 
under consideration in the Perigee and Node. The formulas for the latter, though 
symmetrical in x, y or 2, are not so with reference to the quantities a:©, »«» ^-^i 
etc., while the expression for the Parallax is so. Consequently the results of 
Adams' theorems and their extensions must be rather considered from this point 
of view as accidental. 

The terms in the motion of the Perigee depend principally on the function 

where 2q — 2 is the order of the terms required. 

As an example, take the case 9 =3 in the theorem of Art. 11. This gives, 
if we consider only the constant part of the order e*, i. e. putting y = 0, 

which may be shown to be equal to 

^^^^'^d^\B^)^^—~m — ■*" — M M — -•' 

after the method and notation used before. The first term on the right-hand 
side vanishes, having no coefficient of the order «•; the second term is that 
required for the determination, in the motion of the Perigee, of the terms of order 
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^ [equation (18)], but the other two terms do not vanish. Some reductions are 
possible in these latter terms, but x^ and y^ cannot be eliminated. 

PART III. 

Terms of Long and Short Periods whose Coefficients are Large in 
Comparison to the Orders of the Coefficients. 

There are some results which can be deduced from the infinite determinant 

which are of importance when short-period terms are under discussion. 

Let the arguments of any series of terms \n x^y differing by multiples of 

^v {t — ^o) be 

(2; + A) v< + const., 

where A is of the form yi + A»n + pc + 25gr, and consequently the coefficients of 
the order d'^'tf^e^'y^. Here k,p,q are integers positive or negative. Also 
y^ = when/ is even andyi = 1 when/ is odd ; in addition, we have 

A/ = (A) or A/ = {h) + even positive integer, etc. 

Let the coefficients corresponding to any given value of A be X,, X-. The 
equations which determine them are 

(2y+ l+ni+A)*X, +2iif<Jl^_i +2<JV;Xi'_^ = known terms independent of X, X\ 

Suppose that the solution of these equations is found by means of determinants. 
A reference to equations (14) shows that the common denominator in the expres- 
sions of all the coefficients Xj, Xj is A (A) or V (A). Now the identity 

V (o) = (cos TftJ cos 7lCi)(C08 TIC — l) 

of Art. 4 holds for all values of c, and therefore when we put A for c. Hence, 
dropping the suffix of c^ so that c denotes the principal part of the motion of 
Perigee, we have for the common denominator V (A) the value 

(cos nA — cos 7ic)(cos n A — 1) . 

From this we conclude that the coefficients %^, X/ may become large when either 

cosnA — COSTCO or cosnA — 1 
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is a small quantity. Since o is nearly equal to unity, these expressions cannot 
become small together. This shows that when we have the equations 

A = c + even integer or A = even integer, 

approximately satisfied, the quantities X^, %j may become large. The term '' even 
integer " includes negative as well as positive even integers and also zero. 

The second case is that of long-period terms. The result obtained does not 
add anything to our knowledge of them, except perhaps the fact (which applies 
also to the terms affected by the first equation) that all terms whose arguments 
differ from Ai/< + const, by even multiples of 1v{t — <o) should be considered 
together. The first equation affects only short-period terms : the periods of these 
terms differ little from those of the principal elliptic inequalities, that is, from 
2n/{2j±: c)v. We have neglected in c all terms but those depending on m only, 
but the results evidently hold when we consider the full value of c. If we had 
used numerical values for all the constants it would have been necessary to take 
this full value. In the case before us, where we use the numerical value of m 
only, we take the part of c depending on m only. 

It seems to have been usual to consider short-period terms as those whose 
periods approximate to that of the mean motion. The result shows that we 
ought rather to consider the terms whose periods approximate to that of the 
principal elliptic inequality. The result obtained in a previous investigation 
(VII, p. 254) is evidently only a first approximation to that obtained here. The 
difference is due to the fact that here we include at once all the terms whose 
arguments differ from that considered by even multiples of 2i/(^ — <©)» ^.nd we 
therefore include in the coefficients all powers of m . 

Only a finite number of the coefficients ^j, Xj will become large relatively to 
the rest, but the whole series will be large relatively to their order in e, ef, y, 1/a'. 
No coefficients of terms of long period become large by the integration of the 
latitude equation. The same remarks, as to the terms of short period, apply if 
for "principal elliptic inequalities '' we substitute ''principal latitude inequali- 
ties," i. e. those of period ^/{2j±:g)v. 

For the calculations of Part I, where we are especially concerned, in the 
infinite determinant, with the values of c, g which depend on m only, the above 
remarks may be included in the following rule : When calculating any series of 
terma in x, y in which A has the value i + km+pc+ 2qgj in order to discover if 
a lo/rge divisor is present it is necessary to examine whether for positive or negative 
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integral values ofi^ i^t Pt q either of the expressions 

i + km + (p—l)c+2qg, i + hm+pc + 2qg 

becomes smaU. In calculating terms in 2, we examine whether the second expression 

may become small. The last statement arises from the fiu^ that m hititade A is 

of the form 

» + *tn+^ + (2g+l)^, 

and this for large coeflScients must be approximately equal to ^. It is to be 
remembered that the rule applies to all terms wherein the coeflScient of vt in the 
argument differs from A by even multiples of r. 

The part of the coefficient of lowest order of a term in a?, y whose argument 
\B{i + hm+pc + 2qg)vt + const., is of order ef^e^y^ or ef^^y^A/af, according 
as i is even or odd : in 2; the argument being \i+ hm+pc+{2q+l)\vt + conBt., 
the orders are for i even or odd, c'^e'y*^"*"* and ef^e^y^'^^l/a! respectively. Hence 
if there is a long-period inequality with a large coefficient of order ef^^y^ in x, y 
there is a short^period inequality with a large coefficient of order e'*e'+^y*' in x, y 
and a similar one of order efe^y^"^^ inz. In the indices of e, ef, y the numbers 
h^p, q receive positive values. 

By considering the algebraical values of the principal parts of c, g we can 
also arrive at the order of the denominator in relation to m , and thence, by look- 
ing at the manner in which the denominators are built up, the orders of any 
terms, with respect to the parameter m, can be obtained. 
Cbbibt'b Ck>LLBaB, Cambbidob, December %Uh, 1894. 



Ueber den Sinn der Windung in den singuldren 
Puncten einer Baumcurve. 

Von Otto Staude in Rostock. 



Die analytische UnterBcheidung rechts und links gewundener Elemente 
einer Raumcurve iet kiirzlich von Herm Kneser* eingehend untersucht worden, 
soweit es sich urn regulare Puncte der Curve handelt. Die vorliegende Mit- 
theilung dehnt diese Untersuchung auf singulare Puncte aus. 

Die Schwierigkeit liegt dabei in der Durchfiihrung gewisser Vorzeichen- 
bestimmungen, fur welche indessen ein einfacher Grundgedanke maassgebend 
ist. Wenn namlich bei der Untersuchung der Bahncurve eines bewegten 
Punctes in einer geraden Linie, in einer Ebene oder im Raume neben anderen 
Bestimmungsstucken das doppelte Yorzeichen benutzt wird, so kann dies nach 
folgender Stufenfolge geschehen. In der Oeraden entscheidet das Yorzeichen 
liber die beiden entgegengesetzten Richtungen, welche die Tangente der Bahn- 
curve haben kann oder, anders auBgedriickt, fiber den Sinn der Linearfort- 
achreitung. In der Ebene, wo die oo^ moglichen Richtungen der Tangente der 
Bahncurve durch einen Winkel (2 Richtungscosinus) bestimmt werden, entschei- 
det das Yorzeichen fiber die beiden bei gegebener Tangente noch moglichen 
Richtungen der Normale oder, was auf dasselbe binauskommt, fiber den Sinn 
der Krummimg. Im Raume, wo die oo* moglichen Richtungen der Tangente 
der Bahncurve durch zwei Winkel (3 Richtungscosinus) und die bei gegebener 
Tangente moglichen oo^ Richtungen der Hauptnormale durch einen Winkel 
bestimmt werden, entscheidet das Yorzeichen fiber die beiden bei gegebener 
Tangente und Hauptnormale noch moglichen Richtungen. der Binormale oder 
fiber den Sinn der Windung (Torsion). 

* Bemerkungen tkber die Frenet-Serret^schen Formeln eta, Journal flir die reine und angew. 
Mathematik, Bd. 118, S. 89. 
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Dieses Princip ist im Folgenden uberall festgehalten und mit den Beding- 
ungen der singularen Puncte verknupft worden. Nach den einleitenden 
Festsetzungen des §1 und §2 und der Eintheilung der singularen Puncte in §3, 
werden zunachst in §4 fiir die singularen Puncte charakterische Coordinaten- 
systeme eingefiihrt, welche der weiteren Discussion als Grundlage dienen. 
Hierauf wird in §5 die Bedeutung der Vorzeichen der aus den DiflTerential- 
quotienten der 3 Coordinaten des Curvenpunctes nach dem Parameter gebildeten 
dreireihigen Determinanten entwickelt, deren erste, nur 1., 2. und 3. DiflFeren- 
tialquotienten enthaltende, in gleichem Sinne von Kneser* betrachtet und 
deren Verschwinden als Kriterium der singularen Puncte iiberhaupt von Pinef 
untersucht worden ist. In §6 endlich werden die Hauptresultate in einer Tabelle 
zusammengefasst und weiter erlautert. 

Obwohl die angewandte Methode bei w-Dimensionen und bei beliebiger 
Ordnung der singularen Puncte sich durchfiihren lasst, beschrankt sich die 
gegenwartige Mittheilung auf die zur Charakterisirung der Methode ausreich- 
enden 8 Falle des gewohnlichen Baumes, welche nach v. Staudt's Vorgange von 
Ch. WienerJ besprochen und in Modellen|| zur Darstellung gebracht worden slnd. 

§1. Festsetzung uber den Sinn eines Axensyetems^ einer Drehwng wnd einer 

Windimg. 

Um den Anfangspunct eines rechtwinkligen Axensystems Oxyz im Baume 
denken wir uns eine Kugel beschrieben und den Umfang des spharischen 
Dreiecks, welches die 3 positiven Halbaxen Ox, Oy, Oz auf der Aussenflache der 
Kugel bestimmen, in der Beihenfolge x, y, z der 3 Bcken durchlaufen. Jenach- 
dem diese Durchlaufung dem Drehungssinn des Uhrzeigers entgegengesetzt oder 
mit ihm iibereinstimmend ist, nennen wir das Axensystem Oxyz positiv oder 
negativ orientirt. Wir benutzen in der Folge stets ein positiv orientirtes Axen- 
system Oxyz als Coordinatensystem.§ 

*a. a. O. S. 96. 

t On the SiDgularities of Curves of Double Curvature, American Journal of Mathematics, Vol. 
Vm, a 175. 

X Die Abh&ngigkeit der Rtlckkehrelemente der Projectionen einer unebenen Curve von denen der 
Curve selbst, Schlomilch's Zeitschrift, Bd. 26, S. 95. 

II Acht Modelle aber die Abh&ngigkeit der Rtickkehrelemente etc., Verlag von L. Brill in Darmstadt 

2 Cbereinstimmend mit Kneser, a. a. O., S. 91. 
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In Bezug auf ein solches sei (vergl. Fig. 1b) P:=^Xj y, zeia laufender Punct 
und Q^=^Xj y seine Projection auf die xy-Ebene. Ferner sei t der Winkel des 
Strahles OQ gegen die positive x-Axe und zwar wachse derselbe, von der posi- 
tiven e-Aze aus gesehen, im poaitiven Drehungsainne, welchen wir stets dem des 
Uhrzeigenp entgegengesetzt annehmen. 




Alsdann stellen die Gleichungen : 

a; = acos<, ^ = asin<, z = e 



ht 



6=± 1 



(1) 



eine Schraubenlinie vom Radius a und der Ganghohe h dar, welche positiv oder 
negativ gewunden ist, jenachdem 6 = + 1 oder 6 = — 1 genommen wird. Um 
namlich den Sinn der Windung zu definiren, betrachten wir die Schraubenlinie 
in der Richtung ihrer Axe und lassen sie von einem Puncte in solcher Weise 
durchlaufen, dass uns seine drehende Bewegung um die Axe positiv erscheint : 
jenachdem dann seine fortschreitende Bewegung langs der Axe auf uns zu oder 
von uns wegfiihrt, nennen wir die Schraubenlinie positiv oder negativ gewunden.* 
Lassen wir nun in (1) den Parameter t wachsen, so bewegt sich der laufende 
Punct P von der positiven z-Axe aus gesehen (vgl. Fig. la) im positiven Dre- 
hungssinne, wahrend gleichzeitig z wachst fur 6=1 und abnimmt fiir f = — 1, so 
dass die iiber die Schraubenlinie (1) gemacbte Angabe unserer Definition ent- 
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* Wie bei Kneser, a. a. O., S. 100. 
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spricht. Bei abhehmendem t wurden wir, von der negativen z-Axe aus zusehendi 
den gleichen Sinn der Windung finden. 

§2. Die positive Dv/rchJaufimgsrichttmg einer Ov/rve wnd die Nachbarpvmcte 

eines Pv/actea. 
Durch die Gleichungen : 

^ = ^{t). y-'^{t), z = x{t), (2) 

bezogen auf das in §1 eingefuhrte Coordinatensystem Oxyz^ sei eine Raumcurve 
gegeben. Den Parameter <, der fur die ganze Betrachtung derselbe bleiben soil, 
denken wir uns etwa als Zeit gedeutet und die Curve (2) dem entsprechend als 
Bahncurve eines bewegten Punctes x, y, z. Als positive DurcJdau/tmgsrichtung 
der Curve im Bereiche eines Punctes P derselben bezeichnen wir diejenige, 
welche einer wachsenden Bewegung des Parameters t, beziiglich der fortschreit- 
enden Zeit entspricht. 

Wir setzen voraus, dass im Bereiche des Punctes P, also fiir hinreichend 
kleine absolute Werthe der Grosse r die Taylor'sche Bntwicklung : 

^{t + r) = ^{t) + q/{t).r + W{i)''^+ • • • • 

= a: + a/T + ia/V+ , (3) 

sowie die entsprechenden fiir y und z gelten. Damach betrachten wir eine 
Reihe in der positiven Durchlaufungsrichtung auf P folgender Nachbarpuncte 
Pi, P,, Ps* • • • • ^^ den Coordinaten : 

a:i = a; + a/Ti, yi = y + y'ri, z^^z-^t/i:^, 

a^8 = « + a/Tg + ia/'rf + ia/"'r|, , 



(4) 



und ebenso eine Reihe vorangehender Nachbarpuncte P_j, P_2, P_, mit 

den Coordinaten : 



ar_, = X— a/Tj + ia/'Tj— ia/"ii, 



(4) 
Diesen Angaben liegt die Vorstellung zu Grunde, dass bei einem vorgegebenen 
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gemeinsamen Genauigkeitsgrade von den kleinen positiven Qrdssen Ti, r,, Ts, • • • • 
beziehungsweise die 2., 3., 4., • • • • Potenzen vernachlassigt warden konnen. 

§3. Olaasificaiion der Ov/rvenpuncte. 

Mit Bucksicht auf die Lage der Nachbarpuncte P^ P%, Pz^ • • • • nehmen 
wir nun eine Classification der Puncte P der Curve (2) vor. Wir suchen 
namlich, von P ausgehend, ^en nachsten Nachbarpunct Pj(t= 1, 2, 3, . • • .), 
der aus dem Puncte P heraustritt, hierauf den nachsten Nachbarpunct 
P,^,(«=l, 2, 3,....), der aus den G^raden PP^ heraustritt, endlich den 
nachsten, der aus der Bbene PPiPt^^ heraustritt. Auf Grund dieses Verfahrens* 
erhalten wir folgende Eintheilung: 

I. Pi nicht im Puncte P. 

A. Pg nicht in der Geraden PPi. 

a. Ps nicht in der Bbene P-Pi-P, ; 

b. Ps (aber nicht P4) in der Bbene PPiPg. 

B. P, (aber nicht Pg) in der Geraden PPi . 

a. P4 nicht in der Bbene P\P%Pz ; 

b. P4 (aber nicht Pj) in der Bbene PiP^Pz 

II. Pi (aber nicht P,) im Puncte P. 

A. Pj nicht in der Geraden PiP, . 

a. P4 nicht in der Bbene PiP^Pz ; 

b. P4 (aber nicht Pj) in der Bbene PiP^Pz 

B. Pj (aber nicht P4) in der Geraden PiP^ . 

a. P5 nicht in der Bbene P^PzPi ; 

b. P5 (aber nicht P^) in der Bbene P^PzP^- J 



(6) 



Diese Bintheilung kann nach jedem der 3 Eintheilungsgriinde, also in den 
Bichtungen a,b,....; A,B,.... und I, II , ... . weiter fortgesetzt werden. 
Wir begniigen uns jedoch mit der naheren Betrachtung der in der Tabelle (5) 
wirklich aufgefiihrten 8 Falle, derselben, auf welche sich die oben erwahnten 
Wiener'schen Modelle beziehen (vgl. unten §6). 



* Nach Fine, a. a. O., §d, S. 100. 
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§4. Die chaToktefristiechen CoordiruUenByateme. 

In den Fallen I durfen nach (4) die Grossen a/, y, «/ fiir den Punct P nicht 
alle drei verschwinden. Wir definiren die positive Tangente t (von dem gleich- 
bezeichneten Parameter t in (2) zu unterscheiden) im Puncte P^ libereinstimmend 
mit der positiven Durchlaufungsrichtung der Curve, als die von P nach Pj hin 
laufende Gerade. Ihre Richtungscosinus sind nach (4) : 

^=-7. /^ = -7' ^'^T"' ^ = V^''T?T^ (6) 

wo die doppelt gestrichene Quadratwurzel immer deren absoluten Werth 
bezeichnet. Nach (4) liegt P_i ebenfalls auf < und fallt die Richtung von P_i 
nach P mit der Richtung (6) von t zusammen. Die Puncte -P_i, -P, Pi folgen 
also auf der Tangente in deren positiver Richtung aufeinander : 

Der laufende Pimet der Curve omdert an der Stella P den Sinn eeiner Linear- 
fortschreitung nicht. 

In den Fallen I, A durfen die Bedingungen ocf :j/ :i^ =^Qcf' :t/' :s/' nicht 
erfiillt sein. Die Schmiegungsebene S ist als Verbindungsebene der Puncte 
P» Ply Ps bestimmt und mit ihr Hauptnormale h {l.t in X) und Binormale 
& (-L 2), beide zunachst ohne Pfeilspitzen. Wir bestimmen die letzteren aus den 
beiden Bedingungen, dass erstens das vom Puncte P ausgehende Goordinaten- 
system f = <, >7 = A, f=J positiv orientirt und zweitens Pg auf der positiven 
Seite der Bbene bt, d. h. auf der Seite der positiven Hauptnormale h gelegen 
sei. Aus diesen Bedingungen ergeben sich als Richtungscosinus der positiven 
Hauptnormale : 

«• = ? 7* » ^ =P s^' > y = P ?» (^) 

und der positiven Binormale : 

a —p -^ , p —p -^ , y —p -^1 , (7; 

wobei die positive Grosse p durch die Gleichung 
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definirt ist. Denn mit den in (6) und (7) angegebenen Richtungscosinus ist 
erstens die Determinante : 

a a* a" 

Y r y • 

and zweitens die 97-Coordinate des Punctes P^ : 

%=a'(ai — «) + /?' (y«—y) + r(«f»—«) = i— '^ 

poeitiv. Beilaufig ergiebt sich, dass auch der Pimct P., mit : 



9 
auf der positiyen Seite der Ebene ^^ liegt. 




Daa dwrck (6) vmd (7) htsiMnmie Ooordiruitenayetem thb {vgl. Fig. 1) iat aUen 
FdHen I, A dutrakteristiech. 

(Die Figur stellt nur schematisch die Lage der Azen gegen die Curven- 
pimcte dar und giebt nicht das thatsachliche Langenverhaltniss der Strecken 
PPi und Pii>, (vgl. §2) wieder.) 

In den Fallen I , B sind die Bedingungen a/ : y' : 2/ = sc" : y" : 2/' erfuUt, womit 

die Puncte P^^ in die Tangente t zu liegen kommen. Die Formeln (6) behalten 

ihre GKiltigkeit, konnen aber jetzt noch in anderer Weise dargestellt werden. 

Es sei namlich, zufolge der Yoraussetzung, mit einem Proportionalitatsfactor 

&^{e=±l): 

a/' = «c«a/, y' = «c»j/, f/' = i^^. (8) 
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Setzen wir diese Werthe in die aus der quadrirten letzten Gleichung (6) durch 
Differentiation nach t folgende Gleichung : 

ein, so erhalten wir mit Weglaasung des Factors ^ : 

^' = e9^i/ (8) 

und damit fiir die Gleichungen (6) die aequivalente Form : 

a=^, ^=^, y=^, ^' = .Va/" + y"'+^". W 

Zugleich reducirt sich die aus (6^ folgende Gleichung : 

«'«''' + 8f'' = a/a/'/ + a/'" + t/f + j/'' + «'«'" + s/'* (6") 

nach (8) und (9) auf : 

8'f^"=za^fa/" + t/y' + s/f9/''. ^ (80 

Wahrend nun die Schmiegungsebene S im Puncte Pi mit der Gleichung : 

(X-aj)(y2/'-i5'yO+(r— y)(«/a/'-a/£/0 + (^-2)W^ 

in laufenden Coordinaten X, F, Z in Bezug auf das Coordinatensystem Oxya, 
unbestimmt und die Formeln (7) unbrauchbar werden, sind die vereinigten 
Schmiegungsebenen X±i der Puncte P^i als Verbindungsebenen der Puncte 
Pi, -Pg, Pj ^^^ P-i, P-8, P-8 gegeben oder durch die Gleichimg: 

2(«)±2'(<).Ti=0, 
die sich auf: 

{X—x){y'z/ff—^l/")+ + =0 Oder {X—x){f^''—z!yf)+ + =0 

reducirt. Zugleich sind die Hauptnormalen h^i{±t in X±i) und Binormalen 
b±i ( JL 2±i) bis auf die Pfeilspitzen bestimmt. Die letzteren definiren wir durch 
die beiden Bedingungen, dass erstens jedes der beiden Goordinatensysteme 
^± = tj >7±— A±i, f± = 6±i positiv orientirt und zweitens Pj auf der positiven Seite 
der Ebene bit und P_j auf der positiven Seite der Ebene b^it gelegen sei. Aus 
diesen Bedingungen ergeben sich mit Riicksicht auf (80 als Richtungscosinus der 
positiven Hauptnormalen h^ii 

aii = ±A. -^ , ^-fci = =fca. y ^,1^ , yii==t:A. -^, (10) 
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and der positiven Binormalen 5^i : 

ai;i = db;i« — ^^* "^ > ^±1 — =t:;i -^ , y±i = =fcA ^ ^,>^ — , (lo) 

wobei die positive Grosse X durch die Gleichung : 



definirt ist und, trie awcA twi Fdgenden immer, je dlle oberen und alle unteren 
Varzeichen Jeder Zeih zusammengeh&ren. Denn mit den Werthen (9) und (10) 
werden die beiden Determinant en | ol^±iY±\ | = + 1 und die zweite Coordinate 
>7j des Punctes Pj im ersten und >7_, des Punctes P_^ im zweiten der erwahnten 
Coordinatensjsteme : 

^±z = a±i («±8 — ») + ^±\{y±i—y) + y±i (^±8 — ^) — ^-^'A 

positiv. Die Gleichungen (10) sind von dem in (8) eingefiihrten b unabhangig. 




Die durch (9) vmd (10) hestimmten Goordinaienaysteme thj)i und th^ib^i (vgl 
Fig. 2) aind alien Fatten /, B charakteristisch. 

In den Fallen II verschwinden die Grossen sc', y', ^ fur den Punct P und 
wird mit dem Zusammenfall der Puncte Pi und P die Tangente t = PPi, sowie 
die Normalebene : 

{X-x)x' + {Y—y)y^ + {Z-z)z^ = N{t) = 
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tmbertimmt Dagegen haben wir far die Tereinigten Normalebeiieii il^i der 
PtmctePi,: 

N{t)±ir{t)rj=0 Oder {X—x)^'+ + ....=0 

and, ubereinstimiiietid mit der pomtiven DnrrJilmnfnngBrichtiing der Cmre, mis 
positive Taogente ^ in Pi die Gerade Ton P^ nach P, and als poaitiTe Tangente 
t^i in P^i die Oerade von P., nach P.|. Hire BiditangMnainaa aind nacfa (4) : 

«i»=±^, /Si.= ±y;;.. y^,=±^, ^'=v2?'qr7»q:77^; (ii) 

wir bezeidinen die absolute Warzel mit #^^ weil die Oleichang (6'0 rich jetst 
auf : $"' = «''• + j^'* + «"• redadrt Zugleich folgt aus (6") allgemein : 

#V« + 8^' V = ajV« + Zt/'x"' + y'j^ + 3y'y " + 2^2^ + Sz' V" (6'") 
and daher jetzt : 

^^ V = a/ V + y'Y' + s'V'^ (110 

Die Puncte P_„ P, P, folgen uberdies mit P^^=P^ auf den vereinigten Tan- 
genten t^i ruckl&ufig aufeinander: 

Der lau/ende Punet der Curve dndert an der Stdk P dm Sinn eeiner JUmar- 
/artechreUung. 

In den Fallen II, A durfen die Bedingungen x'':y'/:a'' = a/'':y"':a''' nicht 
erf&Ut sein. Als yereinigte Schmiegungsebenen X±i der Puncte P±i betrachten 
wir die Yerbindungsebenen der Puncte Pi, Ps, Pi und P.i, P.,, P«8 n^t der 
Gleichung : 

Allerdings mussen wir, urn diese Gleichung aus der Entwicklung : 

in der mit x^=0, y^=:0^ z' = sowohl S (t) als S^ {t) verschwinden, zu erhalten, 
T=: :i:rs nehmen (vgl. §2). In dieser Auffassung wurde also die eben definirte 
Schmiegungsebene X±i nicht den Puncten P^u sondem P^^ zugehdren, was 
indessen an unseren Betrachtungen sonst nichts wesentlicbes andert. 

Mit den Schmiegungsebenen X±i Bind die Hauptnormalen h^i{±t^i in X±i) 
und Binormalen 6i,(X2±i) in P±i bis auf die Pfeilspitzen bestimmt. Diese 
definiren wir durch die beiden Bedingungen, dass erstens jedes der beiden Goor- 
dinatensy stems f±=<±i, >7-t = Aii, ^± = ^±1 positiv orientirt sei und zweitens 
Pa und P.| auf der positiven Seite der Ebene &i^ und bezuglich b^it^i liegen. 
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Hieraus ergeben sicb mit Riicksicbt auf (11') als Richtungscosinus der positiven 
Hauptnormalen A±i : ' 



«"«"' — a/V" a- -^ 



_ eiY'—y"^" 



jrr 



y±i = ±/t 



7" ' 



(12) 



und der positiven Binormalen b^ii 

*±i— f* — -^ — » p±i— f* — -^ — > y±i — f^ p7i f \^^) 

wo die positive Grosse (i durch die Gleichung : 



definirt ist. Denn es sind mit den Werthen (11) und (12) die beiden Determi- 
nanten Ia±ii3!j.iy^i|= + 1 und 



positiv. 



>7±8 = a±i(a5±8— «) +^ii(y±8— y) + yii(2J±8 — 2)=*— -'d 




Die darch (11) wid (12) bestimmten Goordinatensysteme fiAjftj w/id <_iA_i6_i 
(i?gr?. Fig. 3) «tn(? aZfen Fallen II, A charaJcteristisch. 

In den Fallen II, B sind die Bedingungen a/':/ :a" = a/'':^":^"' erfuUt, 
womit die Puncte P^j in die Tangente t^i zu liegen kommen. Die Formeln (11) 
behalten ihre Giiltigkeit, konnen aber jetzt noch in anderer Weise dargestellt 
werden. Es sei namlich mit einem Proportiopalitatsfactor ex* (e = ± 1) : 



a/'' = e;^a/', y''' = €xV» »'" = ««'«". 



(13) 
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Setzen wir diese Werthe in (ll^ ein, so folgt mit Weglassung des Factors tf' : 

i/" = n^^'. (13) 

Wir erhalten bo fur die Gleichimgen (11) die aequiyalente Form: 

Zugleich folgt aus (6^'^ allgemein : 

und daher jetzt mit a/ = 0, ^ = 0, 2/ = 0, €f = nach (13) und (14) : 

Wahrend nun die Schmiegungsebenen S±i in den Functen P^i unbestimmt 
und die Formeln (13) unbrauchbar werden, betrachten wir als vereinigte 
Schmiegungsebenen S^^ der Puncte P±| die Verbindungsebenen der Puncte 
Pg, -Psi ^4 ^uid P.,, P„|, P_4 mit der Gleichung: 
(X- a;)(yV*> — a'V^O +.... + •... = 

Oder (JT- a:)(y''V*> - a'VO +•••. + •. -. = 

(in dem unter II, A angemerkten Sinne den Functen P-^g zugehorig). Mit 
ihnen sind die Hauptnormalen h^^{l.tj^i in X±%) und Binormalen ^^^(JLS^,) 
der Fimete P^i bis auf die Pfeilspitzen bestimmt. Diese definiren wir durch 
die Bedingungen, dass erstens jedes der beiden Coordinatensysteme ^± = t^i, 
»7j. = A-t,, f± = J-ts positiv orientirt sei und zweitens P4 und P„4 auf der posi- 
tiven Seite der Ebene i^^ und beziiglich b^tt-i li^gt. Hiemach ergeben sich 
mit Riicksicht auf (13') als Richtungscosinus der positiven Hauptnormalen hj^^i 

. _ fi'V*^ — a/V*> ^. «/Y*^ — y''«^*^ . «"'«<*> — 2"'^^ ,,^, 

a±» = ^ — -^^ — . /3±»=y ^ y// — » y±s=^ — ^w* 'W 

und der positiven Binormalen 6^2: 

ai«=±y2 -^jfT-^-. ^±t~±v ^^^^i >y±« = =t=y ^ ^// • (16) 

wobei die positive Grosse v durch die Gleichung : 
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definirt ist. Denn es sind mit diesen Werthen die beiden Determinanten 

>7±4 = a±8(a:±4 — a) + /3i«(y±4 — y) + y±» (^±4 — 2) =A — ^ 
positiv. Die Gleichungen (15) Bind von dem in (13) eingefiihrten a unabhangig. 




Die darch {14) und (15) lesiimmten Ooordinatenaysteme tih^bfi und i^iA.gJ^g 
Fig. 4) eind alien Fallen II ^ B charaJUerietisch. 



§5. Der Sinn der Windimg. 

In den Figuren 1-4 ist die Curve an der Stelle P nach vorwarts und riick- 
wixta je soweit dargestellt, dass sie bereits mit einem Elemente aus der Tangente 
heraustritt, also eine Krummung zeigt oder, anders ausgedruckt, dass der im 
Sinne des wachsenden Parameters t laufende Punct der Curve vor und nach der 
Stelle P eine drehende Bewegung um die zu/r BinormaJe parallek Krilmmtmgsaxe 
ausfuhrt Die charakteristischen Coordinatensysteme des §4 sind aber sammtlich 
so gewahlt, dass diese drehende Bewegung ^ van der jeweUigen positiven Binormale 
aus gesehenj pasiliv erscJieini. 

Nehmen wir jetzt nach vorwarts und ruckwarts noch das nachste aus der 
Schmiegungsebene heraustretende Curvenelement hinzu, so wird der laufende 
Punct der Curve vor imd nach der Stelle P bereits eine fortschreitende Bewegung 
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in der BicJUung der Krummwngsaace zeigen. Es wird daher, mit Verallgemein- 
erung der in §1 fiir die Schraubenlinie gegebenen Definition, die Windung der 
Curve (2) in dem auf P folgenden Gurvenelement positiv oder negativ sein, jenachdem 
der aus der Schmiegungsehene herat^tretende Punct auf deren posidver oder nega- 
tiver Seite liegt, und die Windung in dem var P vorausgehenden Gurvenelement 
positiv oder negativ sein, jenachdem der noch nicht in die Schmiegmigaebene dnge- 
tretene Punct auf deren negatin>er oder poaiiiver liegt. 

Wir woUen diese allgemeinen Bemerkungen auf die einzelnen Falle 
anwenden. 

In Bezug auf das Coordinatensystem ^ = ^, >7 = A,^ = 6 der Falle I, A 
(vgl. Fig. 1) ist far die unter I, A, a zunachst aus der Schmiegungsebene ^i^ 
heraustretenden Puncte P^ s • 

^±8 = a- {^±3 - ») + P^\y±B—y) + y {^±z—z) 

oder nach (7) : 





f..=f 


x^s — a? a/ 

y±s — y y 

«-j_8 2 2/ 




= ±i-^A<r*, 


wenn 


wir zur Abkurzung setzen : 






a/ «" a/" 






A = 


y y" r 

d 2" z"' 


= x'y'V"| = A,«,. 



(16) 



t^ 





-,1 



^ 



s: 



Wenn daher A>0 (vgl. Fig. 5, wo das punctirte Element P^^P-i unterhalb 
der borizontalen <A-Ebene liegen soil), liegt P, ^^^ ^^^ positiven, P^, auf der 
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negativen Seite der Schmiegungsebene, wenn A <C , umgekehrt. Es ist also 
nach der vorausgeschickten Definition die Windung der Curve im Puncte P nach 
beiden Seiten bin positiv oder negativ, jenachdem A > oder < oder wie wir 
kurz sagen konnen : 

Filr I, A, a ist die Windwng der Curve im Puncte P positiv oder negativ, 
jenachdem A ]> oder < . 

In der That ist auch fur die in (1) definirte Schraubenlinie die Determi- 

nante 

A- «*^ 
2n 
vom Vorzeicben e (vgl. §1). 

Sind dagegen, wie unter I, A, b, die Puncte P±s in der Scbmiegungsebene 

gelegen, also A = 0, so ergiebt sich in Bezug auf das fiir alle Falle I, A zu 

benutzende Coordinatensystem thb (vgl. Fig. 1) fur die zunachst heraustretenden 

Puncte P±4: 

wo Ai34 die Determinante : 

Ax;^ = |a/3/'«<^>| = A', (17) 

den Differentialquotienten von A bedeutet. Nach unserer Definition ergiebt 
sich daher, dass bei positivem A124 die Windung in dem auf P folgenden Curven- 
element positiv, im vorhergehenden negativ ist. Im Puncte P werden wir die 
Windmig als null bezeichnen, da die 4 Puncte PP^P^P^ in einer Ebene liegen. 
Wir fassen das Resultat in den Satz zusammen : 

Fv/r /, J., h ist die Windung der Curve unmittelbar vor dem Puncte P negativ 
tmd vffimittelhar nojch dem Puncte P positiv oder umgekehrt, jenachdem A134 ]> 
oder <0. 

In Bezug auf die Coordinatensysteme ^± = i, >7i = A^i, ^j. = 6^1 der Falle 
I, B (vgl. Fig. 2) ist fiir die unter I, B, a zunachst aus der Scbmiegungsebene 
th^i heraustretenden Puncte P±4: 

?±4 = a±i(«±4 — a5) + /3±i(y±4 — y) + y±i(2±4 — z), 

wo wie immer je alle oberen und alle unteren Vorzeicben zusammengehoren, 
oder nach (10) : 

Dabei bedeutet : A,„ = | a/y"V« | = A" (18) 
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den durch die Yoraussetzung a/:y':«' = a/':y":2/' reducirten 2. Differential- 
quotienten A'' = \scft/'a^\ + \afj/"z^^^\ von A. Es liegt daher bei positiyem A^^ 
(vgl. Fig. 6) P4 auf der positiven Seite der Bbene thu P^^ auf der negativen der 
Ebene th_i (in Pig. 6 P^ und P^^ beide oberhalb der horizontalen Ebene th^i). 
Die Windung in P selbet ist 0, weil P, Pi, P, in gerader Linie liegen und folgt 
Bchliesslich : 




Mkr If B, airtdie Windung vor und nach dem Puncte P poeitiv ader negativ, 
jenachdem Aim !> oder ^ 0. 

Ist Ais4 = 0, 80 reducirt sich die Gleichung: 

auf: i A''' = I a/y''«<« | = A^, (19) 

und wird fur die 3. Coordinate des Punctes P5 im System thibi und des Punctes 
P_5 im System th^ib^ii 

Es ergiebt sich somit : 

Fiir /, B,bi8tdie Windung vor dem Puncte P negativ und nach ihrn poeitiv 
oder umgek^rtf Jenachdem Aus > oder <C . 

In Bezug auf die Goordinatensysteme der Falle II, A (vgl. Fig. 3) ist fur 
den Punct P±4 nach (12) und (4): 

wo die Determinante : 

A,M=(a/yV*>| = A'" 
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der durch die Bedingimgen des Falles II, A, a reducirte 3. Differentialquotient 
von A ist. 




Fiir Am4 > (vgl. Pig. 7) liegt daher P^ auf der positiven Seite der Ebene 
^Ai und P_4 auf der positiven von t^ih^i (in Pig. 7 beide Puncte oberhalb der 
horizontalen Ebene t±ih^i), also ergiebt sich : 

Far II, A, a tat die Wvndung vor dem Ptmcte P negoHv und nach ihrn positiv 
Oder umgehehrt, Jenachdem A^ > oder < . 

Unter der Voraussetzung A^ = wird entsprechend : 

f±5=a±i(»±B — ») + ••• • + ••• • = =t T^ir ^ Ajms'tI 
mit : A« = I a/y''2<« | = i A<*>. (21) 

Fur II, A, hist die Wvndung vor und nouch dem Puncte Ppoaitiv oder negatw, 
jenachdem Am > oder < 0. 

In Bezug auf die Coordinatensysteme der Palle II, B (vgl. Fig. 4) ist fiir 
die Puncte P±5 nach (16) und (4): 



worm : 



f±5 — a±«(a;±B — a;) + ... . + ....=^j^-^^ 



^^» 



(22) 



und A^^ den durch die Bedingungen des Palles II, B, a reducirten 5. Differeu- 
tialquotienten von A bedeutet. 

Wenn A,45 > (vgl. Pig. 8) liegt P^ auf der positiven Seite der Ebene <iA, 
und P_5 der Ebene <-iA_i (in Pig. 8 Pj oberhalb, P^i unterhalb der horizon- 
talen Ebene t^ih^^. 
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Fur II, Bj a ist die Windung vor dem Puncte P negativ und nach ihm positiv 
oder umgekehrty Jenachdem Aji^g ]> ^^^^ <^ 0. 
Unter der Yoraussetzung Agij = wird : 



mit: 






(23) 



Fur II, B, b iet die Windung vor u/nd nach dem Pv/ncte P positiv oder negativ, 
jenachdem A^^^ > oder < . 

Es ist schliesslich zu bemerken, dass diejenigen DifFerentialquotienten von 
A, welche beziiglich den unter (18) bis (23) angegebenen vorausgehen, in dem 
betreffenden Falle sammtlich verschwinden. 



§6. Zusammenfasaung der BesuUate. 

Wir drucken durch Einschliessen einer Bedingung in eckige Klammem aus, 
dass dieselbe nicht erfullt ist und bezeichnen mit zwei nebeneinander gestellten 
Vorzeichen den Sinn der Windung unmittelbar vor und unmittelbar nach dem 
Puncte P. Bei iibereinander gestellten Zeichen : ± , ^ gehSren in jeder Zeile je 
alle oberen und alle unteren Zeichen zusammen. Mit diesen Festsetzungen giebt 
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die folgende Tabelle zugleich mit den analytischen Kriterien der 8 in §§3, 5 
eingefuhrten Falle singularer Puncte jedesmal den Sinn der Windung an. 

I. [a/=0, y = 0, 2/ = 0]. 

A. [a/:y:2/ = a/':2/':2'']. 

a. |a/y'2/"|^0:zfczfc; 

b. |a/s/'z'''| = 0, |a//z(*>|>0:=F=t. 

B. a/:y:2' = a/':y':2", [a5":y':z" = a/'^j/'^g"']. 

a. |a/y''e<*>|>0:±±; 

b. |a/y'' 2^^1=0, |a/y''2^«f>0:=F±. 

II, a/ = 0, s/ = 0, 2/ = 0, [a/' = 0, s/' = 0, 2/' = 0]. 

a. |a/'y"2<*^|>0:=F=b; 

b. |a/Y"«^'N=0» |a/V"2^'M^0:±=fc. 

B. a/' : y" : a/' = a/" : j/'' : t!^ [a/" : y"' : a"' = a;(*> : y<*> : 2^*>] . 

a. |a/'y<*>«^«|>0:=F±; 

b. |a/'y<*>z^»>|=0, |a/'y*^2^«|>0:d=±. 

Mit Rucksicht auf die Formein (16)-(23) und die Schlussbemerkung von 
§5 ist die Determinante, von deren Vorzeichen in jedem Falle der Sinn der 
Windung abhangt, von einem numerischen Factor abgesehen, der Werth dee 
niedrigsten nicht verschwindenden Dijfferenti(ilqvotienien der Determinante A. Dabei 
ist der Sinn der Windung vor und nach dem Puncte P derselbe oder nicht der- 
selbe, jenachdem in dem Diagonalgliede jeder Determinante die Summe der 
oberen Indices (Accente) gerade oder ungerade ist. 

Der letztere Umstand stimmt damit iiberein, dass die Umkehrung der in 
§2 festgesetzten Durchlaufungsrichtung der Curve mit der Verwandlung des 
Parameters t der Gleichungen (2) in — t gleichbedeutend ist. Hierbei wechseln 
diejenigen Determinanten das Vorzeichen, bei welchen die Summe der oberen 
Indices des Diagonalgliedes ungerade ist. Wenn z. B. im Falle I, A, b an 
der Stelle P die Determinante \xfj/'z^^^\ positiv, also das Doppelzeichen der 

Windung : h ist, so ist nach Umkehrung der Durchlaufungsrichtung an 

derselben Stelle |a/yV*^| negativ, das Doppelzeichen der Windung: -| . 

Bei einer Umkehrung der Du/rchldu/migsrickttmg der Gv/rve hleiht also daa Doppel- 
zeichen der Windung in den 4 Fallen If A, a; I, B, a; 11, A, b ; //, B, b unge- 
dndert, wahrend ea eich in den 4 iihrigen Fallen umhehrt. 
48 
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Wie sich unsere Tabelle zu der sonst iiblichen* Unterscheidung ihrer 8 Falle 
verhalt, mag noch mit einigen Worten erlautert werden. 

Schon in §4 wurde erwahnt, dass der laufende Punct P der Curve in den 
Fallen I den Sinn seiner Fortschreitungsrichtung nicht andert, in den Fallen 
II aber andert, ein Unterschied, der mit den Symbolen P = + und P = — 
bezeichnet zu werden pQegt, In gleicher Weise werden die Symbole < = dz 
und 2 = ±: fur die fortschreitende oder zuriickkehrende Drehung der Tangente 
um den laufenden Beriihrungspunct und der Schmiegungsebene um die laufende 
Tangente gebraucht. 

Die Tangente t im Puncte P ist nach §4 in alien Fallen I durch die Formeln 
(6) beetimmt. Wir erhalten daher fur die Richtungscosinus der nach vorwarts 
und nach nickwarte benachbarten Tangenten t^i (vgL §2) : 

a^i ^ a d= a'f 1, ••••,•••• 
Hier ist nach (7) : 

» 
P 

eine der Frenet'schen Formeln, und ergiebt sich daher fur den Winkel der 
Tangenten t^i gegen die positive Hauptnormale h: 

cos (^^1, h) = a±ia*H- •... + •••• = =*= — *^i' 



a' = 




Demnach bildet ^ mit h einen spitzen, t^i einen stumpfen Winkel (vgl. 
Fig. 9), die Tangenten t_i, t, t^i folgen, von der positiven Binormale b aus 



• Vgl. Oh. Wiener, a. a. O. 
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gesehen, im positiven Drehungesinn aufeinander. In Folge der gleichformigen 
Definition der Coordinatensysteme des §4 gilt dies aber, wie leicht zu sehen, nicht 
nur fur die Falle I, A, sonde rn es dreht sich in alien Fallen beim Durchgang ihres 
Beriihrungspunctes durch die Stelle P die Tangente, von der positiven Binormdle 
au8 gesehen, bestdndig im positiven Sinne. Jenachdem daher die Binormale selbst 
an der Stelle P ihre Pfeilspitze beibehalt (Fig. 1 und Fig. 3) oder nicht (Fig. 2 
and Fig. 4), muss der Sinn der Drehung der Tangente, von einer und derselben 
Seite der Schmiegungsebene aus betrachtet, bleiben oder wechseln unbekiimmert 
darum, dass in den Fallen II an der Stelle P, mit dem Wechsel der Pfeilspitze 
der Tangente, in der Drehung ein Sprung iiber 180° stattfindet. In dieser 
AuflFassung ist filr die Falle /, A und 11, A: ^ = + , fur /, B und II, B: < = — . 
Die Binormale b des Punctes P ist nach §4 in alien Fallen I, A durch (7) 
bestimmt. Wir erhalten daher fiir die beiderseits benachbarten Binormalen b^i 
die Richtungscosinus : 



Hierin ist : 



«-=-^a-, 



eine der Frenet'schen Formeln, die sich aus (7) durch Differentiation und geeig- 
nete Reduction ergiebt. Fiir die Winkel der Binormalen b^i gegen die Haupt- 
normale h ergiebt sich somit : 



cos I 




Bei positivem A (vgL Fig. 10) bildet also bi einen stumpfen, 6_i einen spitzen 
Winkel mit hy sodass von der positiven Tangente aus gesehen, die Binormalen 
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h^i^h^ hx im positiven Drehungssinn auf einander folgen, bei negativem A 

umgekehrt. Bezeichnen wir also durch zwei nebeneinander gestellte Vorzeichen 

den Sinn der Drehung der positiven Binormale unmittelbar vor und unmittelbar 

nach dem Puncte P, gesehen von der positiven Tangente aus, so stellt sich unser 

Resultat durch die Formel dar: A^O : ±±:, libereinstimmend mit dem Doppel- 

zeichen der Windung im Falle I, A, a. In Folge der gleichformigen Definition 

der charakteristischen Coordinatensysteme des §4 und des Sinnes der Windung 

in §5 gilt diese Beziehung aber nicht nur im Falle I, A, a, sondern auch in alien 

iibrigen Fallen. Bs ergiebt sich damit eine zweite Bedeutung der vorhin 

aufgestellten Tabelle. Sie giebt, mit dem Sinn der Windimg in den 8 Fallen, i 

zugleich den Sinn der Drehung der positiven Binormale unmittelbar vor und unmit- I 

telbar na^h dem Puncte P, urie er von der positiven Tangente aus erscheint, unbe- j 

kiimmert um einen in den Fallen I, B und II, B stattfindenden Sprung iiber 

180° im Puncte P. Jenachdem daher die positive Tangente selbst in P ihre 

Pfeilspitze beibehalt (Falle I) oder wechselt (Falle II), bedeutet das Symbol : 

idz oder das Symbol =f± eine Erhaltung des Drehungssinnes der Binormale h 

oder der Schmiegungsebene 2 fur einen unveranderlichen Standpunct. In dieser 

Auffassung ist fur die 4 Falle a : 2 = +, fur die 4 Falle b : 2 = — . 

Nach diesen Bemerkungen konnen die 8 Falle auch in der bekannten Weise 
bezeichnet werden : 

I II 



-JL-. 







A 






B 






A 




B 




a 
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a 
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a b 
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+ 
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— 
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+ 




+ 
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+ 
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+ 




— 


+ 




— 


+ - 



Wahrend hiermit aber nur die Frage beantwortet wird, ob der Sinn der 
Bewegung von Punct, Tangente und Schmiegimgsebene sich umkehrt oder nicht 
umkehrt, enthalt unsere Darstellung die vollstandige analytische Bestimmung 
des Sinnes aller dieser Bewegungen in Bezug auf das zu Grunde liegende Coordi- 
natensystem, wie sie namentlich fur die Untersuchung der Bewegung eines 
Punctes im Raume von Vortheil ist. 

Rostock, M6,rz 1895. 
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